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PREFACE

This text covers the work prescribed for entrance to the
Universities

The book is written from the standpoint of the pupil and
in such a form that he will be able to understand it with a
minimum of assistance from the teacher. The question
method is frequently used in developing the theory The
purpose of this is to lead the pupU to think for himself.
The close connection between algebra and arithmetic is

constantly kept in view, and in many cases the arithmetical
and algebraic processes are shown in paraUel columns.
There are numerous diagrams for the purpose of illus-

trating the theory, and algebraic methods are applied to many
of the theorems which the pupD meets in elementary geometry

Special emphasis is placed upon the verification of results.
In the past, sufficient attention has not been given to this
important part of mathematical work.

Provision is m*de for oral work, many of the exercises
bemg mtroduced by a number of oral examples for use in
class.

The equation and the solution of simple problems are
mtroduced in the second Chapter. It is hoped that the
pupa will thus become interested much earlier in the work.
Long multiplications and divisions are not included in the

work of the first year. They are difficult for the beginner
and of little interest, as there is not much to o£fer in theway of practical illustrations.
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Chapter X., with which the pupil would begin the second
year's work, contains a thorough review of the simple rules.
Here the more complicated processes are dealt with.
The graphical work is introduced naturaUy in illustrating

the negative quantity and in the solution of equations.
Only graphs which can be drawn with the ruler and
compasses are included in the book.
More attention is given to methods of inspection in the

extraction of roots. The long process for cube root is
ehminated, as cube root is not now required in arithmetic.
The division method of finding highest common factor has

been discarded, as it is usually performea mechanically and
not understood by pupils. The elimination method which
is used will be found easy to apply with expressions which
are not too compUcated. Finding the highest common
factor of expressions of the fourth or higher degrees is of
little algebraic value, and few examples of such problems
will be found in the book.

The review exercises at the end of each Chapter will be
found useful, particularly for the purpose of reviewing the
work of a previous term.

On the recommendation of experienced teachers the answers
are not given to simple examples, or to such examples as tha
pupU can verify without difficulty.
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HIGH SCHOOL ALGEBRA

CHAPTER I

ALGEBRAIC NOTATION

oil *'"'uu'"
^'"'»"«"«*» signs. In arithmetic, signs are

!!^ ^^'l^J^^'^t^ the work. In algebra the same signs are
used, with the same meanings and for the same purpose.

flXBROISB 1

Write the foUowing stacementa in the shorteBt way you can. uaiiurthe signa and symbok with which you are famihar in arithmetic.
1. Two and fr-'t make four.

The 8U1 'e, ten and twenty is thuty-five.
Six and . - t'e same aa four and aix.

Seven tim^^ e^ht is the same as eight times seven.
The difference between twelve and five is seven.
Ten exceeds six by four.

7. The excess of twenty over fifteen is five.

8. The defect of thirty from a hundred is seventy.
9. Thuty-six divided by four is mne.

10. Three score and ten is seventy.

11. One half of the sum of seven and five is six.

12 The sum or the product of three, five and >ven is the same inwhatever order they are written.

2.

3.

4.

5.

6.

B
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«-i
^^*'»«« Symbob. In the preceding exercise you har*^d symbols to represent the numlZlbated ^/^^^show the operations performed on those numbers

MiS *r '

'^°'*^'^ *~ "*^ °'°'* extensively than in

"•

* ^B

might be represented by the letter a.
The measure of the length of another line might be repre-sentodbyft. The cost of an article might be c^cent?oXcost of a farm might be x doUars. or the weight of a stonemight be m pounds.

Here a, 6, c. .r, m are algebrale number-symbols, or briefly
algebraic numbers.

"nouy

The synbols 12^ 3. ete.. used to represent numbers inarithmetic are called arlthmetlMl number-symbob or arith-
metical numbers.

In algebra the number symbols of arithmetic are also usedFor the present when letters are used to represent numbers"
\ wiU be understood that each letter represents some integral
or fractional number. *

8. Sign, of Multiplication. In this square the measure ofD the length of the side AB is a. What is the
measure of the length of BC ; of CD- ofAB+BC

: of AB+W-^CD ? ' '
"^^

•
°^

The measure of the perimeter (sum of aU the
sides) IS a+a+a+a or 4 times a or 4xa

mJlH-^l^^-*' w" ""' ".''* '' "^"*"y ^^^^'^ 4a. the sign oimult^phcati u being understood. It is also written 4 . a, thedot reprecanting multiplication.

-+^^;*a!'"°*
«='*«••"**"» arithmetic, is . d.ort way of writing



AUIEBRAW NOTATION g
It wiU be observed that in algebra the muItipUoation of a

and 4 IS only indicated in the form 4a. while in arithmetio
It may be actuaUy performed as in the result 24.
The pupil must recognize the difference between 24

(<u«n/y./oar)andtheproductof2and4or2x4or2 4 When
two numerical quantities are to be multiplied, the sign of
multiphcation must be used, so that as stated, 24 may be
distmguished from 2 X 4. When both factors are noi numericalM 4xa or ax 6, the sign is omitted and these are written in
the form 4a, ab.

4. Signs of Division. As in arithmetic, the quotient ob-
tained by dividing one number by another may be writtenm the fractional form.

In arithmetic the division may be actually performed, aa
m6-|-3 which may be written | or 2, but it is frequently
only indicated as in 6^7, which is written ^.
So in algebra, the quotient obtained on dividing a by b,

or a^b, is written
|, and here, as in multiplication, the division

can only be indicated unless the numerical values of a and
6 are known.

6. Some Fundameiital Laws. Since the letters used in
algebra represent arithmetical numbers, aU the laws of
arithmetic must be true also in algebra.

In arithmeUe.

(1) 7+3=3+7.
6+2+6=6+6+2=2+6+6.

(2) 3x6=6x3.
2x4x3=2x3x4=3x4x2.

(3) 10+6-2=10-2+6.
10-6-2=10-2-6.

(4)3xl0-r6=3-f6x 10=10-^6x3

In algebra.

(1) 0+6=6+0.
0+6+C=0+6+6=6+0+0.

(2) o6=6a.
o6e=ae6=e6a.

(3) o+6-c=o-c+6.
o—6—c=o—c— 6.

(4) ax6r-c=o-rcx6=6+oxo.

From (1) and (2) it follows that the sum or the prodwi of
several numbers is independent </ tU order in which thev are

*2

"Vffi.*- S^i itfV--. -ilti

.
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in any order
^»^'»««»o»w O'l^ divisions, may he made

performed in the Lm, L '
•'"'* "' ""^ "Pe^Uons .«

8ubtr«,tio„s i7an^oX *'''"' "•" *^*"<"" "»<»

Thus, when a=2, 6=3, c=l,

^+**-2c=3x2+4x3-2x
1=6+12-2=16

Similarly, for the same values of a. 6, c.

gMjc_ 2x3+3xl '6+3 9
a+6 2+3 6~ = 6'

tak'iro;":Uy"^Th°e^til"r^'" '" '""^ '°"°--« ««-^ -7 be
fon^soeha^JX^i--- ^^^ al^eJr.^

BZBROISB 2
1. When a=6, what are the numerical valuee. of

:

2. When «=5 and y=3. what are the values of

;

«+y, «-y, a:y, 3x+2y. 2a:-3y, ^ry T
3. When m=4, „=6. r=2. find the values of

:

m+n+r, m+r~n, mn+mr, mr-n, 4»-3«-6r

.. WW a i. divided by » the quotient i. .,p,^ ^ ^^ .

t.*r^ i
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8, When 0=4 and 6=6, find the numerical v»lueol

12o-56+6o-76+10.

11. How many cents are there in 4 doUara • in ^ ^^nddl™ .„d , ee-te
; ia a ,„.rte« .M 6 J-^eW ^i,!",

doll™
, „ .

pinoL. • ""'"""dynohe.; to » y^ „ ,«,t „j

14. What operations are to be performed to find the value of 'jtV
when. a=6. 6=6. x=15, =7? What is the value 7

"+*'

yon'J^V^, ''' ^''^^ °' *^« '«**«"• - ^- -ny ways can

16. In how many different ways can you write xj^r
17. In the figure, fiC is twice as long as ^A U A R

^^IJV^'I^'fS " *'^. *^" " ^°°8 •« ^^ '"^d CZ> is twice«w long as AB. U AB a x units in a R o
length, what are the lengths of BC T H ? -5 ?CD1 BD1 ADt '

(1) »-c=^, (2) c+y=,, (3) «-y=c.
Read them and explain their meanings.

Wh!; .v.^''"
^*^^ "^""^ '"**«^'' *^^« 27 T The next below 27 !What IS the next mteger above » ? The next below n ?

»n?;i.
"

'L^
*° *''*'" ^*®^^'* '^^*' ^ **>« "«** e^en integer above it•nd the next even integer below it V

-riiJQ-e^* *^
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myearsT How old wa« he 4 years ago r » years ago ?

oli^wa,tTyt™CT°tho°"°''"^'''^^»^-»^ ««-
« old as he is now ?^

^^'^ "^^ years wiU he be three times

fromnot^'''^^^**"°''*3y~"«8-- How old wiU he be 16 yea«

26. Explain the difference between ?±*.a+ * and a.* What
are their values when a=6, 6=9, c=2 ?

* ** "

6=6?
«" penmeters. What is the difference if o= 10 and

29. What arithmetioal nun ber doM irw_i_.
y=3 T When »=7, y=9 j

""" '^^ **°~ ^^+y «pwBent when «-6,

30. Whea a=3. 6=4. c=6. d=0. find the values of

:

(1) 10a+46-6c+3d. (2) 6a6+2crf-3ac

(3) i«5+i6c-farf. (4)
ft»-26+3c-<f

2o+6-cH-«i
*

The factors of 3x are 3 and -r Tk« o • n i

factor and the x. a iJalf^^tor
' ' " '*""* ' """"'«^

2x^ryrJt ""tr
tave diffe^„t sets of factors as 3x4 2x6^X2x3,so3xyha8thefactor83xa»/,3a:xva;y1«nrQt

The prime factors of 12 are 2 2 a^^^^ ^^u ^''^^
factor of 3:,^ are 3.x and;

'
""^ ^' *"^ '^^ »'"P*«»t

;(
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•--w»*.V

th« «I w f"^*'
*^* '*°***" ^'^ ^**«» the product i.

!nH r?; ;' !' "'"** *^ ^*« *h« "»™«rical factor fimand the hteral factors in alphabetical order.

„!: l/^^Y""'"!" ^^^ ^ th» area of a squate whose

^talTrf*^*^ I ?^ -•^"'^- °^ the -ea of t^
Z^^.r^^'^. l"""' ""^I^ ^ ^"**«" «"• »«d is read "asquare, or a to the second power "

the^p^w^rlnd .f'? ^
''''n'?

°^"^'^P^^ *««ether is caUed

powe^
and the 2 « called the Index or exponent of the

edfes? m'/M"^ ^ ^ ?°^"'' ^^** ^ *he sum of all the^ges? What IS the area of each face of the cube ? What

eU 1
"" "' '" *'^ '^ ^ ^"^^ ^ *he volume or?he

H the edge of a cube is a, the sum of aU the edges is 12aThe area of each face is a«, and of aH the faces is 6a?

"oT^M ri" "'"'''" ""^ '''' ^hich is read "a cube" ora to the third power." '

The pupU must distinguish between 3a and a». The formermeans 3xa, and the latter axaxa.
ine former

™ o»=5x6x6=126.

BZBROISB 8 (1-14, OnQ)
1. What are the prime factors of 36, of 42, of 76 1
2. What are the simplest factora of 5xy, of dmn T
3.

ExpressSoAcastheproductoftwofactorsinfourdiffewntways.
4. Give two common factors of I5ab and 266c.
5. Find the values of 3«x 2», 10«x 6«, 2«x 6, 3«x 2« x 6

7. What is a short way of writing

a+al a+a+al axaf axaxaJ aaaal

-de'L.?lr,''*"^*''*«^"'--»'<-««ie«6inche.T whose

^^^- « J -ttc i. » . .»» f f w ,^-"Lt ,- L i'^ i\(^ t-^* v <l.-«f «i/

*- y
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• ALOMRA

.dg!-i.!!t!hif*'°^°"'"''"°»^^^*--*««-3inohe., who*

difflnl^
"='• "''* " '*»• "•'"• of a. ? of 2a , What i. their

11. When x=2. what is the difference between »» and 3* T

wh^nx^^u " ''• '^•""" '*'*""° "* •^""«" -<i "twice «"

thi^-tife."tL'Vi::'of «?
'"'^""^ '^^--'^ *••« -^"^ °'^ «<^

WJ!; ia^thVfurif%?eral1""^^^^
of a ^^^,,,,, , ^^^^^

the. reeulte become wh"n ^To anJ^re*;
'"^^^ '•^«'«°- ' ^hat do

t6.» If ar=6 and y=2, find the numerical valaas of
3a:«, x*+y, x+y\ x*-y\ 2a;«-3y«.

x=1;2.To.
'"' '''""' °' *'+''+' '*" *^« ^°"°-^ values of x:

17. If y=4*«-7. find the value of y if x=2, if «=3, if «=2i.18. The unit of work is " a day's work '» »!» « u . ,

.

one n,„ c« do to on. d.y. How'^^.IjtiJ'^',^^'':^^''
'"°'

b/£+LT''
'""'• '= '• «^ *» I""""" •"»' «'+6'+c. i. divid«;

_^^aO.^ Show th.. x.+2fa h.. a,, ^. ^^ „ ^.^^ ^^^ ^^^

21. H'-lOmdy-B, how mnoh greater i.ii+y.th«,2»j,?

w.^oi'fh"''::s;S'^Twtn°'iirj?^/;tc:-r-

"

^^5^;.;; J

:J

8. Uf M m.

^ ^--^^^^ni^Ra^P^^^ff
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AI/3EBRAW NOTATION

Quantities which are connected by the signs of multipUcation
or division are not different terms.

*» "«

Thus, iax 18 only one t«rm, so is —
6 •

JLJj^aanfc In the product fe, 4 » c»Ued the eoeffleient

tLrer',:. '""*•'"' *"'' «"««'"'»' »'*"«'* '»

T ^ y " """""-
liiiffird nil i

imd the a or & i« i. iit.r.i
coefficient ^ '

'
" ' "*«i€!!LJL,!lS^

res't^S/;':^::^^
'"^^^ ^ ^^"^^ *'^ ^-^^-^^ °^ *^«

thl^^i
term where the numerical coefficient is not stated,the coefficient 1 is understood.

Thus, in a^ the numerical ooeffident is 1.

., f^,-/^^1gg^\^^
g"^*r»«"0° Ot I-ft^ Tiinn, When W»„ ^»

°g^^^::s€^^i^i^enc^
Thus, 2a6, Sab, JoA are Uke terms, but 3a, 46, 6ab are unlike terms.

^
^"^

^^^T^'"''
quantities which have the same denominationsmay be added or subtracted.

'"*"•
3ft.H-4ft.-2ft.=Ht.

*12-|10+|8-|3=|7.

We cannot add or subtract quantities of different denomina-
tions unless we can first reduce them to the same denomination.
SimUarly, m algebra, hke terms may be added or subtracted
Thus, 5o+2o=7a, 5o-2o=3a,

6a6+6o6- 3ao= UoA- 3a6= 8o6,
8a:»- e!c«+9*>- 2«»= 17*«- 8x»= 9x«

-£l^n'w"^cr»r^'*
"""

"^J- u'
'°"^' P*''^™ *»»« operations in the-*«» m which they occur and obtain the same result.
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10 ALOMBRA

Unlike temn on nnf. \^ ^jed or mi^^^^

value, of a Md 6 Me giveT
^ *" '**• '»«»«n«ri<»»

IROZSa 4 (l^, Oral)

1. What i. the numeric^ coefficient of e«,h term in the expreMion
6o»+o«+ia T

a. What ia the .urn of the ramerical coefficiente in

». Which are like terma in the expreMion

6o«+26-3a+76-4a« T

4. In 66cy, what ia the coefficient of 6cyT ofcyT of 6y ? of6?
*. What ia the aam of :

.

(3) 4a«, 7a«. «««. (4) 3*y, 4;ry. 2;ty.

in !« ^V"^; ^** *»»« numerical value of the aum of 3*« and 4x«in two diflferent waya and compare the reaulta.
«» ana 4*

like ter^''"'''
*'' '^"^"^ 3a+86+2a+6+a+36 by combining

8. Ezpreaa in aa simple a form aa poaaible

:

(3) 3*+o+2*+a.
(4) 15a+106-7a+46.

9.* Combine the like terma in the expreaaion

:

2*+7y+5z-«+2y-3*+3«_4y-«
•nd find ita value when »=3, y=6, a=.io.

10. If o=6, find the value of

lfio«- 10B«-3o«+8o-Ba-20.

12. Simplify 2a:«+3«-|-7-*«+ll,_2-«t_4x+6.

th«'ii. w"S,i;^^ ^^* ^*' ****" ' '«** Weat. then 3* feet E^

.^m^^M jm^m
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AUfMBRAlO NOTATION / ||

14. A mM began to wwk for • firm on • «al»ry of « dolUiB a yew.
If bM salary for each year waa double the aalaiy for the preoeding year,how much did he earn in four years T

r*'—-^j
.

16. If *+3a:+ex is equal to 72, what ia the value of « ? How doyou know that your answer is correct T

16. Write in the shortest form you can

17. Knd the average of (1)10, 8, 16,(2) 3jt,7«, fa;

11. PworBrMfcfttp. In algebra brackets are used for the
same purpoiewia with the same meanings as in arithmetic.
In finding the value of 10+8+6, we may perform the

additions m any order, but if we write it 10+(8+6) it is
understood that the 8 and 6 are first to be added and the
jum of 10 and the result is to be taken.
Similarly, a+(6+c) means that the sum of the numbers

represented by 6 and c is to be added to the number represented

In the expression 7+6x2, the multipUcation is to be
performed first, and then the addition. If, however, we
wish the value of (7+6) x 2. we must add the 7 and 6 before
multiplying by 2.

/7flf^^?'
10+(8+6) is equal to 10+8+5. it is clear that

(7+6) X 2 IS not equal to 7+6x2. the former being equal to
24 and the latter 17.

» «h « w
When a is to be multiplied by 6, the sign of multiplication

IS omitted m the mdicated product ; so when (7+6) is to be
multiplied by 2 we may write 2(7+6) or (7+6)2. the sign
of multiphcation being understood,

r/) It is thus seen that oru>-

n

f (Ke uses of braeketajuHtrindimi,
the onter m whtch operd^ are to hiju^^:^ ^^
^r^L'^'UL^J^t} ^ '^ *^ -bt.^'f.„ 7 and the

pJJo™ .ltd ^e v^^*:r:
"*~ ^^"' '"^' ^~*^°'" -"»- y-

a+(b+e), o-(6+,), a-(6-c), (o-6)-(c-d)t
The pujHl should recospoize that 3a» is not the same as

TT^tir^^^i^U



IS ALQMBRA

(3a)« The latter means that a is first to be mnltipUed by
3 and the product is to be squared.

Thu..ifa-2. 3a»=3x4=12,
*"•* (3a)»=3ax3a=6x6 = 36.

('^•>Br(w,kfiA aha indirnt, thnf th, «.«^a^. ,^7^ ,-^ ^^^ hrncU tn

y^^ 6e wn9%4^Ted (u a^single quantity. Ihat is, thev are used
for the purpose of qroupinfji .

The dividing line between the numerator and denominator
of a fraction has the same value as a pair of brackets.

'"""' "*
'c+5'

a+6 w a single quantity and so is e+d. The fraotiooal

form is another way of writing (o+6)-r(o-|-d).

axmKoiam s (i-is, onU)

Perform the operations indicated :

1. 10-(6+3).

3. 16-6-r3.

6. 3(4+7-6).

7. 10+2x6-1.
9. 7«-(8a:—4r).

11. (3x+4af)-^7.

13. (3x+9*)+(8«-3a;).

16. 43*-(7«—4a;)+2x.

17. (66-46)(3a-2s). 18

2. 8-(4-2).

4. (16-6)+3.

6. (10+2)(5-l).

8. (16+12)+(6-2).

(6o-2a)-(7a-4o).

(10a-6a)+2a.

3(7-5)-2(8-6).

«-(4y+3y-7y).

6o-(7a-3o)

8o-(6o+o)
*

10.

12.

14.

16.

pin
V

Indicate, using brackets

:

19. That X is to be added to the sum of p and q.
20. That the sum of x and y is to be added to m.
21. That the sum of o and 6 is to be multipUed by 2.

* ^ ^*** !^! difference of m and n, where m is greater than n, is
to be subtracted from a,

o
,
«

,.*.^- j" ^ ." K^*®"" '^«« 7. that the difference of p and a is to be
divided by the sum of m and n.

«^ » w w>

If 0=10, 6=3, c=2, find th« value of

:

24.* 8a~(2b^c)-5(a-b\. 26. 7(a-6-c)-3(a-ia+c).

;^«»-^'
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M. (3o+26-cKa-36).

a+36-c 20-36-3
28.

27. a«-|-6«+c«-i(o6-|-6c+oo).

29.
be2o-66+2c 0+6-2C

•0. When a-6 uid 6«3, show that

•(•—•) +3{o+6)=2(4o-6).

a—b b—e e+a
e+a a+26

6.

ooat t

«•

7.

BXBB0I8E 6 (lUvlaw of Ohaptor 1)

1
}'

i^' o fP"*«"** • o«rt«n numb». what doM 4s rmreMnt ?

2. If a represent, a number, what wUl represent 5 times thenumber t y times the number T
««» i-ne

8. How do you indicate that y is to be added to » T That « bto be subtracted from y T

4. Indicate the sum of x and y diminished by o.

n one yard of cloth costs x cents, how many cents wiU 10 yardsHow many dollars T
'

If a yard of ribbon is worth y cents, how much is a foot worth T

^ II
^ "^ ^°"^*'* *" *'*'°^*' *°' ' '^o"*" "wd -old it at a loss ofy doUars. What did he sell it for ?

« a loss oi

8. If I paid a doUars for b articles, how mucii did I pay for each »What would articles cost at the same price T

P y or eacn r

9. A boy has a doUars. He earns 6 cents and then spends c cents.How many cents has he left T
f^ "• c cenw.

10. I have * doUars. If I pay two debts of a doUars and 6 doUarshow much shaU I have left T
aouars,

11. If one number is x and another is 5 times as Urge, what is themun of the numbers 7

12. If one part of 10 is x, what is the other part T

per'tut.3 rrdi^ Errarj^ '°' ' '''-' " ^* -" ^' »^

hoi™ atTJr;'';:rrurr^'
*" ' '°"" ^' * -^'^ ^' '>°- » ^" -

at?i'o»AfT!l n""^*"*
"" ^"^ °' ^^^ ** ° ^°""" P«' •«« -nd sold itat a loss of 6 doUars per acre. What did he seU it for T

16. What number is 16 greater than

»<-'J

i-*>t—

V

-^^/^•_^
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BJ-2bl'+lV' *-*• "-»• «»«» the vUu« of 206. 4ac, a^ftH-.

«.?^'27i'
r* '"'' *'"*• "^^ •" "»• -•'»« o' 3x-2y. (toy. 2..-„..

•(J?.:*."
"" '^' *-*• -»• «°^ «>• -««- of a(6+c). 0(6-0. «(6.-c.X

aa. What i. the rom of 2», fa, 7» .nd S» f

88. Simplify ao-So+llo+o-lOo.

^a*.Wh.ti.the.v«g.of20.
,5.0.8. 12, Of 2,. 8a. 7a , O.

^a». In8ye«..m«^b,,y^^,^
How old w« he 8 ye«

8c^i-6^%T "" *" *"• "-"•^'^ «-«"-»• ^ «»• -P«-ioo

P<^e;ofj^i:r-wrfT°'^^' 32M.powe.of2; 81 m .

a». =«P"-". 105. So*. Sfa^.M the product, of dmple factor.

at'J'oenVZTb*"^.*!?•

°' '*' '*.' ^^^^ •»>• "«» ^0 lb. of ,n^
Per^lb. "Sr.tlS-owt -tl.'S^'J^J.tr, ^-'*-' •* '^
pe??h..L'hLtt^tie^.Xti^-rr'^^- -^ '''^'' -*-*'

ccn"?pin; f^rolST'^' °' ^*- ^ ' ^^--°* P^-' ^ ten.

86. When a=.2 and 6=.L whi^ «. toe vUue. d .+6. a6.
«

0-I-6
-;5-, a«+6i, a«-6« ?

£>

!!¥''.,'" fllPjf^S.'P^.Tiy'fTSr^?^'::''**'^
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fmofon of th. work eim they together do Tl d^j7 Wi^^hJ^if^oouUdoitm*d«ysMdBinvd«y.
r

'^nw irMWon

U^-d)- J?-oT^
(—6)-(e-d). .bo between 3{a+6)-6<c-d, «a

88. When »-.7 and y- 1, the product of x+v «4.2o • lu. u u
«««* greater th« the product of J-y.^-Sy. ^V^^*

'-flV i. how

1If a-8, find the value of 1 +
1.

•--1

IlA^ -^i!^
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i-^' '-:)'= '^
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CHAPTER n VK.<-
SIMPLE EQUATIONS

!*• Idea of Equalitv t« ™ • .

.

»e that the scales J^ baUL* i
'" ''«"'"'> "h" yo.

yht W must beVJ^S in the :?." °™ «=»'" P»n, wL

Fra I
ftaai

weights on one aide r If j halv« Tk : °™ °"® "'de T

18. The Equation Wh.
' '"^"^ *'«-'«'><» on one side ,

briefly shown in theTrm
''" ^^'^^^ ™%bt be more

or in the form lO+^ty^h" T'^'^'''
tbe required number

^^'^ ^"^«*^'«" "^a^k stands for
Any other symbol would answer the same n

16
/J

.
^*°'® P"T»8e aa the

.# -vM^^*"t J^



SIMPLE EQUATIONS yj

quertion mark. Thus, if x represents the required number,then the problem states that
"^wr,

10+a;=27.
This statement is caUed an equation and is merely a shortW of Stat ng what is given in the arithmeticalVcWetpreo.ding. In order that the statement may be true it isfa^ .y seen that the symbol x must stand for the number 17.

trJf.77^^" 1 ""°'^^'' ^ multiplied by 3. and 6 is sub-

n^ber ?

^'°'*"'*' *^^ '''"^* ^ ^^' ^^** ^ *»»«

Here, if x stands for the number, the problem states that

S.« -^T***^
""™?*'' ^ ^*' ^^'^^ **»« °"™ber must be J of 24 or 8.The solution may be written more briefly thus :

^ 3a;-5=19,
.'. 3x= 19+6=24,
:. a;=Jof24=8.

^!; fH r:\:^
muliiplied by 3 a«d 6 is subtrLtedfrom the product, the result Is 19.

14. Solving an Equation. The process of finding the valueof jr such that 8z-:6=19. is called "solving thf equation"and the value found for x is called the root of the equation.'

ZBROISB 7 (Oral)

OfL fotwi^:
""'"'^

'" "*"'' *'^ '^""'^^•^ "»"'' •'-^^ - «-»•

(1) 5+?=12. (2) T+I2=20.
(3) 10-T=2.

(4) I6=8+T.
(6) 40=62-?.

(6) T-8=42.
2. What is the number for which x staods in each of the foUowing •

(l)«+6-20. (2)8+x=32. (3) 26=x+6.
(4) x-16-7. (8) 10-«=8.

(6) 12^17-*.

O

75^
'iHi:?^^ -'^"Ci

1
m.
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'I i

If

If*

8. The flirt («iaatioD in Ex. 2 states that when a number to b
cieased by 6 the lesult is 20. What does each of the other equaiSon.
say I

4. If 3 times a number is 45, what is the number T U one-half
of a number is 16. what is the number T If „ stands for a given number,
what would represent i of the number T % of the number T

5. For what number does n stand in each of the foUowing equations
(1) 4n=24. (2) ln=IO. (3) |n=36. (4) Jn=14.

6. If 2x4-5=»ll, what is the value of 2a: ? of « ?

7. If 3m-2=:13, what is the value of 3m T of m f

8. If ip+3=10, what is the value of |p T of j} 7

9. If j«-ll=7, whatisthe valueof 3«T of art

10. If 2(x+4)=14, what is the value of «+4 T of « ?

Solve the equations :

3a;-2=16.11. x+ 10=30.

14. «-5=27.

17. 3w+2=:38.

20. 3n-J=6i.
as. 3(«+l)=30.

12.

ih. 2i»=ll.

18.

21.

ix-l=4.

iw+2=6.

24. 6(x-2)=46.

13.

16.

19.

22.

25.

5y+2=.-17.

7n-4=24.

2»4-l=4.

|x-6=15.

j(x-i)=a

16. Atloms used in Solving Equations. If two numbers are
equal, what is the result when the same number is added
to each ?

Thus, if x»:6, what is x+2 equal to t

What is the result when the same number is subtracted
from two equal numbers

; or when each is multipUed by the
same number

;
or when each is divided by the same number f

Thus, if «= 10, what is x-4 equal to? What is 3x equal to T What
IS J« equal to T

The preceding conclusions may be stated thus :

(1) // the game number be added to equal numbers, the turns
are equal.

(2) // the same, number be subtracted from egual numbers,
the remaindtirs are equal.

^i-*.'t;t:5&aibSkiL ^I3i'-«?H£
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.„?ir '*».'"r»^ ."• "•""I «!"». or Mlf^vident tmtlui,

^ thT.T^ •" "'""e.^K-'tio-- The method i, illu.traUdby the following example :

Ex. 1.—Solve 3a; 7=15.
Add 7 to each side, /. 3x-7+7=35+ 7. axiom (1),

3x»42.

*=V'=U, axiom (4J.

J«+2=34.
Jar+ 2- 2= 34- 2, axiom llL

ix=32.
a!=64, axiom (3).

6a:-3=2x+12.
fiar=2ar+16.

.•. 5«-2«=:15,

3«»I5.
x=6.

The object of the changes which have been made in theiy.^uat^ons is to get the quantities containi^ The uSc^o^
(:r) to one^ide and the remaining quantities^ the othT^rThe unknown quantities are usuaUy transferred to the left«de. but sometimes it is better to transfer them to the right!
Ex. 4.-SoIve 3m+20=6m-.16.
Add 16 to each side, • 3m+36=5m
Subtract 3m from each dde. ':. 3m+36-3m=8m-3m,

36»2m,
18x.morm-18.

16. VerUyIng the Result If we substitute 18 for m in thefirst side of the last equation we get
» ^r m m the

3m+20=3x 18+20=74.
If we substitute in the second side we get

6m- 16=6 X 18- 16=74.

OS

Divide each side by 3,

Ex. 2.—Solve
Subtract 2 from each side, .•

Multiply each side by 2, .

Ex. 8.—Solve
Add 3 to each side,

Subtract 2x from each side,

Divide each side by 3,



/

II

i

This piooees is oaUed verifying or testing the correctness
of the result. If the root obtained is the correct one, the
two sides of the equation should be equal to the same number
when the value found for the unknown is substituted. v
The equation is then said to be satisfled.

The beginner is advised to verify the result in every case.
Verify the results obtained in Ex. 's 1, 2 and 3.

XBROISB 8 (Oral)

1. If 3x=16, what does x equal T What axiom is used T

2. If 6a;+2=17, what does 5x equal T What axiom is used T
What does x equal T What axiom is used ?

3. If 2y-3= 13, what does y equal T What two axioms are used ?

4. If |z—4=6, what does Jx equal T What does x equal ? What
two axioms are used 7

6. If Jx=6, what doea \x equal ? What does x equal T What
two axioms are used ?

What is the value of x in the following equations

:

6. 2x=18. 7. 6x=72. 8. 5x=16. 9. 3x=6-9.
10. x+20=25. U. 2x+l= 15. 12. 3x-l=20. 13. 6x+6=29.
14. J«=8. 16. 3x=12. 16. Jx=2}. 17. jx==16.

I

ZBROISa 8

Eolve the foUowing equations, giving fuU statements of the methods,
fn each case verify the result

:

2x+5=27.

4x=x+21.

ix+6=60.

6a-3o=a+e.
14.

16.

3x+ll=47.

3x- 10=66.
7x=60+3x.

10x4-3=3x4 66.

8f»=36—4m.

12x-662=7x+428.

2.

5.

8.

11.

a.

6.

».

12.

4x-6=61.

_4y=2y4-80.

6x+42=9x.

10x+20=20.

1.

4.

7.

10.

13.

15.

17. Nine blocks of equal weights (to) together with a 20.gram weight
are balanced by weights of 50 grams and 10 grams. Express this by
an equation and find the weight of each block.

18. If 17X-11 is equal m value to 6x4-121, what is the value of « f
If. What value of y will make lly4-60 equal to 20y-30 T

20+6x+5=60-3x+ll.
764x-9=680x+12.
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17. As we havft itl»>o^y .u—„^ ,„, iiiiiiiiiiij

-
f ir mii n rii ffi

BZBROISH 10

J^l!^ r'"*'^"
^ '*'*' °' ***• '°"**'^ P^"*"- *« *he form of

1. What must be added to 33 to make 60 ?
2. What must be taken from 90 to leave 40 ?
3. What is the number which when doubled is 36 T
4. Five tim^ a certain number is 46. What is the number T

i. the nlUT "
''"''^ *°^ ' '^**^' ^'•^ ^^' » 26. What

6. What number is doubled by adding 27 T
7. What number is halved by subtracting 20 ?

wh!; is"h! nuLt^
'^ '~" * °' * ^^^ "°°''-' ^^ -'-' »

^

9. Solve the equation in each of the preceding examplea.

18. Problems Solved by Equations. The foUowW examoles

Let « represent the required number,^en 2x ia the double of the number.
Then 2*+ 16 is the double with 16 added.
But the problem states that this is 40,

.-. 2*+16=40,
2«=r24,

.*. *=; 12
Hierefore the required number is 12

y
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B MLOEBBXB

Note that the substitution is made in the original problem,
not in the equation. There might be an error in writing down
the equation and thto the solution obtained might satisfy
the equation, but would not necessarily satisfy the given
problem.

Ex. 2.—The number of pupils in a class is 33, and the
number of boys is 7 greater than the number of girls. Find
the number of each.

L«t «»>the number of girb,

«+7™the number of boys,
.'. a!+a^4-7Bthe total number,
.-. »+«+7-33.

2x»33-7=26,
*=-l3, .-. x+7=20,

.*. the number of girla u 13 and the number of boys is 20.
Verifloation : 20+ 13-33, 20- 13=7.

Ex. 8.—Divide |100 among A, B and C, so that B may
receive 3 times as much as A, and C J30 more than B.

Let »= the number of dollars A receives,
3»«» „ „ „ B „

•'• 3*+30=. c
:. th^ all receive («+3x+3x+30) dollars,

.-. »+3aH-3»+30=100,
7ai+30=100,

7a!=»70,

«=10,
.*. A receives $10, B $30 and O $60.
Verify this result.

19. Steps In the Solution of a Problem. The examples
which have been given wiU show that in solving a problem
the steps in the work are usually in the following order :

(1) Read the problem carefully to see what quantity is to he
found.

(2) Repreger^ ihi« unknown by a letter.

(3) // there be more than one quantity to be found, repreeeni
the others in tmtu of the same letter.



SIMPLE EQUATIONS »

(6) Solve the equation and draw the eondusion.
(0) Venfy the solution by substitution in the problem.

Ex. 2 there were two quantities to bo found, and when we renZintiSth^e^oumber of girl, by x. we could represeit the n^^:7^t
Fn^l*""^'!

" u^^^f^ *° '"*^* *"" Statements, in plainEnglish, as to what the unknown represents.

owe. Although the answers to many of them may be iriven mentlu?

XBR0Z8B 11

the*num"bef
? "

'*^**^ *^ » °«**^ ""^b*'. '»>• -"in i. 63. What k

the num^brT^"
"^^^"^ *~"^ ' "'^'^'' *•** "*"»' » «• ^hat i.

HtLsi-^o^rwhirrthTirr ^" ^---* ''^ -

as If twice the number were increased by 15. Find the number.
6. What number if trebled and the result diminished by 36 givestwice the original number T

^ uy ou gives

: .*;>. .'•

.r.
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namiwT'"
"""'^ ^^ by II .od thdr sum i. 61. Find th.

12. A hone and carriage are worth |380. The oarriase k worthtwice M much as the hor«,. Find the value of eacL^^

othi.
^^^"^ ®^ ^'^ *''°^^ "^ *''** °"'' P*^ ^"^ ^ 27 lees than the

met i.'?2 ftrrt'trS^ ^ '"" '"^^ *••* '^^^'^ ^« ^^'

be « yL" ' wLrrtreifagir/'
^^ '•^^ --^ °' ^•^^^ -«-^

th!!; ^'"^J *T ^'^•^^ ^ and B «, that ^ wiU receive $20 morethan twice what B wiU recdve.

nnmLj?%?";
°* ''^o c<««»«'"tive numbers is 69. What are then^^B^T (Let x be the smaller number, then x+1 will be the

18. Find three consecutive numbers whose sum is 160.

«,«!* '*'''.f,"*'^**^'»»°**^w7yearsolderthan^. Tnesumoftheir ages IS 67 years. Find the age of each.
nesumoi

10W l^A
^^'^?^ *^'T~*»

*be length and width of a rectangle is10 feet and the perimeter is 68 feet. Find the sides.
"™8'« »

21 Divide 1468 among A, fi and C, so that B may get twice asmuch as ^, and C three times as much as J5.

to M^nttlfr!i^ !"" ^Toh*"
"'''* P*' '»°"- « it goes from Toronto

ii^ o^T;
333 miles, in 9 hours 15 minutes, what is thi

«*^*K ,^ ^* ^ "*''*"' ^°°8 ^ ^»^'*i«^ ^*o two parts. The lenirth

24. What value of « will make 6«+6 equal to 3* +40 T

26. If 5% of a sum is $48, what is the sum T

J».
An article sold for |2-61, the loss being loo/^. What w«^ the
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82. A man paid a debt of S4500 in a ».»^»k

-s:; «r'",S'.hi?ji^!°'^
p-.. o. a ««.„. „„„^ .^,,„

86. If3a=46e,

(1) Find o, when 6=10, c=»lfi. [\

(2) Find 6, when o =12. c» 3. \
^

(3) Knd c, when a= 8, 6— |.

XWloisa 12 (Renew Of Chapter XX)

1. «*»^'^«^- "ion. which are ueed in «>,vi„g equation..

^I'.J^Zl"^'
'=»« « «>e correct «„ution of the equation

3. Determine if 8 is a root of 3(*+6)=6(x- 1)

i!l

7')-

/
•

)^

«-.v.'r:r^":sxc"^."«'=-^- .«»-«
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** AWKBHA
(t^) Thm farmen togeth«r nimd 2700 busheb of wbMt. X miMd'^^ • """*•**••»«* ^^ ~««»d *wioe •• much i 4 ^Mush did MMsh niM t

^* "^
\f. What value of » wUl omke 136-S« equiU (o 172-- A* T

..2^. !S::: r-a^
'-»^'- <>' • <^ ««» « i- th. ci«un.f«„o^

(a) Find e, when r- 7; when r-42.
(6) Find r, when e-SS ; when c-U.

10. If #-J/i, find « when 1-4 •nd/-32; when <- 10 •nd/-.S2.2.

.. «;„ ^Va ~""P"y °' »* P^^O"-. there «• twice m numy women•j^men^wd twice « m«y children .. women. How m«y children

t.^\i
®" ****^' T^ ** ™" "^ »264 • week. If e^h mu eun.lour time, m much « e«,h boy. how much doe. a boy e«n in aw^

J
*''

*
J^""*

*!f***
* '*'**" number, inoreaeed by 47 i« equal to eiohttime, the number, diminiehed by 43. What i. the number »

^
t4. An agent charge. 3% commiawon for coUecting an account.If h» chaigea $11.13. what wa. the amount of the aSoountT

^;^t?:^^0:'"""' ^'^'^^'^^' (c)x-.0e..235;

.ivi by^t^e^f^^STa-j:*.*"'^'
"'*"**• '•^*'*' "^ "^ <«> ^

(i) Find o. when 6- 8, A- 4.
(ii) Find b, when a- 36, A» 12.

(iii) Find h, when a»176, 6=22.

a1^^ T? °' **•• unequal dde. of a lectangle i. 66 feet and their<iilfcr«ioei.l6feet. Find the area of the rectangll
'•*«<»«»«i»

IS. If 6«-y-2s+y. what i. the value of y if x= 6 T

^». For what number doe. the queetion mark rtand. if

i*>ati.fledwhen»-Sr '•+*-8*+»

aO. M *% of « together with 3% of xi. equal to 38. find*.

•q^;iont!-^!.~!"^
**^' ~~""*'» *" ''"«»> » •'P«-^ by the

I^ *
*r?Jl*° ^°" t**" ^. «<» O ha. 120 more than B Together«^ have 1190. How much ha. each t

*og»M>«

tit ^ *.!!!!^-*!2?*! • ""** • "»«* ohioken* If 2 turkey, andS«rf6k«i.oort«7-20, find the oort of a chicken.
«»««y» wa

,jf-^at; #J^!»*m*K:-^tJfevH^ir'¥;.i »^^m: ml
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14. Wh«»nuniberlnoreMedby»ofit«rffl.equUto«0?

the inoome for the Snt yev t
•^^ao, what waa

If 2o6-Smn,

(1) Find o, when 6- 16, m- «, n- «.
(2) Find 6, when a- 12, m. 2, n- 2
(3) Find m, when a»

i, 6 » 6, n - 4*

(4) Find n, when a- 3, 6—6, m— li
Show that 6 i. • root of the equation

2(«-l)(x+2)-.4(«+8Kx-«)+(,-2){«+8).

-venty^5;:The°I^%?Ejl?i*%-,*^ •«^'— «il- »<« t^

•0 Solve and verify :

(1) 685(H-»=27x+3«0.
(2) *«+i»fi«-3380.
(8) 1607aH-20-1762*-ll.

as.

29.

1
I

J I »

tu

/L^
(

*•

'

1
^ ?:-^ .':i^

.^
/ /6.'

y .

rn
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CHAPTER m
POSITIVE AND HEOATIVE NUMBERS

12 noon to 12 midnight are represented on the horizontal
line, and the temperature at each
hour is shown by the position
of a point on the corresponding
vertical line.

Thus at 3 P.M. the tempera-
ture was 6P, at 7 p.m. 63» and at
11 P.M. 65-5°.

The points which show the tern-
perature for each hour are con-

^^^ - • * , .

nected by a curve. This curve

The* changes might be Aown by a column of fimres

re^Iy to the eye. We can see at a glance when the tempera-

"r-dX 0^™°' "" """ """""^ •"'« "-^ "''-"

Here we say that we have represented graphlMlIy thechanges m temperature, and the curve shown is oaUedTgniph.

XBROZSB 18 (1-8, Oral)
Using the diagram, answer questions 1-8.

1. What was the temperature at 1 p.m., at 4 p.m., at 10 p.m. T
2. At what boors wm the temperature the same ?



a.

4.

5.

6.

POaiTlVB AND NEGATIVE NVMBERS M
What w^ the high-t ten.per.tuw T Wh.t the loweet fWhat WM the range of temperature T

Between what houn waa it riaing T

f-l b..":: Tl 11 " "" '-"-° •» •»" " ' How »«ch did i,

7. When wm it 60*, 58°, 66"» ?

f.U mo.frl;Sly
7''* '""" "^ '' '^ "^^ ~P*<»>^ ' When did it

mu-trate the vari^titL 1^' ^' ht^ht '

''"' ""' ^'"^ * «"^P»' *«>

21. Negative Numbers. Thia diaeram Bhnnr- fu
temperature for a week.

^^ag^-am shows the average

Thus on Monday it was 26"
above zero, while on Thursday it
was 16" below zero.

We might express this algebra-
ically by saying that on Monday
the temperature was +25°, and on
Thursday it was —15°.
The number +25 is called a

positive number and is read "
posi-

tive " 25 or " plus » 25. while S'? 4. ii a

Fiwsiw siae Of zero from a positive number.

ZBROISB 14

a. On what days waa the temperature negative?

n

'V.
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much lower on Tuesday than on Saturday T

"""-y i How

be t*h.„V *?*••????.*,'"' " -^^ •"** *' '^ *«°' ^ow much wiU itbe then ? If ,t had faUen 10». how much would it have been theT?

*uJ'
^*,*®'^'*'"«»»t''Woh mercury freezes is -SQOC. What doe.

^he^rw.^cTi.T3riT; '' ''- '''—
'

-»^--

and'ih/'r.Jl^^r
** ''^''^ * ""^'^ *'°*''^ •*"« "^^^ P« « positive

Mon.. 4 above par
; Tues., 2 below ; Wed., 1 above,

Thurs., at par; Fri., 3 below; Sat., 11 below.

». DIstonees measured on a Horizontal Line.

-5 -4 -8
*« ^2 +3 ^i—I—

I

5
On this diagram the distance between each successivemarking represents one foot.

successive

What is the length of OA T of OB T Tn »k-* . .

iiHerfro.0/,, H^w n.ght we^2^ tosL^tt^li^ «^

It is usual to consider measurements made to the riffht aspositive and to the left as negative.
^

What point is +5 feetjrom O ? What one is ~6 feet from n f

we now have another series of numbers which also W,nwith zero and extend indefinitely in the opposite dlr^eSfnIn each series all mtegral and fractional numbers are included.

28. Further Examples of Nefative Numbers.

(1) A man has property worth $100, and debts amounting

Sj^m



POSITIVE AND NEOATIVJg NOMBBRS si

wor|4o'^'° '^ "" P"' ^ ^''»>*- ^« -i« »-- property

^"«' 1100-160=140.
If, however, he has debts amountinff to finn «!,«. *u«e paid he wiU have nothing left.

^ '
'
^^"^ **"""

ThuB, $100-1100=10.
If he has debts amounting to $140 when Yia Ko- « m .

,

Ae can he will stiU owe 140 w! !!1 .u • .
^^ *^

thus :
^
iTw-^l^or'JJT" ^"^ *^«^'~'^"

H^^ni*"?*.^*
"^ ""* "^y **^** *^ "«* assets are 140 in the»e«>nd they are zero, and in the third they are ^n^^^When we «.y his assets are-140. we meanheTX^d!^-A A ^JTV^"' '^ ^^^'^"^ ^ mea^inV ^twtn

^er Thf ^z-^tLir:s ti-r?"»«Ttog to degree, of temperature. «, fa «t 210,1:1?'."

(2) If a man gains |20 on one transaction and loses 115on another, what is the net result ? If he hadTosHSs ofthe second transaction what would have been the net «!ult?If we attach a plus sign to the result when itL a g^ThoJmay we mdicate a loss ?
* ' ^

M O repraaenta a sam gained d Z a mint In.* --* *ve«h of the foUowing. attJZg . . p.;p:r^
!°^' *•*• *^* "^' ^

1. $30 0+ $20 O. 2. 130 4 <I2. r.. 3. $30 L+t20L
^$30X+$20e,. 5.$40(,,,4. .. 6.|L^::io^;

In a series of games I find that my record is : won lostiost^won. lost. won. lost, won, won. ' '

This might be represented thus :

+l-l_l+ l_l^l_l_,_l^j^^g__^^_^j
What does this result mean ?

Write in a aJmilar way the foUowing raooM • lo.t In-* — . ..
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I!

(4) In locating nte on the earth's surface, the distancem degrees north of the equator (north latitude) is said to be
positive, and south of the equator negative.

ITius theUtitudeof Torontois +44»andof Rio de Janeiro i. -23»What ui the durtance in aegrees of Utitude between theee t^o cities T
'

The preceding iUustrations show that a positive number
outers from a negative number in direction or quaUty.
Thu. if +10 meana 10 yards measured to the right; or 10« eastlongitude; or 10 games won; or 10 miles a boat goe^ up streakor 10 mmutee a clock is f«it; or <10 in my bank Smi ^^0

-u^* ^!f"
«' OP«ra«on «nd Signs of QuaMty. The numbers

J^^f°*^-^=^^a£ejhe same in magnitude, bJt differ in
direction or quaSty;

~—

—

p:z— ^^^^'^ *"

the numberjsJakfiiija^the ^it^e direction ^^^, and
Wken preceded h3L_tha.aga__-^^t it is laSen in then^pttive direction.

It wiU thus be seen that we use the signs + and - withtwo different significations. When they are used to indicate
the operations of addition or subtraction, they are called
»ifns of operation. When they are used to indicate direction
or quahty, they are sometimes called signs of quaUty
The beginner might think that this ambiguity would lead

to confusion, but he will find that such is not the case

o« » u^'iT!.'^ * quantity like -26, we should say " negative
26, but this IS not foUowed in practice, aa it is usually read*^ minus 26." ^

When no sign precedes a number, it is understood to be a
positive number! '

^

25;_Jlbsolute Value. The absolute value of a number is
itevalue wllhout i^rH ^r. ajgs-— _

—

Thus, + % and - H have the same absolute vsJo*-

II

If.

i^f^SC



POSITIVE AND NEGATIVE NUMBERS

XHROISB 16 (1-16^ Oral)

33

OWfll.^^*'/rx^*i"
**** °®* property of a man who, (o) has S60

147. (6) haB 140 and owes $60. (c) haa S65 and oweem ?

(.) s2o5,t;Mi;^^^^^^^^ ^*^
•^^-•«>' ^^)^-m

..an^^rrrn:L';-alV-'^-^^'at ^«- How

i.th;6t^\"S;:Z.^"^"*"""''°^^*^'«^*^^^^ What

5. A veasel sailed on a meridian from latitude 16» to ktitode fioHow many degrees did it sail and in what direction ?
~

'

To^nto^allS'an'ott '^I^Z ^TZt T
^^ ^ '"^-- '^^ ^^ °'

mak'; mVLr^";;;;*
''^^ '"^ '"'• ^** --* I ^ieposit to

If -20+x=lu0. what is x T

8. What would a negative number mean in statinir th* i,«„k* «

trmtf^^t^l.r^''^'^^-'
^e height at;r:;i:S'«oreh1

l^lin^ZV^^n'^xr'"''''''"''^''''^'^'^- What is

10 A man travels 20 mUes from ^ and hi. friend travels -10 mile,trom A. How far are they apart T

11. What is the rise in temperature from -30° to - 10» f
If -30+x=-10. what is X ?

12. What is the distance between two places whiVh il«. » i

XLT^ :t
°' "°"^'' (^) -- g^ ^\:72:.rz

Of'^are^JttS^^ ^^,ir^
- 'y - -- the number

(4) -120 to +60. (5) -200 to +200. (6) +1900 to +180a
14. Augustus was Roman Emperor from -31 to +14. How manyya«WM he Emperor? What is the diife„nioe betwee «4 and -31 I

I ''

r^t^.
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interpret the mult ?
"** ***®' ^^O'^ <»<> Jou

^>l npNMit tb« oombinad weight I
*" P"" °"^ «' l»w would

.tLy"^ »"'*^' *• """-tag cb«„« to «„ pHc. o,

Month. July.

6

Aug. Stp^ Oet Not. Dm. Jan. Fob. MK-.Upr.

Amount above par ... 1 4 « 2 3

Amount below par ...

T '

2 3 1 4

1.

2.

8.

XBROISB 16 (Review of Chapter ni)
U«ng «gn^ exp,^ the «»„it. of the foUowing tnu^otioo.

,

1 A g«n of $]0 foUowed by a loe. of flT^^
(2) A loee of $12 followed by a loe. of $4
(3) A lo« of 18 followed by a gain of $ia

What le the diflferenoe between 40» and -S' ?

what i« my eoore ?
» « w my score T If I make only 2 bite

rf"o,^*"' ^
""* '*'^ ^ **^P*'**«« fr«» «7» to - 1 1-

.

If 27-«- -ll,whatie»»

^^'"jflP'r _. j^iiF^tt;®*-;
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POSITIVE AND NMOATIVt NDMBMM U
3y«d«rt«t. Wh*tdoth««,m«uir HowfMh«e«,htorunt

mJ; vt^^n ' P~- '*" '",7'^"'* •* » "^J"*"^ to find in how

Z^iiTZ^.7l^'r''''""-^'"^^*^-*'-^0. What

8. Find the average noon temperature for a week in whiok !.-noon temperature, were : 20«, 10«. 15% 0«. 4». -6* -Ts'
''''*"** .^*

th^* ^ji -f^ .'".?"* '* *** °^"**" *° »• Ho^ ««ny minute. 6«/or.three did it arrive if it was half an hour late T

™n"»«« Won

-n*JL°^tt"'7'' ?
°^-' ****'° -« "^««' *hen 4 nule.. then-11 mile.. How far ha. he traveUed ? How far ia he from J!.t«tmg point and in what direction (podtive or neg^ive) tlTl

11. Egypt wa. a Roman province from -30 to 616 How m.n,y«.wa.thi.t What i. the difference between 6^6 and -Fo 7 ^

variation, by mean, of 1 grlph.
' * '

"^
' ^ . Show theee

. l^ of" J.^ '' ' *'°"" ^ '^•^ P«^«^* "»•*• ^^' -^ «T«-nt

14. The record of a patient', temperature for each hour beeinnimr

2:jl ^r:;:^:^^^^'^-'-'-^ *- .pa^ «»

i.fh;p^-^rs:-?ran^^^^^^^^^^^^^ "--
16. The mmimum temperature, for the firrt 16 dav. of DuMmK..were : 26». 22^, U», 26», 21». 186-. 13», 7.6», 11» 6" H' T^" »'

10-. 1260. Make a chart to riiow thei;e vLktio^J
'

*'-«.- 1%

Ifc

^QD

tLl

OS



CHAPTER IV

ADDITION AMD SUBTHACTIOM

88. Addition of Positive OnantftiiMi wi.-* • x.
combining:

wutntitles. What is the result of

(1) A gain of 120 with another gain of JIO ?
[^) A measurement of 5 f«Af f^T !.« • ux . .

3 feet to the right ?
*^^ "«^* ^*^ «»«>tl»er of

(3) A rise in temperature of 10« with a rise of 8«
f(4) 6 pomts won with 4 points won?

+ •20
+ •10

+ •30

+5f(«t
+3 feet

+ 10»

+ 8"

+8 feet +18°

+ 6 points

+ 4 points

+ 10 points

po2r.:^'*'LXr?°* "^ -^ •"" "« '^^ - ".. «« *.

1--



ADDITION AND SVBTSACTIOlt cr
Thus the fint might be changed to -. " What u th.«^of combining a loss cf $20^th a loss of $1^1''

*

B^ th^ other three questions making similar changes.What would now be the answer to each question ?

^^
As problems m addition they would now appear thus •

120
-•10

-ISO

-6 feet

-3 feet

-8 feet

-10»
- 8»

-18"

— 6 poiqts
— ipointfl

-lOpointfl
Sinulftriy, the sum of - 7x and - 5* i. _ i o, .„j ».

-2a», -a» and -6a« is -1 "• »* » -12*. and the sum of -Ba\

Thus <^ «fm r^^
"-"I'^^i^

ana is fo^iy^ &y ffffffiTiff f^-f
n^alive sign to the result.

XBR0I8B 17 (Oral)

State the results of the foUowing additions

:

1. +$3 2. -$10 3. -120
+^ -$ 8 _,oo

6.-7
-13

6. 4a*

6a*
7. -10a:«y

- 5xhf

*. 3 yd.

5 yd.

8. —|a6e

U. AM in^jm,fm.im. a. Add -I^, _3y, _,7j,

onaJataUS called ft finmpnnnrt aipresslon.

Thus, 2o. 3xV, ioftc are simple expressions and 5Sflj.«. /t- , !are compound expressions.
l*""™"™. and 2o+36, 6ar-3m+a«

wi!?* to^lS2°;
" ^""**°""'* B^Pressions. In arithmetic if we
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We proceed in a aimiUu- wav in aImK*. —.-*• •.
in the same column. ^ ^^^' ^^^ ^ *«"«•

3yd. Ift. 4m. 3a+ ^^ ^
5 yd. 2 ft. 10 in. 5a+26+10c.

P~^t^ a^nXradSot ^'^ ^*"^ °'^- ^^^^ ^^ »>•

Ei.-Add 6x+3y-2z. 4y-&+3x. -3*+4r+y.
Here the problem might be written thus :

3«+4»- fis

*«+ y- 3*

Add:

1. 3 ft. 2 in.

5 ft 3 in.

Sum-12a!+8y-108.

ZWOISB 18 (1-flt Oral)

4. 8hr. lOmin. 11 aec.

5 hr. 12 min. 3 oeo.

2 hr. 16 min. 20 seo.

2. 3»+2y
fi«+3y

a. 6a—36+2c
2o-46+3c
fia- 6+ e

8- 6a-116
2o- 36

«. — a—36+7r
-3a- h+4c
-60-26+ c

7.* a+6-c, 26-3c+a. 36+6a-llc
8. &;«-7x+6, 3-&c+»i. _2x+4,«

2a-36. 3a-26. 4a, -6, a-6.
«+26, 6+2c, c+2«, a+6+e.
a-26+c-3*i. e-66-d4-2«, -6+e-i+«.
««-3y, -2y+«, 48-y+3«.
\a-lh, fa-f6, 5a-J6, }a-f6.
a«H-26«-3c«. 66«-e«+2a», 3a«+6«-ac«

If. i«+Jy-t., |x+}y_,^ ,+y^,^

10.

11.

12.

18.

14.



AUDtTlON ATID SUBTRACTION ^
30. Addition of QuMUtlet with umik* Slfnt.
What ia the result of oombining :

(1) A gain of 120 with a lo« of $10 f
(2) A gain of $6 with a loas of $15 f

(3 A lose of 18 with a gain of |6 ?

(4) A lose of $7 with a gain of $12 ?

These might be written as problems in addition, thus •

+ $20 +16 _|8 _, 7
•^ -$15 +|fl _^ll

+ 110 -$10 _$2 7^
inriolf liir

'^"' **"** ^^'^^ ^* ~*^ *^o quantities differing

Sf; ^ •!"'" "" ."^-^^^^^ positive and sometimesneS^When IS It positive and when is it negative ?

^
-igns are alike ? How is it found when the signs are differeni I

the^:u:^nu5::'^^
^""*^°'" -^^^^^ *>«^-^-^ "*<>'

aJu^ td'T
"'' '^***' '**«*'« ^ f<^nd by arithmetical

m^'n 'TT^^i^n is affixed; u>hen the signs are

Ex. 1.—Find the sum of 6 and —8

when the wwdt wiU at onoe be evident.
8. • lo« of $8.

Er. 2.—Find the sum of 6a, -8a, -7a, «a, -2aThe aum of the positive quantities ia 1 lo.
The aum of the negative quantities ia - 17a.The aum of llo and — 17o is —6a,
.'. the required sum ia —6a.

^^m^ht 1» be «lded in the order in which they come.Anua, the aum ot Sa and — Sa ia *™ -.# • ^ wtuo.

«« -io.«d*.i. -2::?ijt^ zt,..^ "" -" » ->»• w
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AU3BBRA

E]r f^Add 3«-ll64.fic. 66-fia. »-c+a.
Writ, the «pw.«on. in column. - .1,^^ expUdn^l.

8a-116+8e I « _•
-«a+«6 . ^,
0+ 86- e - +6

^^ i. -a+"i"o, 4.ii: the .:;»?, the .««nd coIu«„ being

the first qulV^oml^-^ts'or*' fl'" ^.'.^^*^'
the third i. +6/»„d the sum (-tlZ i^ifT^^l"' +^'
of -3. +1 and +5 is +3 we LurnT.K *ti.

^"!!^ *^* """>
-r « -hd, we assume that the work is correct.

Add:

1. +6 ft.

-3 ft.

«. -8
7

ZBKOIsa 19 (l-M. orml)

+ •27
». +10 lb.

-161b.

6. 5a*

-8a«

to. at—7y
-3«+2y

7. - 7x
IZx

11. a+66
a-66

4. -fiO*

+40»

8. -806
M

12. 3a+26-c
20-26+C

M. 3*+Sy. 2a:-3y, -4»-y, &r-4y. (Check.,'
14. fiw. -6m, -7m, 8m, -9m, 10m.
16. 2«+36-5c. 6a-46+c, 3a+26+4c (Check.)
16. 3a-66.46-3c,4c-3a.a+6+c.

(Check.)
"• i*+y-i«. }«-Jy+J*. x+Jy+z. (Check.)
"'*

LtL""":'
*:''+''' "-^^^ *-2c-3a.

20. 3ab~4ae+5be, Sac-4be~2ab, 3be~ab-ac
21. 6a«-6a6+6«. 3««+7a6-26«, o«_«6+6«
22. 2x«-3y«+4*«. 6y«-(b.+..,

2««+V-3««



ADDITION AND BDBTBACTION

12-*, 12-8* uid 12-6*. find z and rerifj.

41

tlMTSlMof

the Mun* M the ram ol

wJl^^i^* ""t'"^
°' lH-(-7). we must add 11 and -7

""^ a+(-6)»o-6.

to »ubtraet apostt^ve quantity of the mme absoiuU valwIf we wish to simplify a quantity like

(3a-26)+(2a-36),
we may write 2a-36 under 3a-2b, and add in the usual wayor we may remove the brackets and say that th^.^tity^'

=3a-264-2a-36,
=Ba-5b, when the like terms are collected.

Simplify

:

««BOWH ao (l-u. oral)

». -8a+(+7«). 8. -6«6+(-2«6). ,. ftr.+(-3.-

la. -«+(-2a)+(_3o).



14.

1».

16.

17.

18.

1».

^ AuamBBM

-»+(-»)+(-8»)+(_4»)+I0ft,

(Jw+Sn) +(5m-ii)-|-(Sm-6ii).

•+(-6)+6+(-e)+6+(>a,.
»+(«-» +e)+(ft_2c+a)+(c_t,4.»).

•ubtraoKKl.
^ * ***" ^a^ttno^ to the qoanUty which wm

3--;*+'L°The^.:?r^',ti^i^^^^^ ^ ~^*-*- '-»

aa. Soly
(2,+3)+(3«-5)+(8.-i)=57. (Verify)

M. Scire (8.-7)+(>4,-3,»(-6,-7,+(7,-2,.
(Verify.,

Ul.^ SubtrMtion is the Invem of Addition. To «ibtr»nf ±

JJ^t
m a gain of |7. and the answer i« e^d:n5^a gi* o^

when -4 is subtracted from 7 the remainder is 11.
Thus. 7 \tm -4

-10 lew -3 >

66 lev -46.

•11. beoauae -4+lls7.
' -7, because -3+{-7)= _iot
'106, because -46+106—66.

U-

ZBB0Z8B ai (Oral)

What most be added to

1. A gain of $10 to give a gain of $15 ?

2. A gain of $8 to give a gain of $3 f

i. A gain of |5 to give a loM of |4 f

'lSP>i'!l^.' F^.A



ADDITION AND aVBTRAGTlON

4. A loM <rf $6 to gire • g^in of $3 r

». A loM of S20 to giTe a Iom of $15 ?

f
.
A low 3 give ft low of 18 r

7. 8 to giro 12.

». -8 to giTe 2.

11. 7* to give 3».

18. 6x* to give —2z*.

16. 3aie to give 2abo.

17. -« to gire -41.

8.

10.

12.

14.

18.

18.

10 to giro S.

-8 to gire -1
3a to gire -fio.

-8« to giTe -10t».

—Oy* to giTe — 9y«.

a to giTe —a.

J^Mo^
'" SibtrMUon. Examine the foUowing aub-

(1) 9 (2) 9 (3) - 9 (4) -93-3 3-3
12 -12 -6

In (1) the result 6 might have been found equally weU by

-3 to -9, and m (4) by adding +3 to -9
Thua we see that the problems might have been re-written

We would then have these problems in addition :

(1) 9 (2) 9 (3) - 9 (4) -9
-» +3 -3 4-3

12 -12 -6
We have therefore the foUowing rule for subti^tion

.

To subtract compound expressions, apply the rule to thehke terms of the expressions.

Thu.,to.ubtraot 6o-3*+2c ohwure to ««_9A^o- and add
«o-3*+2c
3a+4fr-6e

change to 6a-36+2o
-3a-46+6e

8o-76-f-8a
^^^
^9f

m fj^^m^mm.\.-j__.



ALOMBBA

zaRoiBB aa

1. 26

-IS
-11

+ 3

-20«i« 8i

8a+76
aa-26

». -10b
- 8a

7. 4s«y

-3xV

11. 6«+4n
6m—4»

4. 2aE
- 4x

8. -23m«
- 6m«

12. (te«-&r4.2

3a:«-2x-3

18 Subtract o-26+3e from 3a-46+c.
14. Subtract 6a:«_llx+4 from 3««-&+6

change mentouf ^ "*"'' **"* ^^ '"*^ *»»*»

i

SobtHMt:

t. 8
-3

6. -8st

-S»

t. Sa:+4y

«— 2i/

XWWI8B as (!-«. Oral)

». -9
4

e. -7»
-2m

J«». 2B-36
3a+26

8. ~12
- 6

7. - 4aAe

lloAe

11. 7««-6
3*«-7

4. -7«
li

8. -^

12. 6m— 3ii

-3m+6n

!».• Sabtnot 5.-36 fcom tt. ,„„ rf »,_j .^ j,_^

M?^:



AbUlTIOH ASD aOBTBACTlON u

(V^y.r*'
°'°" " """^ *° i"»+3-4p to gi,. *.-,_»,,

1». By hoir much i. Ta'-IM-n gnUer thu &.•-" B««w«or wan JM*— lla+4?
»». By three •ubtractions simplify

{«a+106-c)-(3a+4*-2c)-(«-36+4c)-(2«+76-3c).
ai. Subtract the sum of 2i>—Sa~%r ^.l-j- o

M. Subtract 2a-36+6c from zero.

-n*» ^*A " '''*
"o?" °' *^ °^«' '0 ' 8 over -2 T -4 over-11? a+6overo-26T 3««-&r+2 over 2x«-ll,+7 ,

24. Add ««+2a-5 to the exce« of 2a.-4a+3 over a«-3a+10
^5. Subtract the »um of a-36+c. 6-3c+«. «,d c-3a+6 from

26. What must be added to the sum of x*-5x 2x« r^Mi .«jte-il;« so that the result wiU be muty T

«». 2x -3«+4 and

27. From 2«-3*«4-6-«« take 3-llx*-5x*-9x.

84. Indteatad SubtractlOM. If we wish to indicate that
*;; "Jl^ subtracted from 9 we write it : 9-7-3) Jt^the preceding this is at once seen to be equal toUf+Z^t^' ^*7^~/>= -8+(+6)» -J.—3a-(-6o)= -3o+5t«-2o.

a-(_6)» o+(+6)-uf6.

« to odrf apa«/»«. y«a»<i<y o//A« «,^ ^,1^ ^jJJ
"^ «"»«

Simil-ly. (3«+46)-(2a-36)=(3a+4*)+ (-2a+86).
= 3a+46-2o+36,

Ai-« -a+76.

and
—(*+c)=«+(-6-c)-«-6-.o.

Thus, &rae^;eto which are preceded bu a m ;««. ^•—



^ ALOMBBA

Ex.—Simplify 5ar-3y+4«-(3x-2y-f.2«).

We may oonaider this m m niviin.» « ui
*«— 3y+4»

in .ubWion .nd p«c^ ?„ e" ^tSTar"'" ^-^^2.

xxr L ^~- y-¥^

co.^Z',i!;r^'.rhrr *'• "'"''•*' -^ '»>• "-• ««> t^-

I

simplify:
««WI8. a* (1-10. oral,

1. io-(-3,. 2. _5_^_e, 3 _,^_^_^^
*. 8«-(-3»). 5. (-2«)-(_3«,. e. -(-6)+6.
7. 8-(-4)-(-2) 8. 8a6-10a6-(-7a6).

». m-(-3m)-(-««). ^ -ix.+(-3x.)-(_7,.).
"•• <«*-2y)-(2x-4y). . la. 3a-116-(6a-86).

18. 2a-36-|-5e-(o--46+6c).

14. (o+6)-|-(2a-36)-(4a-36).

15. a+6-e-(6-f.c-a)-|.(o+6-c).

1«. («««-3a,+5)+(2x«-6x-6)-(&rt_gx+2).

17. Ftndthevalueofea+6, whena=2, 6=-3.
18. ^dt»«»valueo£2o+36-e.whena=1.6=2,e—

3.

aX 6=in=f
"""' "•*'"^ '"" *^ ^-^^ ^^ -<*-). who

80. Solve and Terify :

(1) 2x-3-(x-4)-8.
(2) 3«-l-(,_3)«(,+7).4o.
(8) l-(4-«)-(6-.,)-(6-,)„a2.

81. What value of xwffl make &r~« exceed 3«-Il by 70?
88. '^«>evalueof3«.-2»+5H2.»+«-l).wh«,-0.1.t.«.c

mm p^^ ^'r^^



ts.

ADDITION AND SUBTRACTION
Remore the brukets and simplify

:

(1) («+36-llc)-(6+3c-8a)-(c+5a-26)

(4) -(a-6)-(6~c)-(c-d)-(i_a).

47

mxMRmam as (R«Tiew of onaptw xv)

1.* Find the ram of 6a, -3a, 7o and -8a.

.eJ;
''^** "*• "^ °' '*"" con^cutive integer, of which x i. the

^^8. Find the ram of five eoneecutive integer, of which „ i. the middle

4. Add 8a-26+7e. «6-8c-2a and c-«-36.
5. Subtract -105 from -66. -3a from 6a.

•. From 4a-36+8o rabtraot 2a-66-e.
7. Subtract &B-3y+4s from *x~2y~z.

8. What murt be added to 3a-66+flc to give 6a-76+4ef

ihe*val«o'ft;7'*'"*"~^"*'"*^"'^*^*'-°'2«» What i.

10. What i. the «mi of the coefficient, in 6a- 116+e-3d T

11. What murt be added to .-y to give OT

t^^n.^* " "'• '^•^^ "^^^ ^-*-« "d -6+c T Give

J4.Jo the ram of S«-4n and 2m-Sn add the .um of «4-7n and

J6.^From 4..+3.-7 rabtract the ram of 2..+7.-5 and

14. By how much i. Sas— 7 sreatar th«> 9--lii • n
of .would they be equal T

'
«^**' *»>" 2«+» » For what value

17. 8impUfya+(26-3e)-(c+o).

m..
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ALOMBBA

80. By how much ia Ss*—Saxii

vjio"
;'*'*"' '''^•^ -^-^ •»«* *-4v-«.. what i. th,

# Sclv «.- 3-(.-4)-(,-„.27. (Verify.,

•'-Jt-**. wUt is the result ,
" * " «-2«-3, 6-5-3». c-fe- 4.

V^ Solve
2-(,_j)_(j_3,,_ig.26.

k^
8ubtrKt2m-7n-4r£romwtto.
What muat be added to a-H-b)-(i «» *^ j

ao. Subtr^rt the .un. of 2a+36-.4c!^ h o^
"* ™^*^ '

"«. 1 4a-6+c over «+6+a *^'*"'' "^ —26-c-d from the

I)-" ?g!



-t^^^
1.

7VKJ e^ut^ a/ ->^].,i£ . t.4\

t^'

t.
!%i»--tct-'i) i_^ C/f'~4

v-^r.

•^n **-o

OHAPTBR V

MULTIPUCATION AND DIVISION

M. MultlpMcatlon of Slmpto Potltlve Qwntltla^ The Iwtort
of » product may be taken in any order.

Thtn,

Ako
3x6x4-3x4x6-8x4x8-eto.
ax6xe»axex6-frxaxe-«lo.

h

a a a
mk mk ab

mk mk mi

The latter produot maj be written abe, aeb, etc
3ax26r=3xax2x&.

»3x2xaxfr,
=806.

JWte • diagram to show that 4sx^->&bw
^mOtalj, 8a6x6od-Sxax6x6xoxd.

-3X5X0X6X0X0,
->10o6od.

Thru the coefficient of (he product i» obtained by muUiphnnc
tt« coeffictents of the factors, and (he literal part of the^Zh muUtplying the literal oarts of the factors

a*xa* =^axaxaxaxa ^a». ^

2xx3x*=iixxxxxx =«x»
m«xm»=m m.m.mxm.m.f/i=ii»»

Similariy.

Md
8yx4y»=12yt,

«"Xa:*xx»=««+«+i««>i

S^^^^fSS;£ir::t»



AUOMBBa

I^nd the {woduot of

:

4. 3x, 4r.

7. o«, a.

10. £];>. 4x«.

18. (4a:«)«.

16. lb, ae, a.

ZBROI8B 18 (Oral)

a.

6.

8.

11.

14.

17.

ao.

4m, 6n.

«*,!«.

3y«. 2y«.

Sox, 2ar.

6a*, 3a, 2.

(36)«, (2b)*.

8.

6.

9.

12.

15.

18.

2i.

*».4y.

3o6,4j!y.

ab, ae.

6a:', Say

<«. <», /«.

(4a)».

|m, 6n. fimn.

87. MulUpUeatlon by a Negative Quantity.

4x3 is a short way of writing 4+4-f-4=12.-4x3 is a short way of writing (-4)+(-4)4-f_4)=_io

«.^ZT '^f^^'^f'^''
*>y » positive integer means that themultiphcand is taken as an addend as many times as th«~

ere units in the multiplier.
^ *'®"

Also, we shaU define multipUcation by a negative integer- meamng that the multiphcand is taken as a s^,L^iZmany times as there are units in the multipUer
According to this definition then

4x -3=-4-4-4=-12
--4x-3=-(-4)-(-4)~{-4),

=+4+4+4=+ 12.

We may state these results in algebraic symbols, thus

:

(+a)x(+ft)=+o6,
(-a)x(+6)=-aft,
(+a)x(-6)=-aft,
(-o)x(-6)=+aft.

M. Role of sun. for MuJtIpIleatlon. Examine the preceding
rtatements and state when the product has a pJive sign!and when it has a negative sign.

fom*
^'^ **' "*^ ^°'' multipUcation may be stated in the

tmtfaetof wUh ufdike tign$ is negative

tj -, •



MVLTIPLICATIOH AND DIVISION

State the jnodoot of

:

XBROI8B 87 (Oral)

-4, -5
-x,y.

—X, —3xy

-ay{-x).

-2a:«x-3*«

—abx—3cd.

3a*bx-tU>.

-«V*. lix*yH.

1. 6.-7. a. -4,3. 3.
*• '• -^ «. 3x, -2. 6.
». -«, -2y. 8. 2m, -3«. 9.

10. -a(-6). a. (_e,,, jj'

13. -2m»(-r). 14. -Jx, -i^r. 15^
16. X*. -X. 17. _2ot, _3o. jg
1». -5a:y, 2x*. 20. -a», -a. 21
22. «*V.-x,. 23. 3a.6.c., -06^. 24.' -. ,._-,^
25. Since —4x3=— 12. —4x2—_a a-^i a ^

^- «p~. -4x0 to b. «,;„ .^fli.'i.-^^.i--V^'l'^7-«

89. MuItipUoation of several Simple Fseton.

Ex. I.-Multiply 2a, -36, -4a6, -6. ^ i ^^ , \
The product of ai and -36 iB-6a6. * A*+ ^ O
»» MM — 6a6and — 4afr is 24a*6*.
»» »• It 24a*6«and — 6 is — 24a«6«

/. the required product is -24o«6».
*

Ex. 2.--Multiply 3:r. -&ry. -ft,.. _y, gy.. ^ i^^j) )(^*

(1) The sign of the product ia - ainn. th^^ :-
negative factors

f "«« » .
wnoe there la an odd number of

!?! ^* numerical ooeffldent»3x5x6x6-=54a

1

6

(3) The Uteral part of the products*
.
tbe complete pfodnet- -S40mV>

ty.x'.y.ytm.

\^

V

f

'c>

^'vrS^'- =^7*-



1

1

' ALOMBMA

Ex. 8.—Find the valuM of (—2)', (—2)*, (—2)*,

In {—t)» the number of faoton is odd,

.-. (-2)«--2»--8.
eimiluij. (-S)«.16 and (-2)»-_8t.

(1-18 Oral)

Find the prodaot of

;

1. 8,4,-6. 2. 3,-4.-8. 8. -8,-4.-8.
4. -a, -6, -c 5. 2a. 3a, -4a. 6. -J, -J, 12.

7. 8x, -2«y, -y. 8. -3,-3.-3. 9. (-4)».

10. -2.-3.-4.-5. 11. (-2)«x(-3)«. 12. -2*. -2«,-2«
18. -a. -2o. -3o. -4a. -5a. 14. 2x, -Bx, 4y. -y.
15. 5«y. -3*y. -2ar, -2y. le. -1. -2, -3, -J, -|.
17. What is the square of -2o, of -3*y, of -4a*be f

18. What is the cube of —5. of —«. of —2»« ?

19.* If af=-l andy—2, find the values of

:

80. Findthe^ai™^5??Si5%B«r^-lrwheo«--8.
wben x^—4.

'

^^ Write without the brackets :

(-a)«. (-a)», (-2)«, (-1)». (-!)•, (_3)., (-i).x(-2)».
82. Find the sum of the squares of -2, -3, -4. Knd also the

squaie of their sum.

28. Knd the Taloe of {a-6)«+(6-c)i+(6-a)« when a-6, ft-4,

84. When tt -2, 6=1. e=.-3. show that a«+6»4.c»=:3o6c

^25. When a!=3 and y=-2. how much greater is («-y)« tiar

Ifa— 1, 6—2, C--3, rf-.-4, find the value of:

26. 3a-|-26+c-4A 97. oi+6«-|-c«+«l«.

88. a6+ac+6c+«f. 98. aV*-6\;>
89. o6c+6oi+«|«+4i». M. »^+tM.^^.^^



MVWiPUCATlON AND DIVISION

quan
iu aritlunetio.

InorUhmtHe.
Syd. 1ft. tin. 23-2. 10+8
S 2 2

W« multiply a compound
a manner similar to the method

Inalg^bm.
3a+46- 8c

2

07d.2ft.8in. 46-4.10+6 80+86-IO0

<!r MM J

form «(y+«), which we aee u equal to xy+xt.
The diagrun «hows how this product may be illua- .T #

trated geometticaUy. ^
'~^

Make a umilar diagram to show that

a(&+e+d)-a6+ae+ad.
Similariy, «(y-«)-ay-».
Can you aee that the diagram ia a geometrical *

lUurtration of this r
""*no»i

Ex.-Simplify 3(a-6)-4(6-c)-2(a-6+c).
Theezprewion =-(3o-36)-(46-4e)-(2a-26+2c)

-8a-86-46+4e-2a+26-2o.
-a-56+2e.

y-*

»(y-*) "«r|

CSopy and supply the i»odnots

:

1. 2a+6 a. 3a—26
. * 7

4. 4a;-3y

2c

8. 3(6a;-2y).7. 2(3x-ll).

10. 8st(a:«+to-2).

Simi^ify:

18.* 3(a+6)+4(6+e)+6(c+o).

1*. 2(«-?y)+!Kx-y)-(4x_3y).
W, 8(a»-3»)-6(«i-i»)+2(in+a»),

8. 2m^^
-6

6. 2o+a6-e
—

o

12. 3mp(6-mpX



i. I

•• ALOEBRA
tn. 4(a-26+e)-3(6-ac+o)-2(ac-4a-66)
17. *(««-36)+J(2a+a6)+J(aa+6).
18. «(»-l)+2«(x-3)+at(»+a).
W. «(a«-a+l)+3(a«+a-2)-2(a«+2a_3)
ao.

JM««-2a:+2)_2«(3««+4r-6)+«<4x«+to-flX
21. -Mh-e-^d)-^c-d^.b)-a(d-b-e).
8<rfTe and Terify

:

M. 3(x-l)=.2(.+4).
28. 5(*-2)-2(x+2)-7a

24. •(2,-3,-3(,-3)-0. a.. 2(«,-9)+4(,-;i)-3«.
26. 3(.+2)+6(x-3)=2(x-4)+4(x-l)+i3.
27. Find the sum of *(*+ 1), 3x(«-2), 2x(x-5).
28. Sabtraot a(2a«-oH-l) from 2o(o«+3a-2)

41. MulUpllMtlon by a Compound Quantity
The measure, of the ddee of the large 'rectangle are a+hm y and x+y The measure of the area is the^uct of a+6 and x+y, which is seen tobe ax-\-ay-\-hx-\-hy,

A («+ft)(«+y)=aa;+ay+6a;+6y.
Tlii. diagmm ^ws how to find the product of«+S«dx+2. Wh.tdoe.itri.owtheproduSto

Moke • dmilar figure which wiU riiow the producto 0+6 and o+6. and thu. find the value of (aTftTor the square of a+6. v-t"/ »

is ^'l^^^K^f ''^^ **^* P~^"°* ^^^t^O"* the diagramIS smuJar to that used in arithmetic.
^*«8™id

*+2

M «

iT a

*•
Sbr

24r e

in arithmetie.

12- 1.10+2
*3= 2.10+3

12x 3= 36= 3.10+6
12x20=240=2. 10»+4. 10

l2x28-276=ri0«+7. 10+6

2x+3

3x+6=
2x»+4x =

3(«+2)
2x(x+2)

2««+ 7*4- 6 ^(2jc+ sxx-f. 2)

c ^wr



MVLTtPUCATION AND DIViaiOM »

In multiplying in arithmeuT^Stt "he Ihtt . •

algebra ,t ia u.ual. but not necessarTto"C at fha 'wf
"

Ex.—Multiply (1) 2a-36 by 3a-26.
(2) 3x-5y by 4a:+y.

Oieok
0-16-1
-1

1

-1

(1)

Jo- 36

3o - 26

6o«- 9ab
- 4a6+66*

«o«-13a64.66«

Cheok

«-y-l
-2
S

-10

*•+ y

12ct_20ay

+ Say— 0yi

18«a-17ay-8yi

Thug to oheok the work in th» «wm* - 1 .

we ought ^betitute 1 for i^oMett? 'vTe^'"
"*' Pr^-din. «ticle.

Wh«no-6-l, 2a-36-2-3- -1
30-26-3-2-1,

•^ ««'-13a6+66«»6-13+6- -1. ^Smoe the product of - 1 and 1 ia _ 1 • uA convenient way of exhibiting the teet ^u'^Ao^
"
J^'^^

'^"^'
numbers might be u«xi in ch«jkil k1 *** *^"^ '^7
impleet onei.

checkmg, but we naturally ohoowi the

Fbd the prodnot of the folWing Sd^

:

1. «+3 2. ar+7 s. x+5
2a;+2

*+4 z+1 *. 3af+4

2»+3



^LOMMMA

<. a-5
•+S

10. x+y

t. 8a-6
Sa+5

la. 3a-7e
3o+7c

11. (3a+4*K2a-56). h. (,-5,K2.+7„.
U. (a+6X&-rf) le. (a-86X3c-4rf).

(.-;)•IJ^itr""
"^ '-' '^ ""^"p'^ *' "^y '-y- What i.

puuig^8.tr"" ^ ^-*' ''-^' ^+«' ^+**- Cheek by

If.* Siinplify(x+lX«+2)+(x-2K«+3).
'

10. 8impli£y8(a+2Xa-2)+2(o-6Xa+l).

p^.;^r^l'^ " ''^ 'y ^-3 *-• <i-ti«.t . 4,4-5.

22. Show th»t (te-8X2i-3)=(4r-6Xat-4)

r>^'^%*S^T """"^ "^ '"^ *'°-'' »>- -"^ »aa. will it

26. Simplify (x+y)«+(x-.y)i •
(»H-v)«-(x-.y)..

26. Simplify 2(a-6X2a+6)-3(a+6Xa- 26).

27. Subtwot (,+2Xz-9) froir .X+3XX+4).
>fc2g. Multiply 3(«+3)-2(*+4) by 2(x-6)-(x-3).

29. Subtwot (x+3X«+7) from (x+lXx+11) For wh.* i«f « .re tha« quMtitiM equal T (Verify.)
^' ^or wh.t vrfue

«iSii to'?;:3i:-?r
^ ^^^ ^^^'^ ^^ * -»»^°»» -^ -.ke (,-iox,-.i)

82. Simplify
(«-3)«+(*-2Xx+2)+(x+lXx+6).

M. Subtract the product of 2o-6 and 3a4.« «M<h. w
ol 8a+5 and 8o-2.

*• o ana 3o+a frOn the prodad

r-^^

l-Wfir^*
^^.:.,„.::§?5iy^

nfT*^3?%-



MOLTIPUCATIOS AN1> mVUlol, g,

vl^^ •"" °' "" •'-«• >' '+•. »+«. .+3. Cb.* b,

SoIt* Mid TWtfy t

«. («»-lX8.-l)-(*-2X(kr+4).
^^*^

«. (»+llX»-2)-(,-7X»-l)+ia7.
It.

«(«+l)+(.+lX«+«)-S(,+lXx+3).
«. <*+l)«+(*+«)«+(,+3)«=3{c-2)«+li.

«. r»..i,ioB v s simple Potltlv. Qutntlty.

'Sine** « v^ J. .

.-. a6-^a=6 and a6-6=a

(1) 2 murt be r.«ltipUed by 8 to produce «.
* ' " " " " y .. .. ai,.

k"^ \

"'^'^'^^y'
lfa6c-36e-8a.

^^

^
A problem in diviaon may be writfc*.n m ».-. *-. .. .

ThiM,

"ivwor any lactor wbioh is common to both

"• "ST"**' *«» romoviiv fche faoton 3 and 6.

'-^-3-ir i«d i^-llp.
"^ -2

^x
7

y
A3
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J*.
Index Uw lor Olvitlon.

bmoe a^xa*^a^ by the index law for muItipUcatian.
.-. a^^a*=a* or o»-o»=o«

«a6«x3a%=15a»6^ « wen to be oonect, uDoe

81

m^SicI^Sn?'"'"
*"• '»"°'^''*^ '-^^ *"• -ult. by .eou,

1. ?3?.

3a>d^

a.

6.

10,

Babe

7«

8.

7.

Umn

12a«

v^-
1*. lOd'-rfio.

17. l«a•6^4a6.

11 ^'

4. ?§?.
fit

8.
^*»*»»

ISmm

12. 12£^'.

li. Jm»«-f.^.

18. i8«v«*T-atV".

18. «xy-^27.

16. iar»-r2««.

18. MaV-rllo*«.

46. Roto of Signs for DIfition.

J?-*.
^-.*. ^-. ±^=_.

Wtotthen iathemlt of Hfng for diTiiion?
Oompwe it with the rule of dgn. for multiplication (art. 38).

iii



MVLTIPLWATION AUD DIVISION

Ex.-Divide-iarVby ~2xfj\

{?; 2J«* » *h« literml part TW What ia the oomplete quotient f

*"»0M« M (OnO)
Pterfonn the indicated dirisioiu:
1.

4.

7.

10.

18.

le.

-«h/124—3.

-7-5-7.

0-f.«.

ab-i—a.

10i«»-r-2o«.

— 12wi*n-f—6m*i.

KUinthebUmlainthefonowing:

Dividend: i^l ?> .2^

Quotient: -_ _^ ~^

!•.

29.

IF-

V.

.t

(4)

-Be
6a

'\

^

by «« gill r,*oi°-
'" ^ ««•'»"• « '-•. or 12 ib. 6«

flbnOariy,

S)9 ft. 6 in.
^)Hlb.8o«.

"4 lb. 4 5:

4)l«a-t-86
45+»-

1)6 tene+S unite
3 tene-(-4 u£Ite

5+1*

-q6)3a^«-8a6



AiMmmMA

Diyide the Bnt qoMtitj by the leoond

:

10. -6a6-6«.-8a. n. ee,._8a.+4«. -2a.

ffimplify

1«.
*P+6

, lOtt-16

3
+

18.* g!±ga_ 3a»-h6a
a Ss

—a -6

I r -

[a-t-g)(a+3)~fa-3Wa-i>

• + -+1.

r."Ll^^l "^'^'-'' "^^ ^^-*><'+«) -^ ^'-de the

25. Solre and rerify ^^ni^+ ?5!±1^ 4. ^.^ulS

^aOMOiam M (Berlew of 01i«i>t«r V)

1. »**t«*ho rule of «gn. for multiplication and for divWoo. *
a.* If a-S and 6- -4. find the values of :

a; 6«. ab, oH6«, o«-6«, a». 6», o»-6».
1. What a«i the value, of (-1)., (_,).. (_„«(_2,.^_,^^
*. Simplify 3a*x -46«x -2(i6-^ea6>

». Simplify 2a(o+ 3)+ 3o(2a- 6).

7. Make a diagram to ahow that imximmmiw.



MVLTIPUCATION AND JJIFISWA „

tofl oort in dall«ir
" •«*• P'«* «>°»^n6d 50 yrd., fl«, tlH.

^f^ To the product of 3,-2 «d 2.-8 «ld the product of 3.+,

of'^-^dtJ'S:'"*'' °' '^-'»' -*» ^+V ^Hr^ the product

-+;.+T* ' ^^'^^^ *** '^°" ">•' *»»• P'"*-^' of a+3 lu^d a+ 1 i.

12. Divide 4a--6«.-8a by -2a «,d verify.

18. Tothe«,„.„of2m-3,tvWthe«iu»reof3m-2n

quitnt^'lirS+l;'
""" »»*'-8-l^-12V i. divided by 5.-6, the

.tiJu^inftlo:": r'jlV-*' "^* '-'* -+* • ^-k by „b.

AieNsiiDpiify *?!z:8«Hj2« i6*»+ itei_ m^V

—

y 4x ^ ^
17. Solve (2x+3)(3x+2)=(fe-l)(;,+3).

(Verify.)
IS. 8iinpUfy(2o-36)(o+5)+ (o-6)(3o+6).

19. What value of x will makA tr^ q\/^ i mv
Could (X+3KX+9) be equid^tr(t+I;i'^ij|*^

"^""^ *° (*+«)(a'+6) T

ao. Find the .una of (o- !)•. („- 2)« and (a - 3)«.

aa. Simplify *^^+(3+ 2a)(l-a).

at. Find the value of 2«»+ 3a: - 1, when x=
a*. Find the product of * - 2. «+ 2 and «•+ 4.

as. If «==a«-3a+l and v = 2o»-ffl I fl«^ .u
4«-9„ *+y «-». find the value, of 2«+3|f,

o

a>.» ,ff a;=»2o+6 and y=a-f 26 Ami in ta-^v. -.* j. .

«?-6g 4g-2y ,i_y. ^ ^' "»**"»'«"»» of o and 6 the value, of

a ' 3o ' ~3 •

a?.
W»-»-2cand,-26-3c.fl«a-thevalueof(2.-yK8.-%|.

as. If .-.i, „.2. .- -i, fi«i tb. v.l«. ol iH+^+.._fc^

-3; whan ss —4,



CHAPTER VI

MtPLE EQUATIONS (eonUnued from Chapter i/.)

J!:u.^^'^^''''\ ^ ^^J"***"" » *»»« statement of theequahty of two algebraic exprewiona.

oon^rfl'in^fi'^i-"*^
".*° «J"»«o«. and the solving of it^n^.«t. m finding a value of x which will make the^temen;

The beginner should clearly see the difference between th«value of a: in an ezwMsion likfi 9^_Lq j Vl .^ " ***•

48. Menuty. The statement 4(ar-2)=4ar--8 is an eaii*ti««•coordmg to the definition we have given
** " *" ^"^^'"^

If the first side of this equation be simplified bv multi

Setrnd"re''*i^''7''
"*^'^^ ^ ^^Ihe'sZt

for aTrafu::'of
.''

"
•' '"°* "^" ^^^'^^ *^^ ^^-^^ - 1-

the letterw

m^ however, m to
equjrtioM," and «^" jj

^_ T^n mini
Sniitinni nJMply



BIMPLE EQUATIONS ^
«r°^ .

*'-2=3*+
10. i. Inequation.

We cannot always we mentaUv whth« •

equation or an identity
^"'•"^ whether • g,ven .Utement i. aa

ZBBOI8B 86
Which of the foUowinff 8tat*im«n#-

aentitie. T
^ "tatement. are equation, and which «•

1. 8(«+3)=4*+4{*+6).
a. 3*(x+7)=x(x+i)+2z(*+6)+l0.

«. («-3)«-6=a(;r-6)+4.

on that tide.
*°°°*^ ''^^ ^»««d +6 fco appear



M AL&BBRA

cAon^ and similarly, that the 4t wa« transpwwd from theecond nde to the first, with its sign changed.
We therefore have the following rule •

^ny gr«on<fty nay be transposed fr<m one sid^ of an eguatum
*o the other if the sign of the quantity be changed.

Uitog the rule, the eolution of Ex. 1 might appeu- thus

:

7«-6«4x+12.
7«-4x»12+6,^"""po^ing terme.

Verify this remit.

Ex. 2.—Solve

Removing braokete,
Trimpoeing termt,

Verifioation. when »*9
flntdde
eoond aide

2(ar-6)-f-3(x-5)=7(x-l).

8«-10+3ir-15=7«-7.
«x+3«-7«=»I04-16—

7

.-. 2ar»18.

.". «=.9.
»

j

-2x22+3x4=06,
• -7x8 =56.

El. 8.-Solve 3(y-2)-5(y-3)=17.
Removing braokete,
'I'lvn'poaing term*.

Verifloation : flnt dde

3v-6-8y+15=i7.
3y-8y=6- 18+17,

.'. -2y=8,

.-. y = :?2--4.

-3(-6)-5(-7)
--18+36-17.

Ex. 4.—Solve (2a;-l)»-(x-3)(ar-2)=3(ar-2)»-4
Here the indicated multipUcatione are fint performed.

(2ar-l)«= 4a:«-4«+l,
(af-3Ka;-2)»jri_5x+6,

^ . ,
(«-2)«-««-4«+4,

4af«-4a;+l-»»+8a,-6=3xi_i2«+l2-4
.-. te«-««-3««-4«+a«+12»= 12-4- 1+6, '

.-. 1&B-13,



aiMPLM MQUAT10N9 ^

ir^ji^ii-thT.i^Th^'^- '-»>— un.thebr.,1:
^In 3(.-2).. the ,-2 mu.t flm be «,u«ed «d the product multiplied

opSSTc^^.^S^'' "**°'^ »*•* •**•»?* *«» P^o™ th- double

Solve and Terify

:

1. 4x—4s2ir+8.

8. 3—3«=9--&e.
5. 6(y-2)-3(y+4).

7. ll(4«-6)-7(ftr-6).

•. 14+&r»:8a;-ii^3,

11. 7(af-3)-e(*+l)_38

18. 72(«-5)-e3(8-x).

16. 7(4«-6)=8(3a:-6)+9,

2. 3a5-7=8-2«.

4. 2(*-5)«*+a0.

6. 10(ar-3)=8(x-2).

8. 7«— ll+4«—7=3«-a
10. 3(8ar-6)-9«=30.

12. 6(«-7)+63=-9».

l4. 28(x+9)=27(46-a:).

16. 4(«+2)=3-3{2*-5).
17. (,+7Hx-3)-(x-IKx+l). 18. («-8Xx+12)=(x+lK,-6y.
1.. 2(Hx-4)-12(x-6)=x-6. 20. 5(2x-l)-3(4x-6)=7
21. {2m-5K4m-7)-8«»+52. 22. C(3A+l)-7A-3(A-7)-«.

« ^t'^'-<'+3J*»«>- »*. (*+5)'-(4-.,.-21x
25. 4(2|r-7)-8(4y-8)«r;y_7.

26. («+4K«-3)-(x+2Kx+l)=42.
27. (2«-7K«+6)-(2x-9K»-4)+229.
W. («+l)«+(«+2)«+(*+3)«-3(*+IKx+4)-7.
28. 2(x-l)t-3(x-2K*+3)=32-(x-3Kx-4).
80. What value of x will make iar+ 1 1 equal to fe-9 T

^^^:" '"" 3(x-2)+4(3x-5)»5(3x-6)-M I. true for dl

82. What value of a will make 6(«-3) exceed 3(a-7) by 28 t^tt^For what value of x will the «im of 12+7x. 4x+3 and 9-a.

r.j;

V'
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ALOBBBa
**• ^'"'^ •«>»««<» <rf the eqution

«nd th, vdo. of
^^•^'^•+«>-<*-<X.-5)+4.

M.
ft«^*«»tlOi..,ootoftba,qa«tlon

fmainder i. li,.
'^^^^^ " •°'"~*'*** ^^ («»+7Xftr+S) the

^^37. ^What ..,„. of , Will „^ ^,_3^^^3, ^^ ^^^^^^^^^

(ii-fltX3-t) r

^
Whet i. peouJier ebout the eqnetion

t^der^wh.too«,ieioal.the.,„^^,^3^^^^^^^

W.

40.

^*—\ eiid«+6r

41. If 3(2»-l) ia gre,t^ ^1^ 12r*_ai h« fK
»ater than 22, find i.

'''^'-S) by the lame emount thet

- .
-^—'— »/ H greetei

a* to greater than 22, find k

^''•'^•'^t^"^^^-?^--U.t.Pand.
j-.£-^ «»'ulen^,f^*loToiSr*/ '"'''»

i ^n ''^tothelengthofJV ^~''^^'**"*^«=^2'°-.

rf «.pport i. 6 feet f„.rhi.^ 'orrtirL'"it'"J!i^ ?• »«»*
o^l^^y. ^^ '*••"• '»na the wdghc of the

long T
"• °***'^ •* oppoeite ends of a fever lifeet

46. The fmnula C^f^JP w\- __j

^ . thero.on.eter toJ4^f̂ .*° J?- .^ttS^^I^„^
*7. Chang, thefoUo^,^^,,,^

«• What k the temperatora wium i^ *_
oan.bei.t

'^'^ '^'^ **»• *»0"^ indicate equal



aiMPLB EQUATIONS
,

«a qMMoM with FTMtloiuU Co«IB«|.a(fc

Ex. l.~Solve Jr+J,»ao.

*"***
4»X«+J,x6-20x«,

.'. 3c+2«-120.
&r.l30.

V-rify by wbtituting in i. orv.C!Ju.Uon.

Ex.a.-floIv
i(«+l)+i(x+2)=i(:r+14).

Multiply -eh qu«,tity by 12 (the L.C.M. of 2. 3 4)
.;. i(*+l)Xl2+J(,+2)xl2=|(,+

U)x'lJL^ ,
•• •(.+ l)+4(x+2)= 3{.+ uiComplt. the «J„tion«nd verify.

Ex. 8.—Solve fH?_ X--3 x--l
S 6 ""lo"

Muitipiybyao.
.-. ^-2xso-«r-»xso«!:zi7

xtOl

VfltifloAtion: flntside

Moondside

- X SO . -—

.

• 10

«(«-2)-5(x-3)»8(x-7),

*«- «<t- 3«- 12- 15-. 42,
.-. -2»-_24,

ar-12.

-V-|-'2-l|-j.

4^;I„'e\'rt;ff^£2k2l*Trcv%"^^^ -' ^ -ttempt toline wh«, he feel, that heWlfelfdo^T' *'°'**^*"'' °«it "»• preoJdi^

51. Steps In th* SolQtfoD of an EauAiiAn t
•quafcion the steps in the work ai^

^" **^'^ *°

92
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^-OHm quantUie* to the other
»^""''** » «w «* aurf |*t

Itl 1^^^ "^ '^ ^ ^^ing like te» ,

'BoIts and Twify

:

1. |«-«+s.

«. |«-ic-10.

a » « «
•• S-a-i + 1.

ziRCtta «r

X C

'»+»-!•

ti. i(«-8)+i<«_e).0L

3 ^12 = 4 + -5--

• 4 fi +~1

—

1. i«-|«+l.

10. ^-^.4.

14. ia;-|+7«-&r+lJ.

18. i(«-8)-Ja

18.
10 -8-a

G^^ +^-8.

«+2
34. *+4 «+8

5 "^"7"'

«•• J<y-8)-i(y-6)-l



SIMPLE EQUATIONS

Iff. ~2 5~"1.4
«-7 »-3

«+2 «_3
4 --3- -4-*

2r-g
'~6~ • - »-l_«-2 8-»

S5.

87.

«(»-J)-3«6.

•fa—8»-'28«4-'2«.

8«-» *+l

84.

86.

7 11

8-x

8g-l4

40.

8 • 4 +^-+-r+4-
*~^ >—» 2a;—

1

2—8»

t-34-4(«+1.5).

•2(«-l)+.a(ar_9)«s.

«+6
4

»«->•
, «+8

12 ~'"~^

14 80

M. Probtoms leading to Simple Eqiuttont. In Ch»ntA, Vr

The beginner will find hu chief difficulty with irf^« a^wWch he i. ,«,ui«d to translate thT^uL^^^^ iordmaiy language into algebraic language
*^

UutTe^SS: *" "^" ^^^"^ *^ "^'"^^'^ »»-^W
Ex. l.-Find three consecutive numbers whose sum is 63.
If we l«t • reprawnt the smalleet one wh^t -«..m

«tl»«» ? How would you now^xmLX^Tk ^ «»P««Mnt the
w« !..,- UA • !^ ' •xpwM tii«t the nun k 6S TWe thui obtain the equation :

»« « w» r

«+(«+l)+(«+2)-6J.

Write o«t the fuU «»lution of thi. exwnple and verify the r^utt.
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70 AUiEBRA

tiJSo^'T:? " I
"'°^' « oW as 5

; 2 years ago ^ waa 6times as old a« 5 was 4 years ago. Find their a^
X«et « yean repreMnt B's age.
What wiU now repreMnt 4 's age T

What wUl represent ^'s age. 2 yea., ago r
What will represent B's age. 4 years ago T
Now express that 3x-2 is 5 times x-4.
The complete solution might appear thus :

'** « years =3*s age,

3a! .. =^'g age.

•;
<3a;-2) „ = .4 's age, 2 years ago,

•'• (a;- 4) „ =B's age, 4 years ago,
•"• 3z-2= 5(«-4),
.'. 3«-2=6x-20,

18= 2a;,

«=9.
.'. fl's age is 9 years and 4's is 27 years.

0% of 'iTfTj^ or„risrr
'"/" " •«> ' "% <•' »«

»

6«f!lrth''°fi''?'''°"' '

^"''^ »«20 into two part, so that

$x=the first part,

1(620- «)= the other part,

^U of fx=6% of the first part,
••• T«, Of $(.l20-a:)=8o/„ of the other part,

•" Tl»*+TfT,(620-«)=34,

5af+6(620-x)= 3400.
Complete the solution and verify the result.

defect \r^^^\ '^vT
°'

'I
-" «> ' What i. the

The defect of .f^^SS , *
" ""* "°^ "' " ""' «« '

Solve ,h. problem
:

•• The eiecM of a number over BO» II n«t«, ,6., ,tt defect f„,m 89. Find thTnnml^"
*
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•od
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71

*=the number,
X— 60= its ezoees over 60,
89-a;=it8 defect from 8»!

.-. a!-60=89-x4-ii
Complete the solution and verify

*=*he number Of lOo. pieces,

rru .
" ^^~*= " » .. 6c. „

fhe valueof the 10c. pieces^ Iftr cents.The value of the 6c. pieces=6(73-x) cent.,
.-. 10x+6(73-x)= 600.

Complete the solution and verify

Why would it be incorrect to say that

10a:+6(73-ar)=6 ?

ZBR0I8B 88
All resttltfl Bho ild be verified.

^'-F^l^" ^ * °"°"«' ' » •^"o. Il» ™n.tad„ i.

U2n. '^t^r^b:?.""- " "">'-'«' '"mm .na th. ,«^t

m./'b.S"' * °"°"" "°* **" "' "- -" if tbW «d Wh part.

^^•. Find . „„.„b., ,k«, „^a, ^ ^^^^ ^^ ^^ ^

^



n ALOEBRa^

10. Find 3 conaecutive numbers wboee aam is 129.

hv\k^^t *l-l,'"'!i^uP*? *° ***** *'•" ^"' «*«^ *fa« ««ondby 15 and the third exceeds the first by 21.

thin'-^^t *t^Zl '• "^ "' ^ "^ *'*^ ' -^' '-^ *^« '-

dii'tbetr^^tT ' '°' '" ^"^ "' ^^'^^ ^*^ °' *'»'' ^- Wbat

*„i*;H ^"i^*-^ ^*^ ^ P*^ "** *'*** ***« «^°"^ » double the firstand the thml is the sum of the other two.

•(x+26) each. The total cost is $2020. Find «.

loVf'h
'^'^ * °°°'^f

^»'*^h ««e«i8 31 by the same amount that
t of the number exceeds 1.

n,^!; /^n *^^.' ^^^^ "'^^'^ multiplied by 6 exceeds 36 by asmuch as 36 exceeds the number.
'

f«r"«7ft^ '*Tr "*V '°'^' *''** ^^ P** '°' *'S4. Each cow sellsfor $70 more than each pig. What is the price of each cow T

i. Z\J!}u
^^""^^"^^ '«"» » °"°>ber. 40 more than J th^ remainderM 30 less than tue number. Find the number.

IJ^In^^'l !r
*^'*«*"*'^« °'«»»be" Buch that the sum of i of the

less and i of the greater is 44.
i "* mo

21. Divide 46 into two parts so that if the greater part is dividedby 7 and the other by 3. the sum of the quotients is 10

mS;o?h:r1i «:r '"° "^ " *'*' °°^^ ""^ ^ ~°*^«^

28. A horse was sold for $116-26 at a loss of 7%. What did he008« 7

24.

is 17.

2S.

^e difference between the squares of two consecutive numbers
ITina the numbers.

.n^ K ^ ^"^ ^°'*''" ^^'^ "^""^ '""" °' °»o°«y' o°e ^ half-dollani•nd the other m quarters. If the number of coins is 30. how muchmoney is in the box T

M.J is 36 years old ;fi is 7 years old. In how many yew, willA be twice as old as A t
'

,'•1



aiMFLS EQUATIONS

30. ^ 8 hare of $706 ifl 4 of B*. and ff. .- « «^ ,,,.
share of each T

" » « ^« •nd ^8 « f of CTs. What is the

31. The eimple interest on a sum at 27 toseth.-r wJfk *k • *on a sum twice as latve at 34°/ i« «iJk
«>8»**»'''' '^'th the interest

sums 7
^ ^^' "^ '^^ P«' ^^u"* What are the

of the room.
^^ ^- ''* ^"^^ **»« dimensions

36. In any triangle the sum of the ansles is 180» tj,- * .ang e „ 35° laiger than the smaUest angle wd 'o" X^r .». If**^*
angle. Find the angles.

«•' «i«ie and ,0 larger than the other

36. The length of a room exceeds the widnh bv 4 i^t 1* u

M. ^ and fi together have $66. 5 and C7 have SiOO C ^^ j u196. How much has each ?
' '' •^^ ^ *>»•

S» Sute problems which will aiva ruA « »k- » n •uu wm give rise to the following equations

:

(I) 6x-I0=60.
(2) 4x-x=24.

(3)| + |=«-10.
(4) 23-6*=4x-4.

th.m at'tjTLtt JTrTcISt:' tow^*
°' ' '°' '^*• "^ -"«

$1-28 T ^' ^"'^ '^^y •»"•* he aeU to gain

;'4.t

ri -'J

r
/^

"^4
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,u^\ '^* """^ «•* '^o nambeiB is 147 and 4 of the lew « ft orefttor»han I of the other. Find the numbers.
«"«•»» greater

-D^t Jtnf-"!^"^""'"'' fT^ *" ^ ''™*^«^' ''"* ''hen each ha«

h^^ r
»»" O'Jy i « much as hi, brother. How much

68. Algebraic Statement, of Arithnetlcal Theorems. If wetake any two numbers, say 23 and 13, and .add together

tt^CrtrntT
'^'^"'"°^' ^^ ^" ^"^ *^^ -"^* ^' ^-

Thus, 23+13=36 and 23-13=10
and 36+10=46. which is twice 23.

^o^dTd^ffl
**
^ ^"^lu""'

**"" °"^^" 23 and 13. and we^ould find ,t true for other pairs of numbers, but we are notsure It 18 true for all pairs of numbers. •

th^I^^^ w ""^ *^^^>'**'' ^^"^^^ *^^ methods, we may showthat the statement is true for every two numbers.
Let the larger number be o and the smaller 5.
Their sum is a+b and their difference is a-b.
Bnt (o+6)+(o-6)=c+6+o-d= 2o.and 2a M twice the larger number.

hr,w f' *^l
«^*«°»ent (a+6)+(a-6)=2a represents in a

^fd^'l. r""™
'***^ ** ^^'^ ^"«^"'^'"« ^* ^hi« article.

Besides stating it m a concise form it shows that it is true
generally.

j-ir

ZBROISB 88

Show that the foUowing statements are true f.-r all numbers •

hv L- '^! """ H ^"^ °'"°**^" " ^"*' *° their difiFerence increasedby twice the smaller number.
ujv-reaaea

difference of the same two numbers is twice the smaller number.
a. Half of the sum of two numbers increased by half of theirdifference is equal to the lai^er number.

J ^ oj. meir

»^ ft*.
^* ""*?

*u'
*''° °°°*^" multiplied by one of them is equalto the square of that one, plus their product.
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SIMPLE EQVATlOPis

integers.
"^ '''® """ °' **>« »quar«e of the two

8. Read the statement (o+6)«+/a-6)«-2/«i_LAi\ -.u
Bymbolfl and prove that it is trul

-2(a«+6«) without using

axaROISa 40 (lUTlaw of chapter VI)
1. What i. an equation? £j^^2j> "^ F ? ? ??
2;^

What rule is foUowed in^^^Sgte^ ; S '. ,f.
|,*Qy» Solve and verify: ftr(2x+3)=(3x+2)(4x+3).

^ la
*'-^ 8a;-6

2 4~ *" equation or an identity f

5. What value of x wUl make 5fa;_^» ^/« «»

, 7 ,«
^*^>-*<*-2) equal to zero r

6. Solve^:i-'4-=lzlP_«-ll^ «

7. The sum of two numbers ia an t/ « *•
time, the greater by 10, wh"t a" UnulLT^ ^'^ '"" "^' ^

x+3

of X.

8. Show that x — l ^
3

6«+6 a;-2 .

"I 2~ ** *"*® '°' •'I value*6

10 If ?^Z:3 ^ 3a;-4
25 12.6 + -^eZ. find ar correct to two decimal places.

invest ?
'""* " ™"ch M ^, how much did each

13. Show that x=6
' the cask hold 1

is a root of

(«-l)(«-2)(*_3)=2«(x-6)(2«-7).

•H-t^thtTcT
*^ *",^ ^ '2 ^'"^ "^d 15 bills, if he»-«getlier, how maoy of each h» h. «

"»- « neBiaoy of each haa he
has 35 bill*

-i
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16. If
8*- 20a ^ ax- 60

ALGEBRA

31 and a = J, find x.

^ -Ut) Solve ^i:*-£::««53_2.'^
^ ^ a 6 = 24

^3 anTth- I?
into two part, .uch that if the smaUer be divided23 and the other by 27 the sum of the quotient, will be 6

21. If the sum of the fractions

numerical value of each fraction T

22. Show that the difference between the aauare. of •«» *conj^utive number, is equal to the .um of the ZTr. sZZthat the .„m of the.r «,uare. i« one more than twice their prc^uc^
y -QJ> Solve 2-(x-4+3x-a)= 10-«.

oftV^al'd r;1t l2rZr:
^^«^ e-ter than the product

2a. Solve |(2-at)-|(«-4)=J_(x_6).

exceed, nx time, the len by -15.
^^ greater

2«+3 . x+e ."-3— »na -y- m 9, what i. the

a.

•yC?' •
^?^ ''?'*^ • '^^^ **^''**°''® *' 3 mile, per hour and returned

*: ^~^« *»»• •ocuracy of the foUowing rtatement : "Take anv

80. s«i„«^ .
«+l «-lSolve ^+^»3^4 «-8.

81. How many minute, i. it to 10 o'clock if three-quarter, of anhour a(to it wa. twice a. many minute, pant 8 I

4'»n»" 01 an

JfL^i '''*"• Of « Will make 2<dx+o)-3(2.-fa)-4(lix-6)

^m^<



^•-^w) So

U. A

SIMPLE EQUATIONS

U.'^) Solve^2^4x+6

n
Solve (to-2K2»-l)-.(4»»2)(3»-2),4

width. \":^nf;[j:7CJ'i^ 'T' :;.^':"'' '°"«- *»>" •*•

n«rowereh«,thefiV Fin^"heZ;rjo7?he flT
^' ' ^•"^

36. Solve (,+ i)(,+2)+ (x+3)(x+4)=2x(,+
12)

3 ^^ 9~=0-

higher iS^^rby^T""
"'°" *^"'" ^ '«" *»>- *»>« •<l'-e of the next

». «^«ceed.??Z:-^,-2fl^,,.

.WO Jrpirh^ Lr^i^tUnteTorr^uteeT™ °° • ^^^^'^

re^dtrTer «teItviTl!'!?^' * *' *^' * »* «% -d the
did he invert r

*"""*' "»<'°™® «' »«16. how much

•quftrefc
""woo u equal to the differenoe of their

/^^-^IVP-

y^:^

'•^1
:?:i:'«
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CHAPTER Vn
SIMULTANEOUS EQUATIONS

54. Equations with two Unknowns.

DroblLrr tI
that there are many different answers to thiaproblem. The numbers might be 1 and 9 2 and s q a^

etc., or i and 9J. -3 and 13 etc.
' ^' ^ *"^ ^'

n we are alao given that the diflFerence of the numbersu> 4 then only one of these answers will satisfv fhTn
condition. The number would evidentl^be T and 3

"
If we foUow the method previously adopted and Lresentthe requ, ed numbers by z and y. where /is theteTtenhefirst condition would be expressed by the equati^ ' '

x-f-y=10.

If the second condition be expressed in terms of the sameunknowns, we have another equation

will^ilt^
required to find a pair of values of x and , which

^r.A
a;+y=10.

If we add the corresponding sides of the equations we get:
2a:=14. /. a:=7 and /. y=3.

.*. 7 and 3 are the required numbers.
71

9 '

'si :

,14

. i I



BlMVLTANEOVa EQVATIONa
79

ilmuJUneoiu equations.
unknowns are called

Thu.. z=7. y=3 satisfy both of the equation.
x+y=\0 and x- «. =4.

To find a definite pair of vftlii«« «# j
we must have two eauatlon.M 1 •

/"** ^ '^ " ««" *hat

any problem whe^t^o num^"'"«
''^'^ '^'^"- ^o solve

have two eondltlo„7gven ?Z vT ^ ^ '"""^ "• »«»
may bo obtained ' '

~'" ""^^^^^ '*^^ '^^^i'^ equations

Ex. 1.—If 5 men and 4 bova cam eio • j
•na 4 boy, earn »29 in » davtL ^* "'''^' '"** ' """
a day !

» m a flay, what sum does each earn in

W. m.gh. «„ve .hi. p„M.„ .as;, .h™ :

•nd {!";!'''"'*«••«'•">« (OP. day.

n. J--
""""'"•««">' •boy (or. d.y

»««+$4y=|43,
•3x+$4y=$29.

Or. ooutting the , sign and using only the number.
6«+4y=43,
ar+4y=29.

t.™ oTJl'LT"" °' *• "«»»•' «»-«o» Ton. th. ..,r-p.ndi.g

.-. 2ar=l4,

Substitute x=7 in the fim equalL'and

36+4y=43,
••• *y= 8,

V **^« ««»« °' the equations i^e x~l v-2
• * "^ «*™ »7 and a boy |2 per day?

''

«ive:";Ufe^'°'^'"«
'*>** '*"«- -'^*- -tisfy the conditions of the

Jf'--*
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Mi

II

.J^' *;"7f
**'.^ '**• **' ^ •"** 2 lb. of sugar I pay 11-30and for 5 lb. of tea and 4 lb. of sugar I paT 12-20 What^the pnce of one pound of each?

H»y •-« -«"• What ji

Utement »
^^ ^** "** "'"* •• '" the aeoond

Let
and

Then
and (I)

(t)

• omte.the price of • lb. of tea.

y o«it«-the price of • lb. of nigw.

3ar+2y=.130,

fi«+4y= 220.

Muluply the fint equation by 2 rnd we get

8«+4y-260. ...

««+4y= 220.
JjJ

Jj:yT^' ^^ ''' *• ^" '^« P-««-« "-pie «<i verify the

Ex. 8.-Solve 3a:+4y=39. «.
4x+3y=38.

}*)

Multiply (1) by 4 and (2) by 3 and we get

12a>+16y-l«l,
12«+ 9y=lU.

Complete the lolution and verify.

Ex. 4.-Solve 5x-2y=44,
,,,

3x+4y=42.
'

[^
Multiply (1) by 2, «ar-4y= 88

13«::=130,

•. «= 10.

y= 3.

ubtraot. When we do so

Substitute x= 10 in (1) and

that we might have fn mn^tL^ .u .

^"^o^n*. .o

mi^' ^i«K4-

_ -E^K •Jift



aiMVLTANMOUa EQUATIONS „
Thu* in Ex. 4 we ulimimited th^ » w i .. .

« equally weU.
«""•««* the y. We might have eUmin»ted the

Solve Ex 4 by fimt elirain.ting the x.

(1)

(2)

xBRona 41

Solve for « ai.d y and verify 1.21

:

1. x+2y=8,
*+ y~6.

4. 2xf3y=26,
2*-3y= 7.

V 3a:+5y=i8,

2«+3y=12.

10. x+y=4,
*-y=3.

iS. 3*-4y=16.
7«+3y=62.

18. .lt=2y+ 7,

2«=3y-12.

». 2a:+13y= 276,

14x-17y=1385.

2. 3ar+5y=i3,

3«+2y=- 7.

a. 5ar-2y=18,

2X-. y= 7.

8. 5«-6y=3i,
8»-3y=33.

U. 3x+ 4y= 5,

(lr+12y=13.

14. 2a?+5y= 0,

3*-4y=23.

17. x=3y+20,
y=2a:-20.

«. to+8y=-23,

3*+2y-ll.

«. &r+2y«24,
2x+3y=14.

». 3«-2y=24,
2a:-3y=i;

12. 3x-f-2y-^24.

-2a:+3y=10.

18. 2y-3ar=._£2,
2a:+3y=32.

18. 3x=2y,

2*-fiy=-33.

20. 2ar+3y= 8ar-y=17.
21. 4a;-5y=.l()y_i4e=_2a

22.» If 6,-y=8 and 5y-x==20. find the value, of x+y «d x-„
23. If 2x-6y-31=6y-9x+57=0.

find the value of 19x4-13y.
24. Solve x+3=4-2y, 7(x-l)+lly=6.

25 If ax+5y equals 39 when a is 3 and 6 i« d u^a
18 5 aud 6 is -2, find x and y.

"* ^ *°^ * "> *• and equals 13 wheo

eqSi to^^r
'•'"" °' ' -<> y will make l«.-y ^^ 4x+2y each

27. Solve 2(.-v»+3rx+y)-. :.. 3(2x-y,+6(x-2y)=63.

[Si.

ii

. i



i

ALOBB&A

Ex.-3olve
ix+Jy=g,

Multiply (1) by 6,
Multiply (2) by 4,

3»+ 2y^ 48.

«+ 1(^=128.
C*mplet« the solution and verify

nZBROZSB 48
S«lTe and Torify 1-20 :

«+ y=7.

§^2 •

f«+|y=26.

16 ^ 24 •

4 12 '•

« + |=14.

6. ix+3y=2,

»+4y=0.

.. 1 + 1-4.,

3a:-4y= 0.

11. *=|y.

%r-ll«=80.

» i<*+y)-»,

i(z-y)=4.

4

fix

9
». ^ + 9y« 91,

tt. -Sx+fiy^-zs, 14. .lx+ 3y= 2-6.
««+ 6y=2-6.

«-l-6y=lo-2.

M. «»!^„fi:? 17 * y « y •'2 6 3 7-5-3-

"..+J-y+|.7. ao. f-y3 4

". i«+iy=6,

y-i(«-y)=7.

18. •06ar+-03y=2a

•03a:--04y= &

= 3»+ 7y + 26-flL



^i.*^^-+.:iX»=2J,
x-y x+y
2 "*"~r"

x+y x~y
2 ^~3~°

SIMULTANEOUS EQUATIONS
81

4i.

28. «+Jy=y_2.

?=?!/ 2r-y
4 +-3- = !.

«7. Iy-l«+24=?y+j^+ii,(,

2y-«+l=f(2x+y+3,

24. 5(«+y)_7(j._y,^26.

(3*+7y)-^4=(&r_y)^3.

26. ?±i = 3y-5 _ «-y
10 8

BXBROISB 48

-ice- t-Tira b;t:::.r5'".*'.: L'n^«"' '- «~'« «-»
make 130.

' ^""'" «"' """i 3 Ume. the »o„iid

m fin'd'.h.Tt'SVhr,::
«« M40. .ad 3 bo«. „d 2 o„„ ««

woman. ^' '"'*' *^« ^^^y wages of a man and of a

^^«dtteS^r^\-:i^-«'«»a»o,«._,

*• pri« ofM.h p., bmhd.^^^^°'°°" «»*•»»• Wb.ti,

62

" ^.



84 ALGEBRA

13. Find two numbers such that 57 of th« ««. ;» ^ ..^
of the second by 3 and 77 of fhltL ^ • " ^^**' '"^a^ «%
by 7-5.

^
'^ °' ^^^ "**'°°'* •« a^t^f than 4% of the first

14. If 3 algebras and 4 arithmetics cost «2-Q«! o«^ o i u
3 «..l«n,Uc. cct «.,0, find the^X^^Z^TJ.Z'ZZ

15. A bull's eye counts 6 and an inner 4 In m pJ.man scores 46 points, each shot being^tlr a bdl's evetr L""""-How many of each kind di^ he make T
^ "^®''-

aw there T
^ ^^P*^' **°^ "a^y donWe seat*

17. A man bought 8 cows and 60 sheep for $900 He «nl^ *u

«« 132-50. How much did h,f.yXj^t^^,"'' "°" -"^

b. U™, am« theZ" """"^ '* ""™^ '•y 51 " "ill

» 1«„h\. .
^"""""^ ""^ »•" ">™ of ewh kind I

»f i

^":^«».^t5jy'H&v^
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SIMi'LTA

twught tea J

NEOVS EQUATIONS

It 60c. a lb. and cotTee al

80
grocer

Find the numbers *^ ^^ " """ ""« '""«» ""e lea, i. 265.

be Vl. fL tUtilt '""°"' " '"•""*"«-' ">• -™ would

b;ri.T;^':t;tr;.Kr;'i;^.rrK''^''-'^
28. A farm was rented for 8650. part of it at fiA «^^ *u

How fa, did he go e«h day 1
'''^ *" "'»' "« »««

n

BXBROISn 44 (Review of Ohaptw Vll)

1. Solve 2aj+3y=38, 3ar+2y=37.

3. Solve 7a;-2y= 13, 2x+3y= 43.

I" ... «d their .v„.ge™ sTholl; .n^/'^T "^ °"''"'"*-

6. Solve 2(,-s-)_3(i_4j„. U(,Xy,= i,(,^.,,

..™../o',ror2:r„rvrd"/!.*'^f.7"^°'''-- •->»'•

7. Solve i(x+ 5)-5=J(y+ 2). J(y+ 8)-3= J(ar-3).
8. Divide $6800 into two parta so that th« J«„^ *

at 3% may be eonal f^ tu^ .
* income from one part/o may oe equal to the income on the other part at 4'/

». 8olvef + l? = 3« - 7y - 37 = 0.

r"'^
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ALOEBBA

M. Solve 21,+i!(h,_,„. 77,-3to.2»5.

M. 8<>lv.fa-2,-7.+2,-»+,+
„.

17. 8«". «»+l)-to+2,.3. «.+2,+,„+„_^
^ «.^ If to-4.„+» .fc„ ,., „, ,,^ ^_^ ^^ «„» ,_3^
19. I bought a hone and oarrioim for l^nn t ..

• profit . 20% and the carn^aTa L t?^./
'

"^J**
"**' *'°"« *'

t««»act. n gained 6%. WhaJ^dUh*;^"',
*^' '^^ ""^ *»"» ''^ole

20. SoIve^_2y = 2«-^»7.

22. Solve lftr-21y=. 100. 21*- I9y= 140.

28. A'm wage* are half as high aeain m »•- k * ^

•o. When a man was marrie
•ge- His age 8 years afterwar

\*** ''!! * "°'® *''*° *"" ^''e's
old was he when he wae r^i;d T

^
™°" *»»«° h» wife's age. How

20. K3(&r-2y)=2(3x+6j,).find«intem«ofy.

I. IlIOO^ "^eTthrreLr:? Zfj'- •IT'^'^ -"^ '^« ^'^ -t
m eMih r

**""• "ow many aorea are there



as. if? + !?

SIMULTANEOUS KQUATlONS
Uy
1% "^ *' *"<* **»• value of ? +

7

•7

• Seven years airo W isaa «l.

he wUl be only twice1« olZ wZ^^y.^ "'"^ " ^' ''"' ^ « y««-wnat are their preaent asea 1

30. 8olve' + ^=i,, ^-V^ « 3

P-!^P- S
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rJHAPTBR VIII

TYPE PRODUCTS AND SIMPLE FACTORING

58. Factor. When a quantity is the Drodnof «f *

Thua, the faoton of 36c are 3. 6 and oThe product of b+e and a is ab+ae,
:. the factors of ab+ac i^e a and b-\-e,

"'similarly. t^°^^''\u^'^'

When x+y+z is multipUed by a, the nrodupt «,.j_« j
contains the factor a in each term

«r+ay+«
If we wish to factor ax+ay+az, we recog-

nize that since a is a factor of each term, it °)<«+ay+«
must be a factor of the whole expression.

~^^+^+~»

^r^^':-^' ^ ''^ ^-«-^ 'o-<^ by dividing the

Then ax+ap-haz=a(x+y-\.z).

If"STw^hrfal^.^^""" *°
u*'^

"'^'^^ ^ -"^^'-eticII we WISH to factor 485, we see that 6 is a factor How Hnwe obtain the other factor ?

ilow do

Ei.—Factor 4a«-6a6.

S'nulariy. 3te+6cx=3*(
).

a6—o»—a*= o{ ).

The result of the factoring may be verified by multiplicationand this may usuaUy be done mentally.
»^'^»P"cation

^•W^ ..TIC



).

8. aa:-l()y=.fl(
),

9. &r*—2x*ai2«i(

12. 3««-15.

15. ab+ae+a.

18. 5a*+l0ab.

21. 15x*-lQxif.

24. 4a6+6o«6«-8a6c

Fm in the bUaka in the following.
1. 4*+e-2(

). a. ^__^^^
J

Factor the following and verify •

^*- «y+*- 11. 6m- 12.

18. a6+ac 14. „^_j^
16. mx+my-ww. 17. x*-lx.
}». 4,«+fa«+2«. 20. «»r+a«y-o«.
22. 2aa:-4ay+6«. 23. ««-3a;«y+;ey.

27. 2z<6-c)-2(6-e).

blnomtol. on. of three temT. Wn.lu7 *T""»"«1 •

Ii- the product of «— 2 «n<i • « u
middle term T How does th« n.Xi T^'l

•""»•««*» term. h«t term,
•nd «+3 r

**•" P'*^"*'* '^^^^ '«>« tho product of x+i

Ex.—Multiply a:_6 by x+3.

).

x«+6«+6

What ia the complete

)

ir

K-jt.



90

h

I .!

AlOEBBA
The middJe tenn in every caae is «««, t. \^ ,u

M (l-tt. Oral)

8. a;_3

a:-4

State the products of

:

^- *+l 2. ,+ 5

6. y-8

t. «+4y
«—3y

18. ai-1
a6-3

6. m—2
m+4

10. y-fi,

1*. ay-7
ay+7

7. o+ 6

a+2b

11. P- 8y

16. pq~r
pq-t-r

19. (p+Y'(p_j),

22. (b-3Xb~i).

17. (a+2Ka+l). jg. (ar-y)(x-4y).

20. («-3y)(z+2y). 21. (m+4n)(«-6„,,
Remove the bracketa. simplify and check •

28. 3(a;+2)+2(3x-l)-(ar_3).

a*.
(«+lK*+2)+(x+2)(a:H-3).

«»• (y+3Ky-2)+(y-6)(y+4).
26.

(«+l)«+(«-l)(x+l)+(a:+l)(a,_2).
27. 2(m+l)(w+2)+3(m_lXw-2).
28.

4(«+3K«+l)-(3;+iXa:+i2).

To find thefL^f rtril^'
^ f«en to be a trinomial,

proceaeof multipUcation
°°°"*' "' '"'"* '^^^"^ *he

Ex. 1.—Factor a;"+da:4-8.

Since the last term is positiva ths> i.^ *
Kk. «gn.. and «nce tfafSl;t^ "°! "^ '^' ''°*°" ""^ ^ave
be plu..

""***"•' *««° » poeitive. the gign. must both
.-. the teotora an of the foim (»+ )(,^. ,,



rrPM PRODUCTS aud simple PACTOSINO .1

The faoton of z*—Qx^tA ~.,-* •.

Wli.t «« the f«,to« r
""** ^ °' '•'• '«"» (— K— ).

Ex. 2.-—Factor a:»—2a;— 16.
Here the faoton muat be of #K. t /

In ,
.

•• *'-^-'-l«=(«-«)(x-3).

•• *'-**- 21 = («-7)(« 4-3).

ThuB,

«'+lla!y-42y*
* +14y
a 3j.

.'. *'+"«y-42y«=(,+ 14yKx-3y).

x*-fke-l6
X - 8
X +2

x«-(te-l6=(,_8)(,+2).

r^

Factor

:

1. x«+8a:+7.

4. a»+22o+21.

7. o«+3a6+26«

10. x«-fa-f.a.

M. ar«-4ay+3y».

XaROISa 47 (1-16. Oral)

2. x«+«x+6. 8. y.+8y+l«.
». ««+8x+12. 6. 6«+106+24.
8. m«+7m»+I0«t. 9. y.+4a,y-(.3fte«

11. x«-7*+6.
12. «t_i2,4.ii

". ••-lla6+286« 16. m*-7mm+lU\



n
»t

alombra

80

8a.

^^ 2r»-4e« x._fo^.4

!•. .•-8.-14. 20. m.-6«-40. ai. x.-lOr-JM.
». a*'+8a*+l5.

88. .V-U^+30. 84. ^-,0..+^

Uae £«5toring to dmplify the fbUowing

:

2g • g*+go+4 . a*+4a-5 «.•«_.-

(««+ar+2K*-5)
x»-3»-10 '*•

Wh»t factor ia common to

(1) ««-«_3o and x«-at-35 T
(2) o«+o6 and a*+3a6+26> 1

Mod three factors of

:

87. Is the ezpreasion x«-3x-10 taai4%r»A -i.-» * •

form a(x-3)-10 T
'aotored when it u written in the

8imil«Iv Tk '
*^*"'°" • «i'»«» root of 16 i. d» -4.BimUarly. the «,ua«, root of 25 i, +6 or -5,

the square root of So* is +3a or -So.

Thw, V25-6, Va'^a, V8ii^=s^.



TTPB PBODUOTa AND SIMPLM PaCTOIUNO n
Wlien both the pcitive and negative wuan* mn».oon..de«d. both signs must P«cedeTe r^iS?t^"^^

*"

Thus. V9-3 not -3; -\/6« i «« • v .

H we «pre»nt the «,uara root of 16 by x then x'-tKTo «,lv. thi. «,„.tion. fke the «J«i^ rl.^?" '.^.I'i,,
x= + 4

'

status :' "^" '^^^ *''=**• -^-»» -o^ude. the four

+«=+4. +ar=-4, -*=+^ -x=-4
If both terms of the last two bo ultiplied bv i !.statements become the same as tb Zf f ^T!' ***'

represented by :r=±4 ^"* *''°' ^^'^^^^ »«
We see then, that •/ is necessary to aUaeh the dt^M. •

^^^^'>T^reroolofaray<ynesid.7fthe^ian! '^
Ex.—Solve (x+ 1)1=25.
Take the aqowe root of eMh side.

a:=t«-l-5-l or -5-1,

8b«- by .ub«ih.«» «„t «.H ^tl;;L «„ ^,„ ^^y^

(i9B

xaaoisH 48 (i-ie. orai)

State the two square roots of ;

*• ^- «• 81. 8. 121.

»• i«*. 10. im«««. 11. ^p,^
Solve the foliowing equations

:

13. *«=9. 14. 3ar«=76.

17.* {*+2)i=81
15. x*s:4a'.

1«. (*-3)«=.49.

4. 2*.

8. 64*V«.

12. 6|«<

16. ««=o«6«

1». («-5)«-0



iili

fj

^^«O^If th. «^ d . «,„« ta 100 .qu«« iooh*, flm, th, j,^ ^
M. II r to the radiua of m. M^u .k

-«««.. or what to th, rl^^r.uX'Jl^ T""*
'"'''^ '"'" " '"^

M.
^''••^iiu.of.circl.who^^^.toeie.j.fa.

••• («+l/)"=««+2a?y+y«.

The fi„t and last terms in ar«+?«(+v«

the middle tenn is W the prodSoT'

^^ / i^e ^res of the numbers, lner«««, by tj^r

'*'-' <3a+26).«(3o).+2(3«)(26)+(26)..

= 9n« + i2o6 +461.
'

<**-'»')"-(«*)*-2(&r)(3y)+ (3y)..
=26«i_

3tey +^,
(».-4|,«)»(J,).. 2(Jx)(4y)+ (4y,..

TJ :

(



TTPM PaODVCIS AHO UMFLM ,ACTOB,^o

Wh»tarethegq,.aw.ofi

«+l. a. y+2.

2»-a 10. m-2ii.

1.

ft.

».

18. l-x.

8iiD[rfify

:

». (2it+l)«+(«-2)«.

21. (3w-n)«-(2m+n)«

28. (x+I)«+(*+2)«+(x+3)«.

7. p-y.

11. ar-2y.

15. 3*~f.

». 2«+3.

12. 4«-3o,

18. -»_2

18. (o-6)«+(a+6)«.

20. (a+6)«-(a-6)«

22. (3ar+2y)«_(2x-3y)«.

«^^ S:'^^jrx-^'n::r^°' '+^' -+3. ,+4. .„btn.^ th.

». Simplify (aB-35).+(3„^'2ft,,_^2^^2^^,

X

32. Show that the sum of the sooai*. rrf !.

30i. etc. iTthe same way ^*tTf* '

'*** -^""^ <rf «4=6 x6+i»
that this method m^^^^Sid th^r* ^,^' "*' ^^i- ^ove
"» i (Lst the number bH+S^)

^"^ °' ""^ '^""^•w ending

Ztl^Zl ?
~^+*' w » perfect squareat a tnnomial may be a «iua«. the fo^^

of



M ALOEBHa

:il

^f.^.u""" T*" ** • "I""' "<' «• nriddl. term mn«

(1) ftr« ia the iquare of 3*.
(2) 16y« is the aquue of 4y,

0,1 J. oi^^ .
^^, " ""** "*• product of 3x and 4y.

wilttltTi^rre^rt?^''"*'^"^"' Whatsit the .qua. of,
Similarly, 2&c«- iftr+ ! = (&,_ i).,

38a;«+24ar+4=( )/
a«6«-6a6+9=( )i'

Why is o«+«a6+ 2«.» not a square t T. :/*i.How would you change it so thatltTl b^ ^^J^^" °' "-^^ '

The square root of a«+2a6+6« is a+b, but -(a+6) or-a-6 IS also a square root, since
^ '

(-a-6)«=a«4-2a6+6«.

JLZT^'^'^' *'°r^^''' ^ «**""« *^« «q«a~ root of afe«nommI to give only that one which has its first term

ZBROXSB 60 (l-a*. Or»l)
Ez},.«88 aa squares :

1. a:«+2ay+y« 2. y«^2y+l.
4. 4a«+a0<i+26. 6. ea«-24a+16.
7. aV-2a6+l. 8. l-(?y+^t.

10. a«6%«_2o6c+l. H. ««+«+j.
What is the square root of

:

13. e««+12a+4. 14. x«-4;ry+4y.. 15. l-te+9*«
16. 4a.6.-20a6+26. 17. 4«.+2«.+J. «. «.-,4«6+496..
19. 4-te+««. 20. 9-12*+4«.. 21. 9x.-30ry+25y.

^Su^ly the misaing tem.s. so that the foUowing will be per£e«

25. «•+. . .+6.. 23. ,.-. . .+4y, 24. x.+ftr ....
26. 4««-. ..+». 26. 8a«+18«.... 27. . . .-4xy+V

8. 4icH4«+l.

6. 16a:«-&c+l.

12. y«-ay4-i««.

t--*i



T7P^ PRODVCTa AND SIMPLE FACTOHINO 97

.Jli.
^''*' " ^'^^ "^'^ "^^ °' S^'+e^+l

» Chack by putting

80. Solve the equations and verify

:

(1) V''+2x+l+Vx*+l0x+25^li,
(2) 3Vx'-4x+4-2Vxq:^^ 2.

(3) VJte»+to+i+v^4ii+4^,^^p-^-.
81. Show that

.'. (a+6)(a-6)=«f_5«,

.n?Tff
^'^ ^'^^ ^*°*°" multipUed are the sum

and ^""^T °^ *^' ^°^« *^° ^'"^"""e^ «and 6, and the product is the diflFerence of the
squares of a and 6. „ _^.

<«J^i.T'
'*"

^^^r^* ^-^^ •"'" «^ ''•:^«-«»<^ 0/ the sameiu^ quantu^es ts equal to the difference of tiLir eqJrT
ThiM, (*+y)(»-y)-«i-yi.

(2a+36)(2o-36)-(2o)«-(36)««4o«_OAiL

(i+3«)(J-3«)=(ivi_(3,),_j_g^,^

67. Factors of the DUTerenee of Two Squares.

^ rft^^rence 0/ two aqmree are (he sum and
the difference of the quantities squared.
rhe diagram shows how this identity may

be illustrated geometrically.

it '^Th'J^lr^^*'^^^'^'-^^^'' '^hich showB that

?h^t' ^ °""L".
"•• ^*''~°«» of 3« and^

•«»^'y.
»««'-»-(*»»)«-8--(4m+3)(4«,-3>

S

rtl?

'Ml

-6»



I

f I

ffl

»»

»• P-?.P+J. 8. a+2,a-2.
5. 2a+l.2a-l. e. 3x-2. 3x+2.

10. (x«-2y)(x«+2y).

ALOMjiSA

1/ we wish to factor 8ar«-2v« we .»,«„«w a ractor of each term.
' '"* recognize that

XBROMB 01 (1-34. Oral)
State the produote of

:

1. m-f-n, m— n.

4. a:-5, x+5.

7. (2a-3*K2a+3x).

State the factors of

:

1». *«-l. 14. yl_4

17. 4p*-9qK 18. :Bi_j

21. 26-49ar«. 22. o«-26.

Simplify

:

26.* (a-2)(o-f-2)-|-/%,-i)(2a+i).

26.
(2«-36)(2«-H36)-(a+6Ka-6).

27. 2(x-3y)(x+3y)+2(3y-x)(3y+*).

28.
2(p-g)«+3(p+,Kp-7)-6(p+2g)(j,-25,).

2». ^^ the prodnct ot z-a, x+a ^d a:»+a:
80. From the product of t~ i -j i j .

of x-2, x+2 and>+4 ' "^^ "** * ^-'' ""»"«"* *»«» product

Find three factors of

:

31. 3x«-3y..
32. ^,_^.

3*. fnx'-rna*. 35 5 4««.
"*

87. nR»-nr». ^ , . ..

38 WK • *u .
'»(**-I)+6(a:«-l).

16. o«-46«.

19. 9-x:

28. o«6»--49.

16. 4m»-n«

20. l-l«o%i

24. 99»-98t



TYPE PBODVCTB AND SIMPLE FACTORING »
«0. Simplify

(««-A«K««-5a6+66»)^(a«-3a6+26«).

41. Simplify ?!lX'+£!3y.* and
«•- 16 x«-9

42. Solve 5L:i + ?!::?_ ,n . o, .,,

68. Mumerlcal Applications of Product, .nd Factor.

con".r:^p^ttjd^r:/^^^^^^ -^-^ ^o-"^

(?) (a-6)« =a«-2a6+6t.
V-) (a+6)« =o«+2a6+6t
(3) (a+6)(a-6) =a*~h*.

^TZJ^Z^Trin '°' *" ""^^"^ °' *^« '«*^" involvedDy substituting particular numbers for the letters IT^u- how «,n.e arithmetical operations might' iL'^l^ed"^
(1) Sine (o-t)i_o'_aU+ji

89«= (90-l)i= ^
(2) Since (a+6)«=o»+2o6+6«.

92«= (90+2)i= 8100+360+4= 8464
121«=(120+ !)•= 14400+240+ 1 = 14641'
76»= (70+6)«= ^

(3) Since (a+5)(a-6)=o«-6t
92x88=(90+2)(90-2)=90«-2.=8100-

4=809666x75=(70-5)(70+5)= 70.-5.=4900-26l48^«
27x23=(25+2)(26-2)= J 25-4876.

87x93=(
)( )= ^ ;

(4) Since o«-6«=(o+6)(a-6),
Mi- 62.=(63+ 62)(53-62)=105x 1 = 105.

72;:62;;:r'"^r-^';=
'^^'^^^^O-

67.- 38«=(
,( ,; I

H 2



»»

lOD
ALOMBBA

M. Some Oeometrieal ApuUeatfan..

18 evidentMbT *"* *^^ '^'^^^ P**'***''*

(2) The radius of the lanre circle in » o«^ * xu
circle ia r. The area of the^r^e drcTeI *4 ^S" T.;^small one is Vr*.

"
°' ***®

.-. the area of the shaded part is V(A«_ft)
If if=39 and r=3l. find the area of the ring.
The area =V(««-H)=V(39«-31«)

If «-89 and r=82. show that the area of the ring ^3762.
'

(3)
In the right-angled triangle in the fiimr» it* IS shown in geometry that

^
ft»+c«=o> or 6»=a«-c« or e*=a^-b»

If a-41 and c=40. find the length of 6.

6i=o«-c«-41«-40«=81xl-81,

6=.V81= 9.

If a=61 and 6=11, show that o=6a

ZBROIBB 68

Use short methods in the foUowing

:

1. Find the squares of 98, 999. 119, 68, 799
2. Find the products of 91 x89, 61 x69. 47x63, 203x 197.

673?l6S; ^ ' '''"" °' '"-'''' '«*-'«'• 216«-206., 726«-275..

4. If.«=6«-c.,findxwhen6=13,c=12;
when 6=25. , =24.

5. If 7x«=64«-67«. find the value of X.



TrPE PRODVCTa AND SIMPLE FACTORING ,0,

fo^he'll'X''?S:::" " ''^"^ °' «^- -»»- r^n^n^^

Factor :

^«0M" « (Review of Ohaptw vni)
1. Sx+dy.

2. 4m-12«.

8. «•+**+ 4.

8. x«-3a:+2.

11. 100p>-8l9*.

14. 300- 3*«.

3. ax—bx,

6. o«-2a4-l.

9. y«-y-.lio.

12. o»-19a-20.

16. (x+y)«-i.

4. 6ae-36e.

7. ia*~9xK

10. 2o«-18.

13. 2o»+6a+4.

w. Wnte down the aquare. of

:

W. What middle term must be uimah^ ;^ « .»«k« it a complete .^uare f Give to^!^™.*^ *"
" +25^' to
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102
ALOBBRA

«.- Knd th«. I«^„ of ..-,, 8..- ,2. «.-8a.+2«.
as. Solve {«-3)t-26;4(«-|)i.9.
M. »«-«••. find r when a-12.66. .-3 14.M, Find the values of fiOTt a?*! tma ^m

»i»g1g.b«iom,u.;S: •
"»-"• "X103. »Ix8l. Mxw.

ae. Find lour faoton of 2s«— 49 «« «*... -

d^bJ'^^" '-"•^ "» «-<« o' «*. •-6.. ..+»., «i^

o..Wo,!li.'^;:r^c?:J:j^'^t;iiJi'r''+«''--^-

82. Simplify 5!i:y' J. «!z:^".**-9y«

88. «*»»-qu^of426i.l8U76.fi„dthe,,u.^of427«.d426.



CHAPTER IX

SIMPLE APPUCAnONS OP PACTOHniG
70. Hlfhett Common Psctor WhAn « z-^* j- •»

OP more expresaiona if i- »- 11^ "****' *^*^»<^«» t^o

expreeaioM
'* « caUed a common fwtor of those

Thiw,

and
4 ia a oommon factor of 8, 12 and 20a » a common factor of o«, 2a and 3ci6.

«rtSr^r°raSS;V5:^"°''-'*-«^'«<i^.re3.aand6.

by'^mlS^cS^;'
"^"^"^ *»»« «C-^- -ay be written down

Ex. l.-Find the H.C.P. of 6m«n. 12m«n« and 9m«».
(l)TheH.C.P.of8.12and9i.3.

(3) The h,gb.rt power of n which i« common i. n.
•• "*• HC.^- » 3x««xn or 3m«n.

by impeotion. ' ""^ "* """e" down

Ex. ,._R„d the H.C.F. o£ a'+ai. ai+i., a'+3ai+2t'
o«+a6=o(o+.6),
o6+6«=6(a+6).

.'. theH.C.F.-o+6.

^KE.^rJB!H«RitiifflrTV s^t^'-'i^^^'nmai'-t ^iia.'- ^ 1 1
III 1 1 iiiij p ^iiiiii

I

'

i \
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ZBR0X8B 84 (l-U, Oiml)

KndtheH.CP. of:

1. 3, 9, 12.

*. 8«, 6*. 12».

V. 3««, 4ar«, fiar«,

10. 2a,a«+aA.

18,* 2o+46, 3a+66

la. m«-n«, m«-2mn+n«.

2. 18,24,40.

6. 4ax, Soar. 2a:«.

«. ««M<teM5a.

11. 6««,4*«+2*.

17. mn+2n. m«+3m+2.

». «*-9.a:*-7*-f-12,x»-4«+3.

21. a*+2a6+6>, 2a*—2bK

23. 6o6+46«, 6a*+4a6.

'• 2a.46.8e.

«. a%, oA«, o*«.

». 17«V*. 34arV. 61««.

14. a*-b\ab-bK

16. ««+*y, *y+y«, (,+y)i

18. a«-3a+2, a«-5a+«.

20. y»+2y-3,y«+y_2.

22. ««-iar-|-26, at«-7&

24. o«-2o«+a, a»+a«-2a.
*o. u a-t-6 u a common factor of a*-L«uAj^iLi j .

M. Th. H.C.F of a« and <it> i. oi ik,w1 .i„m«,^ rf «„ „.„,b«. to .kick ,; ti aJl^t<r:S! °°r";

Thus, J means 3 of the 4 mihaI t»o,*- /
quotient of 3--4. ^ Parte of a unit, or the

Similarly.
I
means a of the 6 equal parts of a unit, or the

quotient of a-^b.

S,jrJ:^?Si?>?'

/



UMPLM APPUVAIlOHa or tAOTOBim

Similari](

lOB

and

i" bo "Si""***-*

aHto" abe" be" i'

78. Lowest Termi. A fraction is aaid to be in if- i- *term, when its numerator and denoiZtorha^ell'''^
factor. If it ii not in its low««f f^««7^* if

common
dividing both t^rmsCall reckon fZ^!"

^^"^^ ^^

1. i-
18

42

EZAMPUH.

18-=-6

42-r-6'
3
r

2.
Wb ^ lflo»6-rgQ6 3oi
iSob* 25ab»^6ab "^ » '

»«+3«y-4y. (¥-y)(,+4y) = i?J'

•quj J. But if Um freof- - 'X *

the FMultiog Inotioo ii I

•-^y. ~ = I
ffr cancelling, or dividing by the conunon f«tor „.

^«f 1""/"!!°' '^^ "^ '^'^•'V can be done urua both^^^ of the fracUan are expressed ae jmductf.
*^ ""^^

Butifthef„»ctioniaZ||wec«nowc«celth.two.«d
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V
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^UOMMBA

MMOXSa 88 (».81 Oi«|>

l^lnthebUnlufathafoUowing:

1. ^± 30 fl^
20 4 12="45-~

-Co Sam
ax

bx
ae

8.

4.

6.

fa^ a"« a*x

o«-2o6+6« "" 7
JL )

Radnoe to lowest ternui :

e.

)•

14

21' 7 ?f

10.

14.

a6

ae
'

2a+4

11. H!4x*

16.
3a«+6a

"US--

18. fcl).
(*-l)t

23.
««-l

19. ^*-IH«-2)
(«-2Kar-3)

'

8.

12.

16.

20.

18a
25'

10»t«n

16mn

4x

3a(«-y)

18.

8ft

3ga^
Soft

'

25 w«-i-7m-H2
w»+4jn

-2y+i

26. _£!=*!

28.
a*—

a

a'—

a

2».
4a>-4

24.

27.

80.

17. £<?zJ)
ft(«-8)

21. ?<£z*).
(a-6)«

g*—3ar+2
x«-4*+3

3*«-3y«

^^ the same aai^'^S;:^^''^ '"^ ^^^^ ^ '^»>«

.i^^^'^^^r^^SK^r^r^;:



^JMPLM APPLICATIONS OF FACTORIHQ

EXAMPLM.

«1 3 15 - 2i
X

J
X - - |» „

4J.

* d bxd^bd'

4. ?*v*V

M^

*y
If «• ^

Simplify

:

1.^x2»..3X V.
5 6^4

X -X -.

zaitoxsa 00

a. lx«-3

8. ^xl«.

9 o
. e

8.

10.* ^
y. »-i

26x*
. I5a;«

3.

6. f2

2a 06
36^4^'

2a^4a
36 36*

ft *»•.,«

"•
a« -^«..x"4±^?^=^•-«•+3«6-46-«-3«6+26« ««-2«6-36«-^a-i=:456+36«-

When an expression is a multinlA «# *

4

:^%'Bi«£P'L, i»-:»'iiT'"



lot
ALOMBSA

The lowMt Mmmon muHliI* (Lcm \ «# *

Ex. l._Fin.H Ih. L.C.M. of teV »^' ud I2«y.

Ex. 2.-Find the L.C.M. of a«-6. and ««-2a6H-6..
o«-6«-(a-6)(o-|-6).

.'. the L.C.M. -(o-6)i(o-j.6).

Why i. (a-6Xa+6) or (o-6)Vo+6). not the L.C.M. ,

^iad theL.C.M. of:

1. 8,4.6.

4. a, a6, a*.

». 10aM6a*.fia,

10.* o«, o«+a.

18. 2a!+2.««-l.

xiRoua w a-e. omi)

8. 2a, 4a. 6a.

«. 2ab,3ae,ebe.

». 6o«6,4a6«.

12. a6+ac, 6«+6c.

a. 10. 16. 20.

8. «", xy, y*.

8. 3a»,2o«,4a.

11. 3x,3x*+(ke.

16. a.-a6.a6-6..
17. ««-6., a«-2a6+6.. 18. z'-z,z'-x

-!P^' *• "»i«a.lL¥?«^

'

Hkim ' V . M<^i'- -1.,-- -i



aiMFLB APPUOATJONa OF PACTORISQ

• • • I» II IJ li -
jl»

**<» •• (X-t, Oral)

IWaoe to fraction, with th. low«t common d«,omin.tor

:

100

1 * « as a
• — , .—

.

4 46

6. 5, ?.

8 1 1«. -t -5«
a a*

^*
5'c*

. 2 36

t. 1 * 8 -o a 6 c
3a' 4««' 2i*'

*••
6* c' i*

a a<

11. ^',3^ 4

Purfnran 4k> <>.^ ^-. • ..Perfonn the operations indicated

". ? + ?.3^4

18.

21.

g—

g

a

1

16. £±* + Ez*.

19 3 2

«-l^«+l

22 • fLh^— lzif
3 6 *

^=*-?=:*+f±y.24. ^--£_r:::£.
a ^^+ 4 25.

17. ihf + izf

20. £±* + *±5 . o+e

4 ^ 2 -"8-

_* y_



-i.«?lL'"ii»C!:.>,i:'

J

110

26.

88.

80.

31.

ALOEBRA

8a-L + _*

8*+6 2a:H-4

27 *+» , o—« a*—«*
« « oa:

29. 2

I

o«+3a+2 "^ o»+5a+6 "*"
irjll^q::^ • (Check when a =1.)

2

i
+^

-s^l- + * 1

i*-l^a«+3o+2 o«+i:^

raHtZr""" '" '^^'—ponds eo" »'uX„"o.be1

Thua, 31 is s mixed number and a+- i. « m,v«H «"T^g w • mixed expression.

oj meana d+,. But m algebra the sign must
be inserted, as a- would mean a x *

and not o + *

^ e

'

78. Reduction of a Mixed Expression to a Pni«ti«n c-
every integral quantity may be written J a^w ^u"'^
denominator is unity^t follows^htt the rS^ct^^

r^tn-r^t-jTio:.--^- ^-- ^^^-
EXAKFLn.

* ^6 5
=-6*

8. S-?^*''-*
y y y

dy—m
y

m
4. o - r?l « ?<?J-^) _ _M_ a6+«-ae jft



idi^'

«/*W* APPUOATIONS O, ,A0TORtSO ,„

'>peration of addition,

fboa.

a " o

and 9b-bd-o ab bd

^"0
. be

6- 6 -6 = «-«'-S'

HXBROISB 60 (1-0. Oral)
«edaoe to complete fractiona

:

'

1. 2+J.

4. + !?.
4

10. o- 06

b+e'

18. «+l-(. 2

2. 1+?.

3

8. at-i-^.

ar-y

14. a-6--?±*.
2

Separate into fractions in their lowest

16. ??±!?.

tfrms;

*•• —-—

.

06

8. 3 + ?.
V

6. o-.*.

t. a6-M.
e

12. 2a +^.
a~b

1ft. «-v+?^±J^
«+y

ig 8a>-36*

3d6

18. ^Z^.
10a

ao a+76-3c
21a: •

a. ?!!==1». ^. ?a6c_-^e±.V „ (-6,.+.

at ^-I4«
6*y

XBROISB flO (B*T1^ Of OI«pt«. IX)
1. Define highest oommon factor and lav,^ ^

~9.i



Jt^.'..::r^

i
f|

1 fl

"'
ALOMBBA

». Fbd th, H.C.F. „d L.C.M. o, .H^. ^^,. „^ .^^^.
Shot ^\:^\^^'oKi.'.l^:i-''^^\ "<i -+^^8.
of their H.C.F. wd L.C.M.

•'P'^'O" » equal to the product

». lUduoe to lowest tanne :

«• «•-»»' 806-1261' oir:^-

•• Multiply •«?, <«y «M
*^^ «6y' Sod' SS*

7. Simplify ^x^^*^. .

ooo 4(ie ' 8a*

• Reduoe to lowest terma

:

.•-fa+6' .Hifa+e' ^.+-^ri8' iiris^^.-
t. Simplify -_?~* ^ «+y 2a« aw—«

!•. Divide "~?- hw «'-o* . «+2 •«-*
o«+2a« "^y or-Tin •nd

^-f7 by * -*
»+l ^'^ .TTl'

U. Simplify •tl* ^. «±4 ^^ a»_i ^ 8_^

12. Find the nua of ?lJ' V-H* «-•

18. From the nun of ?*±f? „j 6-8e . o+da

14. Simplify ?zi _ ?Z* -nd 3«-y 3«-2m

15. Expre*. «^' „ «,, ^..^^^^ ^, ^^^ ^^^^^ ^ ^^^^
lowest terms. Do the aame with

*'~**
««^ «*-«• ^

of the th«« result..
*^' "** da" •»«' And the .um

18. By bow much does ^^ ezoeed ^"^f

17. Find the aum of — _i_ .^^ tu
a+6' a-6 •^ iHIii*



-:1.3ft/

SIMPLE APPLICATIONS OF FAOTORim ,,3

1». By what must
'~l be „.u,tip,ied to give 5!=:^+6 ^ ^^product? * x«-7x+i2 " **•*

19. Find the quotient when *±*
is divided by ?!±«ZlL2

20. Solve (a-6)a:=(oi_6«)(o-|.6).

21. Find the difference between

+ i-^ + r-^. and -^ + -«. . «

by first subtracting -^ from -?- etco— a: a— a:

22. Find the missing term in the following identity

^

A"!



•L'.^'
'

CHAPTER X

; t J

f f

REVIEW OF THE SIMPLE RULES

included -matter whiVK ;
^""^ry niieg. in it is also

81. UM of Jackets. We have already seen that
(1) a-\-(b+c)=a-\.b+c,

(2) a-^{b-c)=a-\-b-e,

(3) a-(b+c)=a-b-e,
(4) a-(6_c)=o-6+c.

are «™oved we f„,,„„ the rule lild change^*it' T^
Ex. l.-Simplifya-(3a-26)+(5a-46)
FoUowing the rule, this expreeaion becomee

a~3a+2b+5a-4b or 3o-26.

better^V^ ^*^ Of brackets appears within another it is

^vtdtorTr/^K''' '"^'^^ «'"«'y' '^"d the pup faMvjsed to remove the inner brackets first.

U4



RBVIBW OF THE SIMPLE RULES
Ex. 2.—Simplify ix~\2x~{3+x)\.
Removing the inner bracketa. we get

4a;-{2x-3-«}.
Removing the remaining brackets, we get

**-2«+3+« or 3x4-3.

Ex. 3.-Simpiify 2a~[a+b-{a-b-c-(a+b-c)n
TheexpreB8ion=3a-ra+6-{a-6-c-a-6+cn

= 3o-[o+6-o-f „ fC+0+6-C1.
=3a-a-b+a-b-e~a-b+e.

After removing the first pair of brackets, the quantity

^n!'^'^-S£SH?^ -™ - work the

removed.
^^"ormea u the brackets are

Ex. 4.-SimpUfy iz-S{z-2y)+2^^Z:iy
The expression

.4.-(3x-6,)+2rrr,/
= 4*-3a:+6y+2x-4y,

"XBROISB 61 (1-9. Oral)

Remove the bracketa from :

IM

1. (a-b)+(c-d).

3. -(a-b)+(c~d).

6. a-(6-c)-(rf_e).

7. a+{b+(c~d)\.

11. «-{_6^f^_^j^

2. (a-6)-(c_i).

*. -(a-6)-{c_rf).

6. a-(-6)_(_c).

10. o-{6-(c_rf)j.

la. -[a-{6-(c_rf)|j.

I 2



H
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Simplify

;

13. 4a-26- (2a-26,.
,,, 2(7x-3„-3(2.-3y,

15. 3(a-6,c,-2(a+6-e,.
,«. 2a- |3a+2(a-26)}.

17. 3(a+ft_c)-2(a-6+c)+5(6-c+o).

18.* 15x-;4-[3-5x-(3«-7)]|.

19. Add 3(«+6K5(p+„. _2(«+6) 4-(p+g) and 4(p+„.
20. Addl+a:_y,i_a.~^j,_^--

21. Add 3x-2{i,-z), 3y-2(*-x). 3*-2(:r-y).

^move the bracket, and express in descending powers of x:
22. 3(5x-3+2x«)-2{x«-5+3x)-3(4-6x-6a:^).

23. 2x(3x-2)-6{x-3)+6x(;.-I)_2(x»-6x).

24. l(4u:-3)-i(6-x»)+i(x«+8x-12).

Solve for X and verify

:

2ft. 4(x-3)-7(x-4)=6-x.

26. 5x-[8x-3(16-ex-^4-6x)|]=6.

27. 3(2x-7)-(x-14)-2(6x+17)=6(5-&r)+21x+149

28. J(27-2x)=|-,y7x-64).

29. Simplify
a-[66-{«_(3c-36)+2c-(a-26-c);j.

80. Simplify ^'^Z±±^-^^b-c-^a)-{c-a+b)
6{o-26+c)-2(6-3c+2iP(ric-2a^ll6)

'

81. Solve (7Jx-2J)-[4^ J(3J-5x)]=18f

82. Insertion of Quantities in Brackets ti,^ * •

of .U terms ,„t„ a ™gle term. Thia may be doneTn rumtr
Thus, a-6+c= (o-6)+c=(o+c)-6

=a-(6-c)=a+ (c-6).

Remove the brackets mentaUv and »>^ *!,- - u * ..^
«o o-6+e. ^ *^ '"•* ^^o*^ o* fcheM is equal



REVIEW OF THE SIMPLE RULES ,„
Ex. 1.-Expre88 a-b-^c~d m a binomial.

should, in every case. remortU biSta m^^J^Ti ^ "''*"««*• »«
of the work.

*'** '"**'"®'* mentally to test the accu-acy

a+6-c=o-(-6+c),

83 CoUectIng Coefficients. Brackets are frequently used

Thus. '«+fcy-c«-dy=x(o-c)+y(6-d).

Verify these by removing the bracketa.

BXBROISB 68

veril; inZTo^r'"'-'' " * '^°°^ ^-^ *^- ^^««- way, and

^J.
Exp^as p-g-r+s as a trinomial in four diflfer^nt way. and

.er^y.
^"^"^ '-V—^ " a binomial in four different way. and

Collect the coefficients of x and y

:

4. ax~by~cx—dy.

6. mx~ny-px+qy-ax+by.
6. a(x~y)+b(2y~3x)+e(5x+2y).

7. x(a~b)+y(b-c)-d{x+y).

8. 2o*~36y_i(te_6yf66x-4ay.

* C«-«)lf-(2-6tei-4y+2a*-(3*+6y).

K,

^^^



tit
AWEBRA

iO. Enoloae a~ b—r—A . > * • , . .

Arrange in deacending powers of a;
•

11. o(x«+4-3a:)-6(3x-6xi)_e(i_4p)
12.

«'*-te+c-(2px.-3jx4.r)-(7i,.+3ar+A

ChapJ r7he^^^^"°^^^^^ ^n S^'^y *^" -^^ in

are not binomiab
^^ " ^""^^'^ ^^«" ^^^ f^'tora

Ex. 1.—Multiply x«-3a:+4 by x~2

ar-2
J J+* Check
^~^ x=l

a;»-3a;«4- 4x
-2»«+ eaj-8 + 2

-1
«»-5x.+ l(te-8 1-6+10-8 _2

coefflcLT"'xrpltr^^^ rf^^"^" -^^^ '^^'^
same, with the exce^tirTh. *k ! Z''"

"'"^^^^^ ^'^ t^e

C,:s:'';zr^ r'c^^i-^^ '^ ««* coefficient i»

?, that is, of X'. The neirZ.r.il ""^ P"^""' °' '' «>d
the next of x „ th« ^^ . •„'* "" °°«fflo»>>t of »t and

Ex. 2.-MuItiply ar»-7a:+2 by a;«-2a:+3

Pl.^ u. order to bring «»ffl„i^„ ", ~P,

.h^!Lt:rL""°°°""^'"~'°«'-«'

1-2+ 3

3+0-7+ 2
-6-0+14- 4
+9+ 0-21+1

3-.+2+16-26+4



MVIMW or TBI 3IMPU gVLM ,„
Ex. ».-Fmd the «>efflci,„t of x* m th. product of

«*"-fe«+3i-2 and x'-a*-3x+t

Th© partial produoto which will ««„* •

•••by 4.
*^'

* ^y * ^ ''y -2**. -ftt* by -3x and
.-. the coefficient of x.» -2-6+18+20-30.

Ex. 4.--Multiply ax*+bx+e by mx-n.

Here the multiplication is
performed in the usual way
In adding the partial pro-
ducts, the coefficients of the
powers of * are collected.

«»««+(6m-ar,)x«+(cm-6n)z-cn.

ZBBOZSa 68

2. 2x*~5x—3, 3x— 2.

4. o»+aA+6«, a-6.

e. o»-5o»-2, o»+a-i
J». 2a«-5a6+36», 2o»+5a6_36i

10. «»+2a:»+4«+8,*»-4x+4.

Multiply and cfaeok

:

1. x*-Zx+2,x-2.

8. «•-«+], ar+i.

6. *«-a:+I,««+x+i.

7. 3a:«-2x-6, x«+«_3,

». a+6—c, a—6+c
". **-6+I.6«+6+1.6«-6«+L
12. *«-ay+y«+x+y+i,;,+y_,.

14. 6a«-6o»-2«»-o+2 by 2o«-3a+2L
15. 4r«-6it-2 by iz'-3x-l.
16.

(««-«-2)(2*«-a:-l)(3x-2).

Simidjfy

:

W^* (*- IK«-2)+(x-2H,-3)+(,«3Xa,_^



'* ALOMBBA

18. («+«X^-e)+(6+*Kc-a)+(e+«Xa-6).

". (o+6Xc+i)-(a-6Xc-«f).

20. («+6-cKa-6)+(6+c-aK6-c)+(c+o-6Xc-«).
ai. (*+lX»+2K«+3)-(x-i)(x-2)(x-3).

Find the product of

:

22. (1-XK1+»)(14-X.X1+,.,. 23. (x-,Xx-2Xx-3Xx-4)
24.. (X-1XX-3XX+1XX4-3). 2«. (a-lXa'+a+lXa'+l).
Find the coefficient of ar« in the product of

:

26. 3x«—Sx-i-ii and 6x»4-ftr-4.

27. «»+4x«-6a;+2 and ««-2x-3.
28. 3x«--12x-f-i6 and 2x«-7*-38.

Check by putting x=2.

81. Multiply 7x»-5x«y-xy«+6y by 4x«+3xy-2y«.

(x.+*3x?i°)r
****' '''' "P"^°" »<« MKx+2Xx+3)+l is equal to

88. Find the 6rBt four terma only in the product of:

2+3x+4x«+6x» and l-2x+3x«-4x».
84. Find the coefficient of x« in the product of

:

l+4x+7x«+10x«+i3x« and l+6x+9x«+13x»+17x*.
85. Solve and verify

:

(«-2Xx-4Xx-6Xx-10)=(x-lKx-6Kx-7Xx-9).
86. Multiply ax«+6x+c by 6x«-cx+d Collect th- „«.« .

of X and write in descending powers.
Collect the coefficiente

37. Multii^, PX. ,x+. by px+,. and (a-l,x.+ax-l by ox+l.
38. Simplify iay*-by^c){cy+b)+^ay*^i^-c){ay-b).
39. Subtract the product of x»4-«r«-Li\ i j « .

product of x.-x(p-f,+2 «d x+pt^"^"^^" *°^ '-^^ '^^ ***

?-^=7^t.p»!-^



RMflMW OF THE SIMPLE RULES m
40. Point out two obviou. error, in each of the foUowing .UfmenU

:

(i) oA(o+6K««H-6«)=o«6+a»6+a«6«-oA«.

(u) (2x+3y)»=«r»+3(tey_54^,^27y».

(Ui) ««-teV-3xy«+2y»=(x-2yKx«-4x+yi).

3625 i. 7.661.125. ^ *^ ° *•"' *''* P™**"*'' °' 2^« »nd

86. Division by a Compound QuanUty. The method of

TMh^rTT"!'" *'"^^ *^° «»>«- - Chapter ;
mo^ tT™^ '"'"'^'"^ ^^ * ^"*"^'*3^ containing Lo o

Divide 672 by 32.

(I)

32)672(21

64

"m
St

(2)

8. 10+2)6. 10«+7. 10+2(2. 10+1
g.l0«+4 .10

3. 10+2
S. 10+2

3 ^loi2 .!?H .r^'.^^ r?'"^ '" **^« equivalent frm,o
.
1U+J and the dividend 6 . 10*+ 7 . 10-+2
If we substitute x for 10 the problem would be :

Divide 6xa+7a:+2 by 3a:+2.

3x+2)8ar«+7a;+2(2»+l
«x*+4«

The method here is so similar to the
•nethod m arithmetic, that Uttle explana-
tion IS necessary. The first term in the
quotient is obtained by dividing 3x into
»*». The product of 3*+2 by 2« i« then
Bubtracted from the dividend and the



ISS
ALQMBRA

involved. ^ partioutar number for ewh letter

very likely correct.
'»"°"«'»* » ». which show. th«t the result i.

ciilri^tr^- -i^-^^^^^^^^^^ involvea. the

Ex.-Divide 14z*-^.-29x«+12 by 7x.+3x-6.
7+8-6)14-1-29+0+12(2-1-2

14+6-12

-7-17+0
-7- 3+ 6

-14-6+12
-14-6+ 12

Div. ie also by the usual method.

Check
«=-l

4)-4(-l

"xaRoiaa m (i-6. onu)
state the quotients in the foUowing divisions:

4.
6.

a:*+3a;+2

«+l
a:»-4

a;+2
'

Divide and verify

:

7. 8*»+a;— I6by2a;— 3.

•• 6**-31a:j/+6yiby»_

o*-3a+2
o-l

oN:2aA+6'

0+6 ~

3. «_

6.
3a:»-6z+2

3a;-2

8. &c»+ay-I2y«by3x-4y.

10. 9o«+ea6-366»by3a+7fc



MMVJMW or THS SIMPLE RULEB ,»
il. 7«»+9ftt«-28«by7«-2. 12 inn^ i^i i , ./ •* «. w. 100ar«-13*«-3jrby2&t-»-3

!•. ie«.'-4e«.+39m-9 by 8«-3.
^^ '^J' ^'^^ V

ao. e««-29*V+ 18«y«+36y« by 2x-ly.
ai. a«+a>+4o«+3«+9byo«-o+3.
aa. x*-»»-8x«+lfia._9 by ««+2«-3.
as.

6**-4x«+3x«+22*+Mby&c»+llx+u
M. 2*»-8a:+x-4 I2_7x« by x«+2-3x.
26. 30-12x«+,«_xbyx-6+z«.

Uie detached ooefficiente to divide

:

26. *»-3««+3*- 1 by x*-2x+ 1.

27. (te*-x«-llx._i(te_2 by 2x«-3x-l.
28. a*-6a»+7a«+6a+lbyo«+3a+l.
29. 4»«+e+x«+ar+««bv2«+3+x«
30.* (««-x-2)(2x«+x-i) by 2x«-fa+2.
31. iar«+17x*-2x.-ll,._,+i by 2x«+x-l.
32. Divide a»-l by a-1 and a«+l by a+1.

33. Simplify f!±y.* __?!::»•
x+y x~y '

34. Simplify _^!ziL 4. «•+!
o«H-oH-i "^osirs+i-

3«. Solve ^*±?i:2_3x«+8x-3 „
2x-i ~3i:ri~=*^

36. If «(3a«-a+l)+2=3a«-7a«43«.
find x.

J^'d'the'^dl^f
°' " -*+««'+6a.-,^+2. the quotient is a.+3a-,.

'>y'^'-^^'A'*^''^*^^
'-^ ^'-^•^•+^* -^ ^vide the quotient

'

A'' -.
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8». Simplify ^Jll«(a6+6«)+6c ac*«+a<arf+6c)+M
**-« ^

^+3
Witliont remoring the braclceta divide:
40. a««+(6+ae)*+6c by «w+6.
41. «'+(2p-l)x+p(p_i,by,+j,.
42. aV-2a6ar+6«-c«byax-(6-c).

48. «V+(2a«+a)y.+(a.+a,)y+(a+l) by ay«+ay+l.

Thu., 34H-6 gives a quotient 8 and a remainder 4.

•'. V= 6+.lor34= 6.6+4.

J *^^s:/:\^+' • """^ "^ « H. the ,„„«... i. ,+,

. o'+3o+g o
•• -i+I '' + 2 + -A..

*
a«+3a+6=(o+i)(o+2)+3.

That 18, dIvIdend=dlvIsorxquotlent+remalnder.

Ex.-Expre88 i±^* as a mixed expression.

Here the quotient is i -\i

•nd the remainder is 2x*. i

1—*
Divide 1 -X* by 1 +x and show that
1— «•

rz^ = *-* + «•-«• + «•- 5??*

.

In such cases the division may, of
course, be continued to any number of
•erms.

-\-x-x*
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BZBROISB as

Jlnd the remainder on dividing

:

1.* X*— lOx+26 by x-7.

3. ar»-4a:«+5a:+20byx-l.

6. x»-}-y» by x—y.

Expreas as mixed quantities :

»+2 „ a+26

2. o«+20o-f70 by 0+6.

*. y*-7y«+8y-l byy«-y+i.
6. «*-y» by «-f-y.

7. 8. 9.

Find four terms in the quotient of :

11. l^(l_x). 12. l-j-d-j-x). 13.

2a-36
a+6 10.

ga!«+7a;-3

aH-2

14. i±£±2a«
l-a+o«

-^'.h." • ;;.ni'f oi fr'^"
"^ '-=" "»' "°" "» ^"o""' b.

18. By division show that

BZBROISB 66 (lUTlew of Chapter X)
1. Add a:»-2aa:»+o»*+a». 3«»+3a««. 2o»-a««-««.
2. Add Ja-J6,fa-J6,|o+j6.

3. Subtract 8o+36-6c from lla-26+6c-3d.
4. Subtract -3o+46-c from zero.

6. Subtract ka-\b+\e from fa+ffc-je.

6. How much must be added to J«-iy+J, to produce .-y+.i

Jh, l-c'^':il^ **' ^+^' ^-S* -ci 3c-a from the «un of

8. Simplify a-(36-4e)-(6H-e_o)_2(o-«v

if r
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9. Subtract 4»*~3x'—x4-fk *r«». t-i a . . »
by .ubatituting 2 for X.

^ "^ 7x«-6x«+2«-l and eh«*

10. Find the value of oH6»+e«-3a6c when a= e. 6=3, e^ S
11. Simplify («+6-c)-(6+c-o)-(c+o-6)-(a+6+c).'
12. Multiply 1-4*- l(te« by 1 -fe+S*!.
18. Find the product of «-f 1, x+2 and *-3.
14. Divide the product of a;+2 2*-^ i» o u «...

check when «=1.
' ^' ^"^ by 3«t+4a!-4 aad

"•• Multiply a*+b*+e'-ab-be-ea by a+6+c.
16. Find the product of a-2, a+2, o«+4, o«+ 16.

17. Divide a;«+64 by a;»+4x+8.

18. Divide ««+x»-24x«-36x+67 bv i:«4-2» ^
co.»cia„„ „a ve«, by „„,«p,>.l„„1 *

thfJi Sod'"*"'*'

»5*-2..+t.+tuTr"°' °' * "" """ •"°*'"« °' »"-2.'+7.-,

20. The expression 44a:«-83x»-74x«+8ftra.i5« j» *u

23. Find the remainder on dividing x*+6 by ««-i
24. Show that

(^-t^K'-a-b)+ib-c)(x-b-c)+(c-a)(x-c-a)=0.
25. Show that (a-6)(6-c)(c-a,=a(6.-c.,+6(c.-a.)+c(a.-6.).

.ife-of'L-r'
''^^'^•' *=«'-2^+2,.. c=x*-,S fi„d th.

27. Subtract 2x-3(y+2«) from 3y-(8z-3*).
28. If ,=a+6+c, find in terms of a, b. c the value of

a('-a)+b{a-b)+e{a-e).
29. Arrange in descending powere of *,

c(ax-b)~x{a-b)+bx{x*-ae).
30. When a=6, find the value of

2o- {3a-(46+2o>J+ 6a-(46-oK
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.ff'3a.*-",n,'."„^r-.Tit',.°-'r'''"'"
"- ''' "" •™"«°

34. What number must be added to Iix*-I3x*^2x 1 «. .». *the sum may be divisible by x-2 r

iJ* H-Zx-l «o that

35. Find the coefficient of z* when !+«+.. i. divided by 1 -,-,.
36. I^-ide3p.-7p(l-p.,_(2+p.,by(3p+l,(p+,).
37. If x'-9x+e u divisible by ,+4. find c.

38. Find the sum of the coefficients in the square of 2x«-*-3

of The i^wLtf ^xi^ThV^^u^t'^^kr^^H "°r '""^ ^°-'"«*-*-

product of ,+ 1. ,+2. 1+3'^dTf «-^T-3 .7^ ""*• '°'^" '*«

40. Divide x«-2»»+l by »«-2x+l.
4i. When 0=3, 6=2J. c-2. find the value of

-7- + V755?S' ^i55 _ (2a-36)«.

42. Prove that a+.)M+v.,-(i+..)(,+y).^2(x-y,(J-^,.

43. If p = « - ? and , = x« - 1. rf^ow that p«(p«+4) - qK

oftJv.?i:its:ir^c:m^.tht.ns ---—„
de2^-nd^^^^e„':/-i:'+'' '^ '•'^+»' '™^ ^'^^ P-^-t in

46. Divide 9o«-46«-c«+46c by 3o-26+c.
47. Multiply *«-x(o-l)-l by x«+o«+I.
48. Divide o«-166«c« by o- 26c.

^^49. Arrange the product of x-a. x-6. x-c in de««nding power.

qulnt'''^'::^'^-*-''*--'^'-***-^' by a-6. and divide the

o'"'-7x'?J:?eX:irbyt'i:ir^sV' "^' -^ * "-^'^•'

«a. Divide x«-y.+6y.-l2y+8 by x-y+2.

#4;

:i I'ilr -
.. » 1
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CHAPTER XI

FACTORING (continued)

f^n.,^h r ^ ^^, 'I
'^"^P'^ ^'^^^ This Chapter wiUfurnish a review of the methods already used and ^nextension of those methods to more difficu/exampLs

term'n7ln'*
'^".**" """"on *<> every Term. When every

!^n J . f
^P««ion coniains the same factor, that factScan be found by inspection (art. 68).

Thus, 2xy is a factor of *x*y-(ixy*+2axy,

/. '*«V-e«»«+2a«y=2x»(2x-3y+o).

.-. «(«+y)+6(«+y)=(«+y)(o+6).

91 Type II. Paetors by Grouping. When every term ha*not a common factor, if the number of terms bedian^ b^grouping, we may sometimes obtain a common faotoif
^

Ex. 1.—Factor mx-\-nx-^my-}-ny.

Here we changed from four t«rms to two and w« t^»^A

i»



rjotoaaai IM

Ex. 2.—Factor x*+x^+2x-\-2.

JV+2.
'""'"'"' "'''"*• °' «""P^ "'i obtain the factor. x+,

Ex. 8.—Factor (a-6)«_aa:4-6x.

(a-b)»-ax+bx=(a-b)»-(ax-bx),
= (a-b)»-x(a-b),
= (o-6)(o-6-«).

Blaotor:

1. 31-27.

2. 2o-6.

3. a«-3a.

BZBROIBB 87 (l-». Oral)

4. 6»-66.
7. o(»4-y)+6(*+y).

5. 3a«-16a6. 8. p(m-n)+(m-»).
6. 6xh,-12zyK 9. x(a-6)-2y(a-6).

mdUpH^rf '"° "^^'^'^^ "^•''^"^ «' ««>-P^ -<i verify b.

10. oar-fte+oy+fty.

12» a;«-aa:+6ir_o6.

!. 2ac+3«f-26c-3M.

16. o«-a»-3a+3.

18. «»+4«»—3ar-l2.

11. aw—6»i+on—6n.

13. bx—ax+ab—z*

16. «»+x«+«4.i.

17. «-y-*y+l.
19. o»-7o»-4o+28.

«.• Knd tb«. facto™ „( 3..-to.+3x-« .«, „( a^-a,-a.+a.
«. *md a common factor of

am+btn+an+bn and a«+ay+&e+6y,
and of a:'-a:«+a:_i and x»-x«+2z-2.
as. F«rtor l0x>-5xy-6xz+Zyz and 8»fc+a»6c-3a^6»-3a«^

^f ;j

,r.^:
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\:

and show that it is a factor of their difference.
^ '

25. Factor 48ax-66oy-356y+30ft;e.

26. Factor (x+y)«+4a;+4y and 2(a-6)»-o+6.

in^;t iTu '"\u^°"'*****
^''""«'- We have already «een

?or* W« l?"" r
'^"^'". °' * ^^"°°^^** °^^y ^ Writtendown We have also seen in art. 65 how the square root ofa trmomial may be found, when the trinomial is a perfect

Bi^uare. *

93. Square of a Trinomial. A trinomial may be squared
by expressing it in the form of a binomial or
by multiplication.

Thus.

(o+6+e)«={o+(6-fc)}i,

=o»+2o(6+c)+ (6+o)«,
=o»+ 2a6+2ac+6«+26c+c«,

.-. (a+6+c)«=a»+6«+c«+2a6+2ac+26c.

JJ-xamine the diagram and see that the same result is obtained.

a

a' ab

c

ac

ab b' be

ac be r»

Similarly,

and
{o+6-c)«= ia+(ft-c)}«,

(o-5+c)»={o-(6-c)}«.

Complete these two in a manner similar to the one worked in fuU.

tZZLTfT ^^"^ P'°**"°^ ^« «^ *^** *J»ey consist of

We might express the result thus :

ofl^Tr f """^ ^P^^^ion is equal to the sum of the squares

In writing down the square, care must be taken to attachthe proper sign to each double product.

Ex. 1. (2aj— 3y+4«)»

= 4a:«+9v»+ 16z«- I2av+ lftB,_24j^
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I3J

fix. 2. (o-»+c-d)»

-o«+46»+c«+d«-4a6+2ac-2ad-4«c+4W-2cd.

Ex.8. Factor a:«+4y«+2.-4av-2xz+4yz.

Verify by writingS^e^^" ''' ^^^'^ «"-««ment of aign. f

ZBR0I8B 68 (1-88. Oral)

What are the squares of

:

1. m+n. 5. x-2y. 9. x+J. 13. a-ft-c!
2. m-n. 6. 4x-y. 10. 2a-J. 14. a+6+c+d.
3. 3a:+2. 7. 2a-36. n x+«/ ^ ik
4. 3a-6. 8. 3m-6». 12. x_y+,. ^o. x-y+z-l.

Express as squares

:

17. z»+ixy+4y*. 18. x«-&ry+9y«. 19. 4x«+4x+l.

23. 4o«+2a+J. 24. l-10a+26o«. 26. a*+2a*b*+b*.
What are the square roots of

;

2«. x'y'+l0xyz+25z: 27. 16x«-24ry+9y»
M. 4-2a..+25a. 29. (a+6).-2c(a+6)+c«
30. »««+n«+pt_^2mn+2»ip+2np.
31. o«+6«+c»-2o*+2ac-26c.
32. ««+4y»+z«+4xy+2K+4y2.
33. 4o«+6«+9c«-4a6-12ac+66c

Simplify

:

34.* (3x-y)«+(x_3y)i+(2x+3y)«.

36. (a-6)»+(6-c)»+(c-o)«+{o+6+c)«
36. («»+«+l)«+(xt_x+l)t.

37. (a-6+e)«+(6_e+a)«+(c-o+6)i

88. (3a:-2t^+z)»-(x-2y+3z)>.

K 2
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Complete the squaree by supplying the miasing terms:

8». X*- .... .+26. 40. 4,.+ ^25y,
**• "•+*^ « -12mn+9n«.
43. o«4-96«+ -0ab-2ae

**• »*•+ + -&^-12«
«. Find three factors of 3*«+6x+3 and of a»+ia*b+iab*.
46. Factor

(a+6)«+4c<a+6)+4c« and (a+6)«-2(a+6)(c4-rf)+(c+rf)t

i. fl th *'T
'^***?^ "**"*? °' ^^' "° °' *°y *^° consecutive integers

IS less than twice the sum of their squares by unity.

48 Divide the sum of the squares of a-2b+e, b~2c+a, c-2a+bby the sum of the squares of a-6, 6-c, c-a.

49. If X + - = 4, find the value of x* + 1.

60. Factor (ax+by)*+{bx-ay)*+e*{x'-\-y*).

51. Express a'x'+b*y*+a*t,>+bh:* as the sum of two square*
62. Find the value of x»+y*+zt+2xy+2xz+2yz, when

z=a+26-3c, y=6+2c-3a, «=c+2o-36.

94. Type IV. Th- DifTerenee of Squares. The product of
the sum and difference of the same two quantities is equal to
the difference of their squares (art. 66).

Conversely, the difference of the squares of two quantities
IS equal to the product of their sum and difference (art. 67).

Or, in symbols, {a+b){a—b)=a*—b\
*°^ a"-6"=(a+6)(a-6).

»5. The formula for the product of the sum and differencemay sometimes be used to find the product of expressions of
more than two terms.

Ex. 1.—-Multiply 2a-6+c by 2a—b~c.
Here

and
2a—b+e is the sum of 2a— 6 and c,

2a—6—c is the di£ference of 2a— 6 and ou



rACTOBtsa
They might be written (2o-6)+e and /2n h\ . '.^

i.thereforethediiferenceofthe«,itioT2ai^:ncir' ^' P"''''"

.*. (2o-6+c)(2o-5-c)= (2a-6)«-e»,

El. 2.-Find the product of 2x-hy-z and 2x-y+a.
Here the flnt expression=2*+ (y—z),

and the second = 2*-(y-j),'
•'• ^'i® product = (2«)«- (y _'«)«,

= 4a:«-{yi_2y«+j«),

= 4z«-y«-f-2y«_,l.

Verify by ordinary multiplication.

Ex. 8.—Multiply a~b+c-d by a+b~e~d.
Note that the terms with the same sisns in th« »« »

o and -d THmm .h^mM k-
""'"'' b'BHs m the two expressions ate

factor.
^'*"'*'°"^'* ^ 8~"P®d ^ 'or™ the first term in each

o-6+o-d=(a-d)-(6-c),
a+6-c-d=(a-d)+(6-c).

.*. theproduct=(o—d)«— (6_c)i,
SimpUfy this result and verify by multiplying in the ordinary way.

Ex. 4.—Factor p*—ipq+4q*~x*.
Here the first three terms form a sauam nnW tu^

be written :

square and the expression mav

=(p-2q+ x){p-2q-x).

the'^fLt^T
'""""" "^" •^^^ ^^«^ -'^ -''^-ted to obtam

Ex. 6.—Factor a»— ftS-f26c— c*.

^He^ the last three terms should be grouped to form the seconu

.'. o«-6»+26c-c*=a»-(6t_26c+c«),

=o«-(5-c)«,

= {a+(b-e)\\a-ib-e)U

Verify by multipUcation.
=(«+6-«)(«-6+o).

I

^ -^^,1
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Ex. 6.—Factor x«-|-y«-a«-6«-|-ary-f.2a6.

Theexpre«ion =(x«+2x3/+y«)-(a«--2a6+ 6»).

-(«+y)«-(o-6)«,
-(•+y+o-6)(*+y--a+6).

XBROZSB ae (l-io. 17-«a, Oral)

Uie the formula to obtain the foUowing products

:

1. (2o+3)(2o-3).

3. {xy+5){xy-5).

6. (2m«+3»i){2m«-3n).

». (*+y+»X«+y-*).
'

11.* (a+6-cKo-6+c).

13. (p-2j+3r)(j)+2g-3r).

i\ (a+b~e+d){a-b-e-d)

16. (o-26+c-2i)(o-26-c+2i).

Factor and verify

:

17. ««-9.

ao. o«6«-x«.

23. l-o«6«

26. (x+y)«~26.

2. (4x-l)(4z-f-l).

4. {ab-e)(ab+e).

6. (o6c+a!y)(a6c-«y).

8. (««-y«)(a;«+y«).

IC. (a—b-c){a-b+c).

12. (2«+3y-6)(2x+3y+6).

14. (l-*+x«Kl +«+«•).

27.

29. (a+6)«_(c-«|)». 30.

32. -2a6-f-6>

19. a*-46>.

22. 93«-4«

26. (a-b)*-e*.

28. X«_(y_,)t.

31. x*+2xy+y*-a*.

18. 4««-26.

21. l&r'—9y»

24. 25 -x«.

c*~{a+b)K

{a+26)«-4c«.

33. o»-6«-c«-26c. 34. o»-6«-4c«+46c
35. (4x+3)«_l^.. 36. '-x«+2xy-y«. 37. a«-x«+2ay+y«.
88. o«+6»+2a6-c«-d«_2ai. 39*. a«-6«+c«-dt_2ac_2M,
40. a»-2*+l-6t+26c-c«. 41. x«-x«-4-2xV-4x+y4.
42. 4x«-4x-y«+4ay-4a«+l. 43. 1 +a«-6«-4c«+46c-2«.
44. Find three factors of 2x«-8, a»-3, a*—z*.
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«B. «ndth«efMto«offio«-10a6-|-66«-20c«and<rf

(*-36)»-46«»+126».

«. Find four f^ton of a*b*-a*c*-bH*+cH* and of

(o«-H6«-e«)i_4o«6».

47. P«,tor a•x«-6V+2acx+c« and m«-9m.„.+„.-2«„.
*8. Find the simplest factoni of 3*»-2*«-3x+2 and of

**—«•—»*"+9«.

49. Simplify (a-6+cK«-6-c)+(a+6-cKa~6+c).

40. Arrange «*(a:«—a«)— v«/t/«-a»4 4 9«v»i - iv

M. Use factoring to simplify

:

(1) (a«-3a+l)«_(a«_3a)«

(2) (*-^+3«)«-(3*-x+2y)«.
(3) (o«-3a-4)»-(o«-4)».

(4) (fi««-2«y+y«)«-(6xHary-y«)t

52. Multiply 0+6+C by a+6-c and a-64-c bv fl A . athe results to obtain the product of
*+<^ by —i-c and use

(a+*+c)(a+6-c)(o-6+cXa-6-c).

«3. Show that «(y«-.«)+y(z«-x«)+z(x«-y.) is equal to

(«-yKy«-*«)-{*«-y«Xy-*)
and then find the factoni of this expression.

54. Arrange «(6»-c«)+6(c«-a«)+c(««-6.) in the form

<i{h*-c*)-bc{b-e)-a\b-c)
and thuB obtain the factor 6-c Find the other two factor..

-a^yeS^oniThTr**
''"*"*• ^e have air^y factored^an^xpressions which were seen to be the diflFerence of two

Sometimes the two squares of which an exDression i. fh.differenoe «.ro not so easily seen.
expression is the
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Ex. 1.—Factor ar*4-x"y*+y*.

.uMnurtTj.. *
'*'«"''°«' -dd x«y to complete the «,uare wd .I.0•ubtract *«y» to prewrve the value of the expwMion.

-(««+y«)»-(*y)«,
-(««+yi+xy)(x«+yi-»y),

.-. «HdcV+I/«-(«»+ajy+y«)(a:«-«v+yi).

In order that this method may be successful, it wiU be
seen that the quantity we add to complete the square must
Itself be a square.

Thiui to change a«f o6+6« into o«+2o6+ 6«-a6 i. of no value ••ao ia not an tUgebraio square.

Ex. 2.—Factor a<-f 46i«.

Thia can be made the square of a»+ 26» by adding 4o«6«.

Complete the faotering and verify by multiplication.

Ex. 8.—Factor 4m<-16m«n«+9n*

the^Mterir*
^ ******** ^ '"*^* '' '*** **"'" °' 2m«- 3n« T Complete

Try to factor it by making it the square of 2m«+3n«.

Ex. 4.—Factor a*+6«+c«—2a*6»—26*c«—2c^».
How does this expression differ from the square of a»+6*-e« ?
Express it in the form (o«+6«— c*)*— 4a«6«.
Write down the two factors and see if you can factor each of themagam and thus obtain the result

(o+6+c)(o+6-cKo-64-o)(a-6-o).

Factor and verify

:

1. a«+a*+l.

4. x*+2x*y*+9y*.

7. 46«-136«+l

BXBROUB 70

2. x*+x»+25.

6. 4a«+l.

8. 9o*-15o*+I.

8. x*+7x'+ie.

6. 9x*+Sxh/*+l(iy*.

9. 9o*-52o«6«4-646*

im^^y^mm.



fACTORINO m
10. 2fa*-8»xV+My« 11. ««+y«-llxV. 12. z>-lx*+L
18.* Find three fMton of 2ir«+8 and x»+«»+«.

14. Find four fftcton of 0a«-I0o*6*+6«.

16. Find three factor* of **-f-x*+l.

16 Find four factor, of a*+b*+e*~2aH,*~2bh»-2e*a* bvxmpleting the square of a«-6«+c«. ^
17. Factor (a+l)«+(o«-l;- -(a-l)«.

tr. Type VI. Trlnomtato. We have already dealt with
the factonng of expressions of the type z*-\-px+q, whew the
coefficient of the first term is unity (art. 61).
We now wish to factor expresaions of the type mx^-i-px+a

where m la not necessarily unity.
^f ^t'

98. Pint Method, by Cross MuItlpUeatlon.

Ex. l.—Factor 2a:«+7zy+3y«.

The product of the Bnt te.ms of the factor* i. 2xt, and thereforethe first terrn. must be 2x and x ; similarly, the laat ter™ZTt^
3y and y and the signs are evidently all positive.

.*. the factors mtist be

2x+3y 2x+ y
*+ y or x+3y

It is seen, by oroas multiplication, that the coefficient of xv in th«first product is 3+2=5. and in the second is 1 + 6= 7
.. the correct factors are (2x+y)(i+3y).

Ex. 2.—Factor 3x»-7z-6.

be^rdTaniTir','"!?"'""*' °' *''•' ^"* *«^™ °' *he factors mustbe 3 and 1. and of the last terms may be 6 and 1 or 3 and 2

.^°» ^tttliff™''.
'^""'' "" •"»• »' "• -«<•— of .U

The poesible sets of factors, omitting the signs, are :

*• 3 3x 2 3x 8 3x 1

r 1
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* fe*:t»^

Siooe the ajgn. u, difltmt lor the Iwt t«cm». whaa w. no.

zs^ *"
f°^ "k"

'^°'"" of . i„ «,. p^u:t «.. p^produote miut be aubtraoted t~»"~

.'. the factors are (3x+2)(»-3).

This method is Uable to be found tedious when the coefficients
have a number of pairs of factors, but in ordinary cases the
pupd will find Uttle difficulty after he has had some practicem the work.

09. Second Method, by Drnwinposltlon. In the process of
multrplymg two binomials like 2x+3 and 3a:+6. we have

(2a:+3)(3x+5)=3a;(2a:+3)+6(2x+3),

=ea:»+9x+10x+16,

=«a:«+10x+16.

If we wish *o factor a trinomial like 6x»+19ar-|-16, wemay do so by reversing the process.

Thus, 6x«+ 19x+16=6x«+9x+ 10a:+ 15,

=3a:(2x+3)4-6(2a:+3),

=(2x+3)(3x+6).

The only difficulty m this method is in finding the two
terms mto which the middle term, 19x, should be decom-
posed. This difficulty may be overcome in the following way :

(ax4-6)(cx+d)=acx«+x(ad-|-6c)+M.

Note that the product of the two terms in the coefficient
of X ad and 6c, is the same as the product of the coefficient
of x», ac and the absolute term, bd.
In the trinomial 6x«+19x+15 above, the product of 6 and

15 is 90 and the two factors of 90 whose sum is 19 are 9
and 10, which shows that the middle term, 19x, should be
decomposed into 9x-|-10ec.

•V ^



rACTORINO

Ex. 1.—Factor fia:«+13x-f6.

136

The product of the coefficient of «» and the Ah»il..f^ • «-
rhe two factors of 36 whose sum is 131T^9 ^"» » 3*

••• &«f*+13*+6=6x»-f4«+9«+6,
= 2z(3a:+2)+ 3(3x+2),
= (3«+2)(2x+3).

Ex. 2.—Factor 12x«-I7a;-6.
Here we require two factors of -60 whose sum i« 17 -«^ *u

are evidently -20 and 3.
-17, and the}

.-. 12a;«-17x-5-12»«-20»+3x-6,
= 4«(3x-6) + (3a!-6),
= (3«-5)(4»+l).

XBROISa 71 (1-18, Oral)

Factor and verify

;

1. **+4x+3. 2. o«+lla JO.

4. o«-lla+18. 5. x«-14x-|-48.

7. ««-16a:-|-14. 8. o«6«-eo6-|-6.

10. l-21a:+3&r«. U. x«-ftry-f-8y«.

18. «»-4t-6. 14. a«-9a-22.

17. 1—2o-15o«.
20. 4x*+8xy+3y*

23. 3z«_x_2.

26. 156«- 196-8. ... .^_„
M. 106«-896-9. 29. 9*«-31:ry+12y«. 30.' l"oa«-^+"o6.
Find the simplest factors of

:

31.* 3a:«-3»-216. 32. 2a«+8a+6.
34. x*-5x>+4. Sa. o»-)!0a»+9a. „. ,.^,
37. («»+4x).-2(,.+4x)-16. 88. (x«-9x);+4(««-'^)Ii4e.
39. Without multiplying show that

(*«-*-2Ka;«-}-2z-16)=(x«+a»+6K*«-6*-|-6).

Show that It 18 divMible by x-l-2 and find the quotient.

16. y«-4y-21.

19. 2a;»+8a:-f-3.

22. 8aj«-f-x-9.

26. 4x«-f-x-6,

3- y*+8y-|-16.

6. l+Sx+flx*

9. o«-15a-f-66.

12. o«-13a6-|-366«.

15. «*-28x-29.

18. a*—ay—2y*.

21. 9a«-18a6+86«.

24. 6a«-o-2.

27. I0x«-23x-6.

33. x-5x«+ex«.

36. 9o«-10o»+l.

Hi4fl1;

'I

,ef-K^,,t»-
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II

,.**• ^'1°'^ *''** *»>« product of &c«-13x+6 and 2x«-7«+5 isdivuiible by 3x«-&c+2 and find the quotient.

nn!ffl • " ^Is't'^ru^
'' '''^ P"^"^* °' *^° binomials with integral

coefficients, find all the different values that a may have.

43. By factoring, find the quotient when the product of

6o«+7a6-206« and 22a»-73a6-146«
is divided by 4a«—4a6-366«

44. Factor x'+5xy+4y*+x+y.

46. Factor 3a»-a6-26*+6a+46.

100. Type VU. Sum and Difference of Cubes.

Divide a:»+y» by x+y, jr+y)*. +y«(««-«y+»«
and a;'—y' by a;—yj «*+*V
.*. X*-^y»={x+y){x*-xy+yi), -x*y
and a5'-l/'=(aj-2/)(aj«+aj2/-f 2/«).

-»'y-«y'

Examine carefully the signs in these +'>y'+y*
factors. ay'+y*

It is thus seen that <A« «^m of the cvbes of two guantUie,w dtvmble by ihexr sum, and the difference of the cubes is
dxvtsvble by their difference.

«««•»*

TAe quotieTU in each case consists of the square, product and
square of the terms of the divisor, with the proper algebraic signs.

Ex. 1.—Factor 8a»+276>.

*Iere 8o«=(2a)« and 276»=(36)»,
.'. the expression may be written (2o)»+(36)»,
.-. the Qrst factor is 2a+36 and the second is

'

(2a)«-(2a)(36) + (36)« or 4o»-6a6+96i.
.'. 8a»+276«=(2o+36)(4a«-6a6-f-96«).

Ex. 2.—Factor o"ar>— 64y«.

o»»»-64y«=(o«)»-(4y«)«,

- («»- 4y"KaV+ 4«Hf•+ 1V^

T^^-
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Ex. 8.—Factor x«-y«.

141

cu^'
--y be expressed ss the diffe,.nce of two squares or of two

•• '•-y*= (^*)»-(2/*)». or(ar«)»-(yt).,

=(x*+y*Kx*-,j»), or (x»-»«)(xHiVHy«)

BXBR0I8B 72 (1-12. Or»l)

State one factor of

:

1. a«-|-6». 2. a;»-f8. 3. a;»-27.

5. a:»-64y». 6. 27-6». 7. 8a»+125.
9. l-27*». 10. 343x»-8.

12. (a-6)»-c«

Factor and verify 13-21

:

4. 1000-a«

8. 125a«-86».

11. (a+b)>+e:

13. a»H- 27.

16. 27x»— 64y».

19. a»+6«.

22* 2o»-16.

26. a»6+6«.

28. (*-2)»+8.

15.

18.

21.

24.

I000x*-y:

a«+o.

27. {x+y\>+aK

30. (o-6)»+(a-|-6)»

14. x»-8y«.

17. 8-27o».

20. x*-b\

23. 81+3y».

26. a*+b:

29. (a-6)»+a».
31. What is one factor of (2x—y)'—(x—2yy ?

32. Show that (2a-36)»+(3a-26)» is divisible by 0-6.
33. Factor (a«-26c)'+86»c» and fnx»yh-yh*.
34. Find six factors of a'»— 6»».

36. Find two binomial factors of (2*»-3a;+3)»-(x«_2«-f-6)«.

36. If « -f 1 =2, find the value of ar» -i- i .* ^x»
37. By factoring show that (a+6)«-3a6{o+6)«=(a-|-6Xo«+6»).

M UX5. axO, 0x(-4), JxO, -1000x0?
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If one of the factors of a product be rerx). the productmust also be zero.
*^

If the product of two numbers be zero, what can we infer I

If 06=0, it follows that either a=0 or 6=0.
If (x-3)(x-4)=0, then either x-3=0 or x-4=0
Since («-2)(x*-7x+12)=z»-9x»+2&c-24

.-. x3-9xM-26x-24 muat be equal to zero when x=2, for
then one of its factors, z— 2, is zero.

If we substitute 2 for x, we see that this is true.

«»-9a.»+26«-24-2i-9. 2«+28. 2-24,
=8-36 + 62 -24= 0.

Conversely, when any expression becomes zero when x=o
then x—a is a factor of it.

'

Substitute *=3 in «»-&r«+ll,_6 anJ it becomes
3»-6

. 3»+ll . 3-6=27-64+ 33-6=0,
*— 3 is a factor of «•— 6«*4.1l«_8.

Divide it by *- 3 and the other factor is x«- 3«+ 2.

.-. **-6*«+ll,_6=(«_3)(xt_3a!+2),

=(x-3)(x-2)(a:-l).

«i!
'J ^ » *

'~J*>^
o' •« expression, the expression must be equal tolero when «= - 1, for then *+ 1 = 0.

Thus, x+1 is a factor of x»-x»- lOte-g, since

(-l)»-(-l)«-10(-l)-8=-l-l + io_8=0.
Divide by x+ 1 and complete the factoring.

Any expression is divisible by x-a if it vanishes (becomes
zero) when a xs substituted for x.

This is called the factor theorem.

Show that x-o is a factor of x»-7ox«+ lOahe-Aa*.
Show that x+o is a factor of 6x»+6x»o+ llxo»-|- loii*.

Ex.—Factor a:'— 9a:+10.

If it has a binomial factor it must be of the form
«±I, x+2, x±6orxtl0.

Testing for these factors we find that t-2 is a factor,

.-. a!'-9x+10=(x-2)(x«+2x-6).
The factoring is complete as x«+ 2x- 6 has no simple fketof^



102. Special C«e It is easy to aee when x- 1 is a factor

o
211"^^""'^' "*^"° ' " substituted for x. the v^lueof the expression becomes equal to the sum of its ioefficiente

Thus, if »= 1 x«-2«»-l9a!+20,
1-2 -19 4-20=0,

;. «-l u a factor. Complete the factoring,

1-6+3+2=0: " '~'*°' °' «*-6a«6+ 3o6.+ 26.. ,inc

ZBROISB 78

E«h of theee expt«»ioM is divisible fcy x-l, x~2 or z-3 Pi„d»I1 the factors of each and verify.
-« or z j. Fmd

1. *»-10a:«+2ft»-20.

8. ««+&t*-2a!-24.

6. 2a:»-7a«+7a!-2.

Factor:

7* 2x»-llx«+5x+4.

9. x«-7«+6.

11. o»+o«-10o+8.

2. ««-3a:«-12*+14.

4. x*-ix*+x+6.

6. 4«»-9x»-10!r+3.

8. «»-2a;«—«+2.

10. *«-19*+30.

12. o»-3a6«-26».
tS. Show that x+2 is a factor of «»-*»-x+10.
14. Show that *+o is a factor of x»+7*\i+9a»«+3o»
16. Show that x+3. x+4 and x-7 are the factors of x«-37x-84.
16. If x»- lOr+o 18 divisible by x+2, find a.

the fJ^°"
*'*' "-' ^ • '•«*«' »' «'+4a«6+a4.-66.. and find all

.iurrx.!:t3ri?:7x'rr^^^ -^- ^^^^ X.-2X-3

1». Show that a-6.6_c and e-o aw factors of

a(6«-c«)+6(c«-ot)+c{ai-6i).

2T H
''".'

Tt
'"' "^ '"*"" °' x.-6x.+ax+6. find a and 6.

by Lo"^ ;!:^-7~'« -^ .«'+2.«-17x+p are both divisible

^mi:iM.i^^^^nm^m
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108. Equations Solved by Factoring. We have seen that if

,,
(a:-3)(a:-4)=0,

^^^ x-3=0 or ar-4=0.
Thus the equation (x-3)(x-4)=0 ia equivalent to the twosimple equations x-3=0 and a:-4=0.

?"* " a;-3=0, a:=3,
*»^ « a:-4=0, x=4,
.-. the roots of the equation (a:-3)(a:-4)=0 are 3, 4.
The truth of this may be seen by substitution
If«=3, («-3)(x-4) = (3-3)(3-4)= 0x-l=0.
flL'r

• <*-3)(*-4)= (4-3)(4-4)=lx = 0.Since («-3)(a:-4)=««-7x+12.
the given equation may be written

«"-7»+12=0.

the^uJL"*;ir?i! "^r^"-
^^^^ ^"**^°^ ^'^^^ ^^^^

!nLX « ""'^^'^ *"^ "« *^'«^«r Po^e' i« called a
quadratle equation or an equation of the second degree.
The preceding shows that if we wish to solve a quadratic

equation we may do so by finding, by factoring, the simple
equations of which it is composed.

^
ailn^''°!f^^"**'°'^

""^^^ ^'^^ ^i" ff^e the roots of thegiven quadratic equation.

Ex. 1.—Solve a;«_6a:_7=o.
Factoring. (x-7)(ar+l)=0.

.*. «-7*0orx4.1 = 0,

x=7or -1.
Verification: ifx=7, x«-6x-7=49-42-7=0,

if x=-l, x«-6x-7= 1+ 6-7=o!
Ex. 2.—Solve 3a:«+7a-=6

pJ^e'^J^
«-«-«. m.k, the righ..h«,d .ide ^. „ ta «»

3x«+7x~6= 0,

(3x-2)(x-<-3)= 0,
.-. 3x-2=0orx+3=0,

X^ § or - 8a
Verify both of theae roots.



IfAOTORlNQ ,^
Ex. 8.-Porm the squation whose roots are 2 and -6
The required equation is at onoe aeen *j^ K- o u- •

two simple equations
«»en to b« a combmation of the

* 2=0 and x+6^0,
and therefore is («-2)(,4 8)-0.
**'

««+3a:-10-0.

Ex. 4.—If 2 is a root of the equation

a:»+3x2-16j:+12= 0,
find the other roots.

.-. *'+3««-18»+12=(x-2)(x-l)(x+6)=0.
a;-2=0 or a;-l= o or a;+6=0,

*=2 or I or —8.
.'. the other roots are 1 and —6.

XBR0I8B 74 {l-W, Oral)

^^Uif:
^"''^°'" °' ''•^ '"* ^^ - -»» o' the foUowing

1. ^r-lKx-2)=a
2. (x-3)(x+5)=0.

3. x(x-6).0.
4. («-lK«-2)(x-3)=0.

*• *-*=-«•
6. x.-4x+3=0.

7. ««+&r+6=0.
8. «._,_2o=o.

9. ««+3«x+2a«=0. 10. x«-6x-126.=0.
State the equatioiu whose roote are

:

11. 2 and 3.

14. a and 6.

Solve and verify

:

17. x«'-8x+18=0.

19. «M-2a:-16=0.

21. 3z«-8*+4=0.

23. 2ar«+«=i5.

26, ar»-,-a

12. 4 and -8.

10. 2, d and 1.

15. -2 and -4.

16. 4, 8 and —d.

18. x«+8x+18=0.

20. *«-2a:-18=a
aa. 4x«—2x—2—0.
84. ie(3*-l)=lo.

26. x*-.ax+6ir—oA—a

«

I
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21.

99.

SO.

If 2 ia a root of x»-19x+S0-0, find the other roots.

Solve «»-dx«+llx_6=0 and 4x»-12*«+llx-3=0
(Note that the sum of the coefficient* is zero.)

The sum of a number and its square is 42. Find the number.
The sum of the squares of two consecuUve numbers is 61

rind them.

11. The sides of a right-angled triangle are «,x+l and x+2. Find*.

106. NotM eoneernlng Faetorlng. The subject of factoringu one of the important parta of algebra, as it enters into somany other processes. We have ah^dy had examples of

frocT
*° "^ equations and in performing operations on

In the preceding exercises, in this Chapter, the expressions
to be factored have been, classified for the pupil. In the
practical use of factoring, however, he must determine for
himself the particular method to be used.
This is usually done by determining the type or form

to which the expression belongs. The examples in the
review exercise which foUows will give the required practice.

Ihe types which have been discussed in this Chapter are
here collected for reference :

I.

II.

m.
IV.

V.

VI.

VII.

vm.

ax-^ay. (Common fsetor In every term.)

ax+ay^bx+by. (Factored by grouping.)
05" ± 2xy-\-yK (Complete squares.)

a"— 6«. (Difference of two squares.)

«*+a5V"+|/*. (Incomplete squares.)

€ix*-\-bx-\-c. (Trinomials.)

X^ ± y\ (Sum or difference of cuIms.)

Factored by the factor theorem.
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mxMAoiam n (iun«w of oii«pt«r xd
1. 8Uf th. «,uare. of „+6. a-6. ,-3y. 2x- I. 3,-«. 5„^ ,,

4»-4y, 7o-3, o»-l. o+i.
a

2. State the squares of a+b+e, x+y~z, a~b-e,
3. Write down the producta nf w« k\ ,

1-3KX-5,. (2«- 3,(2,^3, (:^_1,(t;7j:
"^""''''''' <'+')<'+"

U«. d,ort method, to find, in the aimnleet form, the value of •

4.M«+a+6)(x+a-6)+ (x-a-6)(x-o+6).

6. (a+6+c)«+(o+6-c).+(o-6+ c)»+(o-6-c)«.
7. (2oH-36-c)«+ (3o+6_2c)i+(o-26+ 3cM
8. 9999.-9998..

e. 5743.-4257..
10. 503X497-502X498. n. («+99).-(a+98)..
Find the simplest factors and verify 12-29

:

12. x«-ir-42

14. ar»-4x.

18. «•—o+a«— X.

18. »H6x«-4x-20.
20. 15a.+ 32a+ 9.

22. x«-4x..

24. (*-3).+(x-3)(x+4).

26. 1 + 206-0.-6*.

28. o6c.+o.crf+oW.+6.cd.

30. 4(x-2).-x+2.

32. (o+26-3c).-(3a+26-c)..
34. I08O.-500.

36. x*-7x.-18.

38. x.-xy-132y..

*0- ^•+y»+3xy(x+ y).

42. o.-46.-3a-66.

44. o.+2a6+6.-|-ae+6e.

13. x»-3x.-x+3.

15. a.+ o— 56.

17. 27x.-12y..

19. x.-3x.+ 2x.

21. 343 -x*.

23. 18x.+48x+32.

25. 15x.-15y.-16xy.

27. x(x-2)-}-y(x-2)-x-|-2

29. 25x«y-40x»3/«+16x.y».

31. 24o*-3a6«.

33. 12X.-X-20.

35. x.+ x -y«+y.

37. a:»-y»-2xV+ 2xv».

39. {a+c)(o-c)-6(2a-6).

41. ox.-x(3a6+ 2)+ 66.

43. •2x{2x+a)-y{y+a).

45. a«-2a64-6._o+6.

L 2

1^'
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m X

47.

4».

61.

08.

50.

8{o+6)«-(2a-6)i.

3o»-8a»- 80+10.

o»-a«+8o«-8.

48. 4o«-266«-f-2o+fi6.

flO. »•+»•- '3itV-

62. «»-llx«+7«+3.

64. «*c*— c«-far«— 1.

66. Show that a- ft+0 is a factor of

(2o-36+4c)»+(2a-6)».

67 Factor 4a«-37o»6«+ 96«. (1) by crosa multiplication. (2) by^mpbting th. «,u.re of 2a.-36.. (3) by completing the .^i^ J5

68. Without multiplication show that

(xi_4x+ 3)(««-12*+ 36)-(x«_(far-f-6)(*i-10x+21).

69. Make a diagram to ahow the square of 0+6+c+d.
60. Factor (o-6K6«-c»)-(6-c)(a»-6»),

6.. Find the factors of 6«»-7*t-lftt+12. being given that itvanishes when «=2.

62. Find four factors of (ar»-8*)»+10(x«-8*)-f-24 and of

(x«- 6)«- 4aKx«- 6)- 6««.

68. Uae the factor theorem to solve

«*-81x+30=0 and x«-43xi+42x->0.

64. If two numbers differ by 6. show that the difference of their•quaree is equal to six times their sum.

66. Find the quotient when the product of x«-(6-c)x-6c andx«~(c-a)x-co is divided by x»+(a-6)x-a6.

66. Multiply a»-6«-c»+26c by ^^i^ilf.
' a+b—e

H *^ *i'
»*+**+/«'+6x-3 is divisible by x- 1 and x+3, find a ando and the remammg factor.

68. Factor 2x*—ax+6x—06— a*.

f • ^IP'^ a«6«+c«d«-a«c«-6«d« as the difference of two squaresm two different ways.
«^"«»r«i

70. Factor a«+6. + c«-2a«6«-26«c«-2c«a« by completing thequare of a*— 6*— c».
r e "«>

71. Find four factors of (o»—6«—c«+d«)«— 4(od-6o)«.

i



CHAPTER XII

SIMULTANEOUS EQUATIONS (continued)

106. In Chapter VII. the solution of simple example.

T^h" TJT 'r ""''"°^"« ^^ ^" considered. ^Ihe method there followed was .j make th« n~.ff5 • *

107. EllminaUon by SubitltuUon.

Ex.—Solve x-2y= 2,

6a;+7y=78.

Subrtituting this value of « in (2),

8(2+2y)+ 7y=78,
.-. 10+l()y+ 7y-78,

17y= 68,

Subrtituting y- 4 in (3), JZ i

q*

of?Lrnf°^°r*^Kt^^.^''^^« '*^^ ^*^"° of ^ in term-

nL^-^ ^^ ^""^ substituting that value in (2). We thusobtamed an equation which contained only the unknown «This IS caUed the method of elimination by sutaSon
^'

We might Uke the value of x from (2) and substitute in (1)'^--' - fa-78-7y. ,. x=Zi^.
o

(1)

(2)

(8)

Thua from (2),

Subrtituting in ( I), TinlM _ Sy = 2.

GompMt. th#. .olutioD and verify the root*.

I4»

M
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i

Thittfromd). 2y-»-2. .-. y ^*~~^

.

Substituting in (2). 6, + ?t'—*> « 7g.

Complete the solution.

Solve also by finding y from (2) and substituting in (I).

If the four solutions be compared it will be seen that, in
this problem, the first is the simplest.

In solving equations with two unknowns, the pupil
should examine them carefully and choose the unknown
which he thmks wiU be the simpler to deal with.

106. Elimination by Comparison.

Ex.—Solve 2x-Zy= 7,
(jj

3a;+6j/=39.
(2)

From (1). « - 1+^, and from (2). m - ?^^.
3

2 - 3 •

.-. 3(7+ 3y) = 2(39 -6y).

Complete the solution and verify the roots.

Here we effected the eUmination of x by comparinff the
values of x from the two equations,
^is is called the method of eUmlnatfon by eomparlsonWe might have compared the values of y obtained f^m

the two equations. Solve it that way.

109. Thrw Methods of Elimination. We have illustrated
three methods of eUmination, by addition or subtraction
by substitution and by comparison. When no particular
method 18 specified, the pupil is advised to use the first
method as no fractions appear in it.
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IHOMB W (X-e, Oml)
BUim the y«lu. of ..oh unknown in term, of the other in j

1. x-\-y=B. 2. x-y=.3.

4. 34r-y-6.
ft. at-|-3y=12.

Solve by subetitution and verify

:

7. x-f2y=18, 8. S*-|. y=. 7
2«+6y«41. 4«+Sl^-H.

10. 2«-3y-14, 11. 3x-4y=10,
«-6y= 0. 2;+6y=ll.

Solve by oompariaon and verify

:

13. x+3y=10. 14. 2«+y=26.
*+6y=14. ar-y=U.

Solve by any method and verify :

8. x+2y-ll.

8. 6*-4y-10.

9. 2r

la.

ii.

19.

-4«.

Srt- )y^ 7.

•-'^ -21
. i*A

3Xr4» - C,

4t >,j 5

16. J*-iy=.2,

f«+Jy=9.

i». ?=y
2 3'

17.

30.

3x=2y.

6+3 ®'

x+^Jf=lli.

18. y=^5x4-h

21. 3y-7x=x

22. ^ + 2-y^^2y^'4p^,o.
23. *-5y+3=2x-8y+3=7x-10y-fi8.
24. («-lKy-2)-(y_3Kx+l)=17.

(x-3Ky-6)-(x-6)(y-3)=-22,

26. •Iar+-21y+.52=.01x+01y+3=0.

26. x+5=3(y-3). «£zi + y ==^ ^ ij>,

37. ^=fc6^^^^ 23_2x-9y
4 » Q 2~'
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110. Equations with three Unknowns.

Ex.—Solve 2x+3y-42=12,

3a?- y+2«=16,

4ar+ y-3«=l».

(1)

(2)

(3)

Thie system of equations differs from the preceding by
containing three unicnown quantities.

If we can obtain from these three equations, two equations
contaming the same two unknowns, the solution can be
effected by preceding methods.
How can we obtain from (1) and (2) an equation containing

X and 2 only ? How can we obtain another equation from
(2) and (3) containing x and z only ?

Perform these two eliminations and find x and « from the
resulting equations. '

Now find y by substituting in any one of the given equations
and verify by showing that the values you have found for x,

y and z will satisfy all of the given equations.

The aolution might be written in the following form

Eliminatey from (1) and (2), .-. lla!+2« = 67.

(2) „ (3). /. 7x- «= 34.tt •!

(«).

Substitute x=>6 in (4),

M ««=6ftnd«=i 1 in (1),

x= 5.

«= I.

y= 2.

(4)

(«)

.'. »a5, y= 2, f»l.

Of cou«e it will be seen that any other unknown might have been
eliminated twice from two pairs of the equations.
Thus we might have eliminated t from (1) and (2) and also from

(1) and (3), and thus obtained two equations in x and y. We might
then have completed the solution as before.

Solve the equations by this plan. Also solve them by two
eliminations of x.

Which letter do you think is easiest to eliminate twice T

Note that the solution is completed only when the values of all
of the unknowns have been found.

jHk
itSK-H

icy:. ':^H!TI
S*<f^''^wk
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BZBR0I8B T7 (1-4. OnU)

1. What operation wiU eliminate both x and x-l-i/4..=^ n^

r.lJ?v.
^°' ° ^'°'' "'''°'' •"" " '"pi"' <« eliminate from twopair, ot the equation. I Which to No. « T Which m No. 7 ?

Solve and verify

:

6.

8.

2x-y+3t= 7,

3a:-|-y-4z= 7,

8. x-\-2y+ 3«=16,
«+3y-|- 48=24,

7. 4ar-3y-|- 2=10,

6*-6ir-}-2z=17,

«+ y-l- z= 8.

». x+2y-|-32=32,

4a:-5y+a8=27,

^x+8y-9z=l4.

11. x+2y=l2,
3y+4z= 2,

62- 2*= -21.

13. 3-|-x=5+4y.

z+x--3y,

7y=2+2.

2 + 3 + 4-3 + 4 + 5 = 4 + 5 + 6=' *•

lfl.» If *+2y=26. y+3z=66. e+4x=36. find the value of x+y+z

«+y- 2=16,
x-y-l- 2= 4,

«-hy-f-22=22.

10. «+y=25,
y-f-s=75,

«-|-x=70.

la. 3(2-1) =2(y-l),
4(y+x) =02 _4,
7(&e-32)=2y -9.

*• i«+ iy+ i« =36,

J'+iVy+i'o* -=10,

i*-i- *y+A» =43.

I
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H

*=A And Its value when x=3.

4^x1 P®**'"™'"''
*'»"« numbeni whose sum is 9. such that th« sum

Of the fi™t. twice the second and three times the third is 22. and theBum of the first, four limes the second and nine times the third is 58.

21. If 0+6- 12, 6+c= 15. c+rf= 19. find a+d.

111. Speeial Forms of EqiuitloM. Two equations of the
first degree in x and y will usually determine the values ofz and y.

CJonsider the following sets of equations :

(1) 2x-3y=10.
(2) 2x-3y=lO, (3) 2x-3y=l0,

4x+5y^42. 4x-6y=20. 4x-6y=30:
In (1), if the two equations are solved in the usual waywe find that x=8, y=2 will satisfy both of the equations,

and no other values of x and y will satisfy them.
We therefore say that these equations are determinate, that

IS, they determine the values of x and y.
In this case the second equation can not be deduced from

the first, nor the first from the second. We therefore say
that the equations are independent.

In (2), the second equation may be deduced from the firstby multiplying by 2. These equations are dependent and
not mdependent as in (1).

Any number of values of x and y will satisfy both equations
because any values which will satisfy the first wiU also satisfy
the second. These equations are therefore indeterminate.
In (3) if the first equation is true, the second can not be

true. They are therefore said to be inconsistent or impossible
and no values of x and y can be found to satisfy both of them'We thus see that ttvo equations in two unknoums can have
a definite solution only when the equations are independent
and consistent.

In this set of equations, the third may be 3*+2v- «= 6obt^ned by adding the other two. They are 4x- y + 3,-20
[|^'~°JV*^<*«»t equaUona and consequently 7*+ v+2«-2fi.'
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XaROISB 78

^1.^ Find three pairs of value, of , and y which satirfy the equatioo

2. .^Ive2x+3y=l3.6x-y=24.
Ib it po«,ible that 2x+3»=13fe-y=24 and 4x-f 5y=.19 can be true at the%ame time ?

^^'**'-'^'

3. What is peculiar about the equations 4x+v-17 8x-|.2« ^ »
Also about 8a:+12y=60, &r+9y=46 T

8«+2y-.35 r

*. Show that the equations

a:+«+4=3y, 3x+2=2y+6. 2x+y=l0,
are indeterminate. If z=6. solve the equation*

ft. Find two solutions of the simultoneous equations

:

x^y+z--=V 3x-2y-j=7.

For what values of a will the following sets of equatione be consistent

;

6.* 3x- y= 6. 7. 3x+2y= 7. 8. 9x - ay^O.
-+2y=26. iar-4y=2. 3x- y=2
^+4y= a. Zx^ay^U. Sz-^y^^.

9. Show that these equations are inconsistent:

2a:+3y-3*=20, 3ar+7y-2z=6. x+2y-t^ii.

112. Special Fractional Equations.

Ex.—Solve 3 8

(1)

(2)

can complete th« solution by this method
^ ^ "

.tid!"
"""'*'"' '""*'"•*'• *^ ^"™'"*'*' " ^^°"' '^ -l"*t,on. as they

tP 9
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Thus, multiplying (2) by 4 and adding

9fe = 19,
L»-^. 1X-g.

SubBtitute ar = J in (1) and 18— ? = H
y

8

y
-4, y = 2.

The solution, therefore, is x=i, y= 2.

Verify this result.

Solve aad verify

:

1. ?+?=2,
* y

24_21^j

llV 101.

aZBROISB 7B

2. ? + ! =29.
* y

?-?=2.

6. ^ + 2^ = 15.
X 6.

X y

« y

•c y

V 2

I

7. 3y-5x=xv,
2y+3x=26xy.

« y X y

«. - + o =
15

* 2y 2x"'"3y 6

z X

10. 3x + ?-l=i2x + ?+i4^1_2x-14.

rhi!?; v?r'""' J'*'*"'*
*° SImultoneous Equations. InChapter VII we have had illustrations of problems whichwere solved by using e^^uations of two unknowns. We now

give some further examples on special subjects which werenot then considered.
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Let a!=the unite digit and y the tens digit,
•the number

=,0^^,^
and the revened number = lOar+u.

.-. lQy+it+18=10a;+y,

Simplifying (1), 9,_9y^ ,g ^^ ^_^^2.

B ,
" ^^^' >l«+lly= 88orify= 8.

^''""8 x=6. y= 3.
.

.
the required number i« 35.

Verification : 36+ 18=63. 36+63= 88.

anf3 ^^IL\ "^ "^^^ ^ **>« numerator of a fraction

UH L **»« ^«°on^'nator, the fraction becomes 4 If 2had been subtracted from the numerator and ? fL thed^ommator the result would have been
i. iSd the

(1)

(2)

•-^t = the fraction,

* y+3"2
.-. 2*+8=y+3

2x-y= -6

and «-2_ 1

y-6~ 6'

and 8a:-12=y-6.

and 8z— y=7.
Complete the solution and verify.

Sometimes the solution of a problem may be simnlified

Thus, if two numbers are in the ratio of 7 to 6 *e miohtn^nt the .rger number by . and theu the .mVe:T^

m«i
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#fT «=

Let

Let

Salving

l«

A better way. however, would be to represent the larger
by Ix, and then tho smaller would be 6j-. By doinir so we
get rid of the use of fractions.

^ e c

Ex. 8.—The incomes of A and B are m the ratio of 3 to
2, and their expenses in the ratio of 6 to 3. Each saves
1400 a year. Find their incomes and expenses.

t3x= ^'8 income, then $2*= B'a income.
$6j=^'8 expeniiee, then |3}/= A's expenses.

.'. 3a;-6y= 400 and 2x-3y= 400.

a;=800and y= 400.

A'a income = t3x= $2400 and B'a = 11800.
.-. A 'a expenses= |6y= $2000 and B'a = $ 1 200.

•!?T'!;TJ".?'''i"*
*''* problems in the exercise following, the pupilw.

1 find that he frequently has the choice of using one, two or moreunknowns Except in special cases, he is advised to use as small anunnber of unknowns hm possible. In each case the re-.Uts shouid be
verified.

ZBROISB 80

1. If 10 men an 4 boys, or 7 men and 10 hoys, earn $96 in a
day, find a man's wages per day.

.n "'tt?***
""'"'^-*" ""^ 'n th« "tio of 5 to 7 and their difference is

10. What are the nun rs ?

3. The sura of thre numbers is 370. The sum of the first two

H *u"T ^i-^V"^
'**'"" '"'^ "* **'"«' '•»« fi"t » «!"&* to 'our times

the third. Fmd the numbers.

4 Find three numbers such that the results of adding them two
at a time are 29, 33, 36.

6. Divide 429 into three parts so that the quotient of the first
by 7, the second by 4 and the third by 2 will all be equal.

0. A workman can save $200 a year. He goes to another town
where his wages are 10% greater and his expenses are 6% less, and he
can now save $310 a year. What are hU wages now T

T# I'' ^f ^denominator of a fraction exceeds thf numerator by 3
If 2 IS subtracted from eaob term, the fraction reduoes to I Find
the fraction. '
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i»™ been
J. Find the fraction.

^ '""'''

M. A number oonuits of two duite whoM «<» u 1 1 .* -i
of eke digit, be «,.«d. the nw^ ZTob^!^ ^ ""°^
.h«. twice the origin.. n„„,b,r. wlltt"he „™:^, »

^'« "^ '

Show^^^Z^IZ^t?" °'r™.'" '"• "" '«» - ••

16. The >um of the reciprooj. of two number, i. A «:. .•
•be ..cproC of the »„t i.^^ .h„ iiv.t

«
''the*4'L'n

th.«eondbyJ. Find the numbe™. (The^dp^eai of x i. '.,

must I take T
P®' '^- "°^ ""«h «' each

1». Three jwunds of tea and 10 of sugar coat 1240 uincreased 10% in price and sugar docre3^I0? th ,

,^ "
J2-52. Find the price of each jL lb -^^

''^^ ''""'^ ^'
5*0. Two numbers are in the ratio nf 7 « c «,l»^b^^ When three ti.™ .he„ rieV^idldtv r.LrS:S;

#
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ai. Show that the aum of amy number of two digiti and the number
formed by reversing the digit* ia always divisible by 11 and that the
difference is divisible by 9.

22. A number has three digits, the middle one being 0. If 396
be added the digits are reversed. The difference between the number
and Ove times the sum of the digits is 257. What is the number T

23. Divide 126 into four parts, so that if 2 be added to the first,

2 be subtracted from the second, the third be multiplied by 2, and the
fourth be divided by 2, the results wiU aU be equal. (Let the result=z.)

24. There are three numbers such that when each is added to twice
the sum of the remaining two the results are 44, 42, 39. Find the
numbers.

25. The sum of the three digits of a number is 12. If the units
and tens digits be interchanged the number is increased by 36, and if

the hundreds and units be interchanged it is increased by 198. Find
the number.

26. Find three numbers such that the first with i of the sum of
the other two, the second with i of the others, and the third with
} of the others, shall each be 25.

27. A piece of work can be done by A working 6 days and B 21
days, or by A working 8 days and B 18 days. In what time oouW
each of them complete it alone T

28. Divide 84 into four parts, so that the first is to the second as
2 to 3, the second to the third as 3 to 4, and the third to the fourth aa
4 to 6.

29. Of what three numbers is it true that the sum of the reciprocab
of the first and second is J, of the first and third is | and of the second
and third is | T

30. Two numbers consist of the same throe digit* but in inverted
order. The sum of the numbers is 1029. The sum of the digits of
each is 15 and the differenco of the units digits is 6. Find the numbers.

31. A stream flows at 2 miles per hour. A man rows a certain
distance up stream in 5 hours and returns in If honn. How mtuiy
miles per hour could he row in still water T

32. A rancher sold 50 head of hor8*;s, part at $125 a head and the
balance at $150 a head. After npending $60 he was able to make the
first payment of J trf the purchase price of 1200 ores of land at $18
per a^m. How manr bocses did he sell at $125 a head T
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Ai^^'tJ^ °!r**" *^^ **' ' ""'** ^^*' •"<* • **"»»»« digit, the unit*d^t bemg the g«.W by 1. The .um of the digit, i. le^than twic^
the number by 2. Find the number.

84. A grocer spent 1120 in buying tea at 60o. • lb., and 100 lbo coffee^ He «,ld the tea at an advance of 25% on co.t and the coffee
at an advice of 20%. The total «,lli„g price waa |148. Find Snumber of lb. of tea porcbased.

rum me

^'
.T**?

^
J!

»»''t««t«l '«"° each term of a fraction the raaultu equal to f Show that the result would have
been the same if I had been subtracted from
the numerator only.

36. It ia shown in geometry that the two
tangenta drawn to a circle from a point are
equal. Thua, in the figurw AD=AE, etc. If
^5=15. BC=14, CA= 13, 6nd x, y and *.

37. If the sides of a triangle are 10, 16 and
19, where will the inscribed circle touch the
idesT (See figure of preceding example.)

in -h.///
**"

*^*°u* ^ir*.
°' ""^^ ^ "* '^"^^ *"^ B can do it in n day^m what Ume can they do it working together ?

If z is the number of days required,

then 1 = 1 + 1.
* m n

x= mn
m+«

J».
Use the preceding result to find in what time A and B working

together can do a piece of work which could be done by ^ and 3separately m the foUowing number of days :

(1) J in 10, fl in 16. (2) ^in20.5in6. (3) ^ in |. fi in If

XBROIsa 81 (Rarlaw of Ohaptw XH)
Solve and verify :

7x-8y=10,
3a:-2y=10.

2. 4x+7y=-l,
3x- y= 3.

3. 73x+y=x 76,

x+73y=l47.

'°-l-'-14.

.^g--
6. I2y-8x=2x»,

3y-t-4x= 2xy.
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^ -7. f^.6.

11. a, - 1^ _ 8,

4y + ^*.12.

8.

10.

12.

»-2y Sa»-y
3 7~'

3(*+y) - &

»-j y-3 f-d

*+y+«-33.

18.

15.

»+ y+ «--8,
*+2y+ «-0,

&r-|- y+ Ss-0.

i-l+I-l-3.
•+»+«-24.

14. 2c+3y- «-.5,

3«-4y+2f-l,
4*-6y+fi,«7.

18. ^^ - ^^-' y-10
fi S ~ 4 •

17
3 12 "° ~60~'

(*-»»)(y-lJ)-«y-6.

18. »«-|y+«+l-3(*-y)+fc+4-«+6i/-2i-«

5

toi_J«+y »+18
8 -8 4-

—j^-4i,-2t
2

18' —:—' K «« — 8s _ L::r_' »- _ ji

20. «+»-6, if+i-3, «+ M7=l, «_«,=.3.

21. 31*+28y-l4«, 28x+3iy=i49.
aquktiona mad remove common faotoi*.)

(Add and aubfcraot tin

22. 97«-69y-329, 59*-97y= 139.

28. Wh.t vlue. of « «,d y will make '^^V and '±V
each equiU

to as- lot 3 6 "^ "•

«^ .?:iltrj:„i':; u"* "
^- " "~ "• •"•' >•" "«

28. A number of two digitH is four time, the aum of its digiteand .f 18 be added to th., „„„.,,er the digit, are rever^rf. What^the numbtT ?
"

27. The t«na digit of a number in twice ti.c unjta Jigix, When theaumber ui divided by ti».um of the digiu, what mu«\£quoU«t be .
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If they walk in the .wne direction. What are their rate. T

by 12. How many of each were uaed T

aouani

area is decreawnl by 226 square feet Sh«- *^7^ ? ^* '*"•

be determined from'^th,^, 3uio« "* '"' "'" "•" "°*

9

36. A grocer wiahea to mix tea worth 30c. a lb with t«a wn**k

of ^^h"^" :
™''"~ "*''«''•"« ««"'• -'-'h 36c. a lb. How^"^of each muat he use r

many ib.

tha't-aJi.fJ'-ttir'-'''-''''
''•••" "' '' '-' - -3. .how

h^' TH"* 'I"*
**'*'* °' " number exceed* the unite dieit bv 3 Bvhow much » the number decrea^xi by inverting the diJiU T

^ ^
36. A train i. 27 minute, late when it make. it. uBual trio «t o«

M 2

36. Solve ?*+^-*
10 4«-f = 1.

[iff

I
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1104 ALOEBHA

42. When thd greater of two numbers is divided by the less the
quotient is 6 and the remainder is 2. When 12 times the less is divided
by the greater the quotient is 2 and the remainder is 12. Find the
numbers.

43. Find four numbers such that when each is added to twice
the sum of the remaining three, the results are 46, 43, 41 and 38
respectively.

44. If the sum of two numbers ia a times the greater and the
difference ia 6 times the smaller, show that o—6+a6=2.

mm
f,

-g

11 i-.

•P»,-K^



C!HAPTER Xm
GEOMETRICAL REPRESENTATION OF NUMBER

114. Function of qc. The value of the exoression '\t 9
depends upon the vah.e of x.

expression 3^-2

Thus, when x= 4. 3. 2, 1. o. -1, _2, _3 -4
3»^-2=10.7.4.1.-2.-6.-8:-l,:_,4;

When the value of an expression depends upon the valueof X, the expression is called a function of x.
Thus, 2x-3, 5a:. \x+ 1. are functions of x.Wh^t^ .8 the value of each of these functions when x= 2. 1. 0.

func^ttn ''

°^ ""^'^^'"^ *^^ ^^'^^ " *h^ ^^Vr^-^on " or " thefunction, we might represent the functio.. by a symbol!

Thus, if y= 5x+ 1. when x=l, y^ti ; x='i, y= ifi
If y=Jx+4, what are the values of t/ whnn » k„o*i, 1

- 1, _8 ?
* °®" * "as the values 6. 3, 0,

always the same value is called a variable, while a ouantitvwhose value does not change is called a consteni
^ ^

Thus, the population of a city and tha height ' th^ i.

variables, while the number of days in a w^flH *^« ^'""•"^t^'- a™
hy an inch are constants.

^^ "'" '^"8*^ ^^"°*«^

«

1

~J

I

fe *' -.rfVfc
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lie. Connected Variables. Two variables may be so
connected that for every change in the value of one there is
a corresponding change in the value of the other.

vJ.«"!i
'^ y=2^+«. for each value of x there is a corresponding

value of y. Here x and y are variable quantities, but 5 is a constant

In arts. 20 and 21 ^e have shown how the changes in two
variable quantities may be represented bv a diagram Those
diagrams show that for each variation" in time there is a
corresponding variation in temperature.

117. Graph. A line so drawn as to exhibit the nature of
the relation of two variables is called a graph.

118. Arithmetical Graphs. The solution of many problems
«Ji arithmetic might be represented graphically as follows ;

Ex. 1.—Thb passenger rate on a railway is 3 cents per
mile. Represent graphically the amount charged for any

number of miles from 1 to 10.

In the diagram each unit on the hori-
zontal line OX represents 1 mile and each
unit on the vertical line OY represents
3 cents.

The point A shows that the cost for
4 miles is 12 cents. What does the pointB show ? The point C ?

Read from the figurj the cost for 2
nules, 5 miles, 9 miles. How far can I
travel for 9 cents, 21 cents, 27 cents T

, . ,
^^- 2.—Represent graphically theimple mterest at 2o/„ on JlOO for any number of vears from

1 to o.

flS!n'2V'°"'/^' ^l^^'^"^
^°" '^" """* P«««)' ^hat is the interest on»100 m 2 years ? In 5 years ? In 4 J years T

What does tlie point A show ? The point C ? The Doint D » Th->
point half way between C and D 1

^ ^ ihe pomt D T The

In how many years is the intemt $8, |6, |6. |1I. |6.60 ?

1 2 S 4 6 6 7 8 10

Mo. of Miles
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What

12 Y
—

^A
coll ^p

5: 9
7

- 7r" "~

«^B 4^
" ^

C 7 ^ — —

_

^ 6
y"

1

V
&; 4

— / (J

-
~ "~"

"t a ^ - —
"^ 2

i

^c 1

1 ^ A ~"

^ X
1 2 3 4 s a

pi;r.Ht* r^rLtter'"" """"^ ^' '>• ^^ «• « ^•

ber of years from 1 to 7. So that
your diagram will not occupy too
much space vertically, suppose each
unit on Oy to represent $4 instead
of $1.

Read from your diagram the in-
terest for L years, for 5 years. In
how many years is the interest 18.
124. $4, $12, 144 T

Ex. 3.—A Starts at 9 a.m. on
a bicycle at 8 miles per hour. Tme'/n Yearl

Z hou'r "°Wh
"' T" ^^ ^ °" "" automobile at 16 milesper hour. When and wnere will B overtake A ?

vertSirrrj!" '°'^°"'^ "-^ ^^^--^^
^ '--. -^ on the

At the end of successive hours A's position will be C. D, etc.. andB s will be F, a, etc.

The line OP is the graph of A's journey and^e IS the graph of B's.

tJ^^-^yj"""
^^"""^^ **^** » overtakes A atthe pomt /?, which is 48 miles from the start-ing point and that the time is 3 p.m^^How far is A ahead at 12 o'clock ? at 1 r

the'lTull'.'
'"'''™ °*'""^^« ^"'^ --"P"*

Ex. 4.—A starts from P at 9 a.m. to
go to ^, a distance of 60 miles, travel-

ra irom U to 2. Where and when will they meet ?

52 Q^B'
*8 £
44 /"[

36 / -
^

32 C n
28 - /J 1

~ ^

24 - - B - 7
20 - j^ / Z.

16 -^/-1F
9 Cl 7

^

'i
^

"~

lajTl 12 i S! ; . ji p-

H

- • —V VXD oill
to the diagram. (Se© next page.)
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.^zr::it
"^

"' '^'°"* ""•'' ""• "''^ "' •^ **'-*-- '-- ^ o'

How far are they apart at the end of each hour from 1 1 to 5 r When
did B reach P ?

We might solve the problem
algebraically.

Suppose they are together x
hours after 9 a.m.

Then A has travelled x~ 1

hours at 5 miles per hour, and
B X— 4 hours at 16 miles per
hour,

.•. 5(x-l)+15(x-4)==60.

Solve and compare with the
results obtained graphically,

119. Graphical Results only Approximate. The last problem
illustrates the fact that the results obtained by graphical
methods are approximate only. When the problem is solved
algebraically we End that they wiU meet 261 miles from P
at 3.15 P.M.

BXBROISEl 82

1. A man walk at the rate of 4 mUes per hour. Construct a
graph to show the distance he walks in any number of hours from 1 to
10. Read from the graph the distance walked in 3, 5, 7J, 9J hours.
(Take two units on the horizontal line to represent 1 hour and ons unit
on the vertical line to represent 2 miles.)

2. In Ex. 1, if he rests 30 minutes after walking each 4 miles,
how long wiU it take him to walk 8, 12, 14, 7, 17 miles ? How far
will he have gone in IJ, 3J, 6^, 8^ hours T

3. A starts runnmg at the rate of 6 yards per second, and
4 seconds later B starts from the same place at 9 yards per second.
Construct a graph to 3how when and where B will overtake A.
How far apart are they 6 seconds after A started 7 When waa A
12 yards ahead of 5 ?

4. Oranges sell at 19 cents per dozen. Make a graph from which
you can read off the price to the nearest cent of any number from 1
to 12. What is the cost of 2, 5, 7, 8, 10 oranges ? How many can J
buy for 3, 6, 8. 13, 16 cents T

m^.^-^
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5. n 8 kOometres equal 6 milee, construct a graph which willenable you to change into mUes any number of kiloXs^pL 20Read the approximate number of miles in 3. 5. U Is l7.o onkilometres. ' *

'**• ^^' '9. 20

7. The distance from ^ to fi is 10 miles fltorarf^no ,E 10 miles. A maU train, which leaves Jat 10 .^,
C to D %, D to

10.24. C at 10.48. D at 11 12 ^ at 11 40 A
'
*'"^'' *^ ^ ^^

at 10.24 and witho-^t stoppingll'^-'j-.ti" 28'"^ tt"
'^7" '

stops 4 minutes at each station, show glphicaUy i

'' ""' '"'"

(a) when and at what point tney pass each other,

(6) how far they are apart at 10.30 and at 11.12,
(c) when the express passes throngh B.

120. The Axes. In the diagram thp Uno nv • n j
the axis of a, and or the axis of^ ^^ '' '^"^^

We will call the measurement along
OX, X, and along OY, y.
For the point A the a; measure-

ment is 3, and the y measurement
IS 1. What are the x and y
measurements for the points B
C, D, Ei ^
Examine the x and y measure-

ments for each point marked on
the line OP. What equation con-
nects the values of x and y for
ea^ch point on the line OP 1 For each point on OQ, OH,'

OP is the graph of the equation y=2x, OQ of v-4a: ORof y=x, and OS of y=z^x. ^ '

^^

satlt \^f ^ ^e'^^urements of every point on the line OPsatisfy the equation y=2x. This equation is not satisfied

k - i -.

«

liisf-
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\l

,1

Is it satisfied

by the X and y of any point not on the line OP
by the x and y of the points A,C, D, E]

121. Equation of a Line. Since the equation v=2x is
satisfied by the values of . and y for each^point on'thelinOP and by no other points, the equation y=2x is calledthe equation of the line OP, y ^^ ^ called

What is the equation oiOQ\ of OR ^ of OS ?

122. To Construct the Graph of a given Equation.

Ex.-—Construct the graph of y=Ja:.

Here when «=2, y=l,
*=4, y«2,
«=.«, y= 3, etc.

_

'^° find the point where x=2 «=l
rmri

I I I
I ilJ f""* 2 units from O along OAT arid then

r^ '
I I I

'
I

' '
I 1^1 * ""•* upwards. Find in a similar

manner the points where x=4, y= 2;

Join all the points located^'^ThL^f' ^7^' ^^*\ ^=^0' ^6. '

straight line pLng through"
"" *° '" °" *'^ ^""'^

This Ime is the graph of the equation y= Jx.

123. The Origin. All the lines we have so far considered

thJ'or^r " ''""^' ''^ P^^* ^- ^^^ PointTcald

Thii''
"^

f"^ ^ measurements of the origin are .r=0. y=0
t?e rntS th

" ^
*'r- '^"f

^'^ ^=^^' -^ consequentlv

L th^gur:^ho;s"^"'^^""
^'""' ^^^ ^^^^^^^ ^^^ -«-

BZBROISB 88
Construct the graphs of :

1. y=^. 2. y=6x. 3. y=^x.
*• ^=^^- «• 4y=x. 6. 6y=2x.

124. Coordinates. In the diagram O is the origin XOX'
IS the axis of x and 707' is the axis of ,/ tKo .
«* i.L • ^ ^ . ' ^ ^ '» "le axis or y. 1 he j- measurementof the pomt A is 4, and the y measurement is 2

-HjMf;^?^
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These are called the coordlnatw of the point A, 4 being
he .r coordinate and 2 the .,/ coordinate. The coordinates^
the pomt A are written (4, 2), the
/ coordinate being written first.

Similarly, the coordinates of B
are (3, 5) and of C (6, 7).

So far all our measurements
have been made from towards
the right and then upwards. We
might also measure from O to the
left and downwards. When we
do so we indicate the change in
direction by a change in algebraic L
sign.

Thus. tc. roach the point D we measure 2 units to the left and then
3 units upwards. Therefore the coordinates of Z; are ( - 2 3)

andTf S (V-T'^"^^^^
What are the coordinates of P, Q, R, s, O 7
Mark on the diagram the points whose coordinates are (2, 2). (-4 6)

(-. -C). (-1. -3). (0. 4), (-3. 0). (0. -3).
'' * ' ''

Mark'tL'"*"*'.^ l":^u''
'^^^ '^^ °"«'" ** '^« intersection of two lines.Ma k 'l-P-t« Which would be indicated thus : (2. -3... (5. 6). ( - 3??^.

L; pos-^icSf; 11 1 .„^nr "'^' '°"^ ^°^"" ^"^ ^^°- '^-

125. Quadrants. That part of the plane between OZ andor IS called the first quadrant, between OY and OX' thesecond quadrant, between OX' and OY' the third and betweenor and OX the fourth.

Thus, the points 4 and fi are in the first quadrant, D and E ir th«second, f' and 5 in the third and P and O in the fourth,
in w 3ich quadrant are both x and y negative T

a J^;. ^^'T^ ^"'f•
^^'" ^^ ^P''^^^"* t^« position ofa pomt with respect to the axes XOX' and YOY' we are

said to plot the point. ' *"*

m.!^^^
*^o.POft8 are plotted the distance between themmay be obtained by adjusting the points of the compasses

I

'•i - i

fi-ij

4
t

^m^'-mT':/'
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!
'^

to the two fwints and transferring the compasses to the Une
OX, or any other line, and reading off the distance

Plot the points (3, 5) and (6. 1), and see if the distance
between them is 5.

XBROISB 84

1. In whut quwlrante are the pointa (3, 4), (4, -1), (-6, 3),

2. Plot the points (1, 2), (4, -6). (-3, 7), (-5, -2).

3. Plot the pointa (5. 0) and (-3.0). What is the distance
between them ?

4. Where are the pointa (0. 0), (0, 2), ( -5. 0), (4, 0) situated ?

6.* What is the distance between the points (6, 4), (1, —8) ?

u m ,T^^\!t'^t
°' 5^""^ ^ ^""'""^ ^y J°'"^g the pointa (0, 0).

(4, 0), (4, 4), (0, 4) m order ? What is its area ?

o I; /?^of,*''!^.°' * *"*"«'^ ^ '°""^ ^y J°^'"8 tb« Pointe (0. 2).(A 6), (2, 2) ? What IS its area T

in o H ^'°w^*^^^ ^^' *^' ^^' ^)' <2, 1), (3. 3). (3. 1). Join themm order. What letter is formed ?

9. What is the area of the figure formed by joining (1. -3),
(-6, -3), (-5, 6), (1, 6) in order ?

^ J
» v

. ^

10. The angular pointa of a triangle are (6, 0), (3. 4), (-2 0)
Construct the triangle and find its area Measure or calculate' the
lengths of the sides.

11. What is the length of the perpendicular from the point (5, 8)
to the hne joming (3, 2) and (7, 2) ?

*~ v
. '

127. Complete Graphs. In art. 122 we constructed the

graph of the equation y=\x,
but only for positive values
of X and y.

The diagram, which is here
repeated, shows that the line

also passes through th© points

~
Y t^

?»

^
?»

(6,57

^
;;>

(4 2>
'~

s ^
^ (2 1) X

^ k* y

f h' 2, 1)

r^k \- 2)
^~ "~

yd2§dm »_ __ yl
t

__
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t ri

-2; x=-Q, y=-3,

(-2.-1), (-4.-2) and (-6.-3). This is as we would
expect because

x=-2, y=-l ; x=-4, y.

all satisfy tbe equation y=\x.

128. Llnea Equation. It is seen that the graphs of all
the equations so far constructed have been straight lines
Ihis 18 true concerning all cjuations of the first degree For
th.3 reason an equation of the first degree is sometimes called
a linear equation.

Since a straight line is fixed or determined when any two
pomts on it are fixed, it follows that to construct the graph
of an equation of the first degree, we need to determine only two
points on It,

^

129. Lines not passing through the Origin. Every equation
of the form y=mx represents a straight line passing through
the origin, because the equation is satisfied by a:=0, y=0

If the equation contains a term independent of x and v
It represents a straight line which does not pass through the

Thu3.y= 2x+ 1 represents a straight line which does not pass throughthe origin, because this equation is not satisfied by x=0. y= 0.

Ex. 1.—Ck)nstruct the graph of y=2x+l.
The coordinates of two points on the line

are a;= 0, j/=l and a;=l,y= 3.

Locate these two points and draw the un-
liimted straight line which joins them. This iu
tlie required graph.
The diagram shows that it also passes through

the points (2. 6), (-1. -l). (_2, _3,. (_3,
- 0). Uo the coordinates of these points satisfy
the equation T

In constructing the graph of an equa-
tion by locating two points on it. the
pupU should try and determine two points whose coordinates
are intecers.

~^IC
t

_i

tjkm

xr_iS 5?

~C^
32

~vw
)

'

7-
7 Y

^M

i ^:^"l^-.
.rr^'
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Ex. 2.—Construct the graph of ?--)-4y=l6.

Here y-= i«^ .„d when /'='• V^^)

grijlh'
'"' ""'"^ ^'^ '' '"^ ^"^ "> *"^ J°'" *''«'" «'-«"« the required

Th^.''
'"^^^ ^T ''"'"'* **"* P"'"*' ** '^^^'^f' '^^ R^«Ph cuts tho axes

^h-nf h\''°"'
-^^^^ ""'^ ^''''" J' = 0' ^-«- The required linellthen found by joining the pointa (0. 3}) and (S. 0).

th!^!!!^''''?'' '"f^^f '•" '^"^^"^ ^"'^ ^'•^^'^•''"^ appear inthe coord.naU^s of either of the points found, the unit ,.fmeasurement should be changed, in this case, by taking /o..
spaces as the unit instead of one.

^ '

When the unit is not one space, it should be clearly showr.on the diagram what the selected unit is

ZBROISig 86

PloJ'fhJi!!? J^'^P*'" °' y*'""* o' ' and ,v which satisfy x+y=6Hot the pomts whose coordinates are the values found and constructthe graph of the equation z+y=6.
construct

Ex^i oZ^^L"'^
*^^ coordinates of the points at which the graph iniiiX. 1 cuts the axis of x, the axis of y ?

8 p
'

'"

Construct the graphs of the foUowing equations

:

3. y=z+5. 4. y=x-3. 5. y=2x-3.
6. y=3x-2. 7. x+2y=7. 8. x-2y=7.

9. 2x+3y=U. 10. 3x-4y=16. 11. 6x+6y==17.

anl^fl „Srf^'^i''" ^'^P? ''•"''' '"^ "'^ * ""**« '™™ the axis of .

Tt^t\ r K
*™ *''" coordinates of the point at which they/ntersect 1 Do the coordinates of this point satisfy both equations ?
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H h of the followmg point. He on it: (2. 6). (0. 8). (6. 0). (9. -
,(J. -4). (-1.9)? Verify by constructing the graph.

1ft. By constructing the graph of 2x+3j/=24. find three seUi ofpositive integral values of x and y which satisfy thi; equation
1«. Why is ther« an unlimited number of positive intcRral value,of X and , which will satisfy 2x-3y=24. butCly a liinuS numtjwhich will satisfy 2x-|-3y=24 T

»u"ieu numner

130. Graphical Solution of Slmultoneous Equations. In tnis.hngr^am are shown the graphs of the equations .+y-=,Z
The coordinates of the point P, at

which the lines intersect, must satisfy
both equations.

The coordinates of P are (6,-1).
.*. a;= 6, »/= — !, must be the values

of X and y which satisfy both equa-
tions. We have therefore obtained
the solution of these two equations
J:raphically.

Since it is evident that two straight
iuies can intersect at only one point
.t must follow that there is only one pair of roots of twosimultaneous equations of the first deoree.

^ J fio

In this diagram are shown the ^aphs of

(g) x-y=3, (6) 2x~y=7, (c) 3x-i-y=-7

At what point do the graphs of (a)
and (6) intersect ? (a) and (c) ? (b)
and (c) T

v
/ w

Is there any point which is common to
the three lines T Are there any values
of X and y which will satisfy these three
equations at the same time 1

When three equations in x and y are
all satisfied by the same values of x and
y. what peculiarity will appear in their
graphs 7

i

fejE^
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181. Special Forms of Equations.

(1) In this diagram are drawn the graphs of

a;+2y=6 and x-\-2y=2.

The lines which these equa
tions represent are seen to be
'parallel, that is, there is no point
at which they intersect. This iv

equivalent to saying that these
equations have no solution

Compare with art. Ill, where inconsistent equations were
discussed.

(2) If we draw the graphs of x—Zy=\0 and 2x-6w=20
on the same sheet, we shall find that they represent the same
straight Ime, so that any points which lie on the graph of one
of them will also lie on the graph of the other.
These equations are indeterminate (art. 111).

(3) An equation Uke a;=3 may be written x+0y=3.
This equation is satisfied by a:=3 and any value of yThus, «=3, y=l

; a:=3. y=2 ; x=Z, y^lO, etc., satisfy
the equation. If we plot the points which have these co-
ordinates, we see that x=3 represents a straight line parallel
to the axis of y and at a distance 3 to the right of it.

Similarly, x= -3 represents a line parallel to the axis of y and at a
distance 3 to the UJt of it. Also y= -4 represents a line parallel
to the axis of x and at a distance 4 below it.

Thus an eqaalion which contains only one of the variables
X and y represents a line parallel to one of the axes.
What line does a;=0 represent ? y=0 ?

of X.

BXBROISB 86 (1-4, Oral)

1. What is the graph of «=3 T Of a;+3=0 T

2. What ia the graph of y—4=0 ? Of 2y-|-3=0 T

8. If *-(-3y=ll, express x as a function of « and u aa a function
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^ Jl.
If Zx-2y=6, express x aa a iunction of y and y as a function

7.

10.

x-2y= 6,

2x-3y=n.

x+4y=9,
3a:-8y=-3.

Solve graphically and verify

:

6 x+3y=9. 6. x+ y= 8.
2*4- y=8. 3x-4y=10.

8. 2a:+3y= 6. 9. 3y= »,
3a;+2y=14. l()y=4x-2.

3x-2y=6 have a common pair of roote and find them.

12. Show graphicaUy that 2a;+3y=13 and ix-\-iu-o ««, in„n„
sBtent. What is peculiar about the'graphs oF tres^^eVaatio^

,"'

theVat:L?-?y:tC-!;ri;t^^^^^^ r^^
^" «'

^-he first and second^ th; firstLVhiri!lhrJcLTnd thi:S7
"'"^'^

J*;,x!u'"^
*!*® '^"iinates of the points where the graph of «-2x4-3cuts (1) the axis of x, (2) the axis of y. (3) the graph ffy^e-xT^^

2x\t\°\^^ r^^'o^"'
**•" ^'^"^ °' ' ^"^d y which satisfy

x^lySL^O
^- 2y-l*=0 wm also satisfy ar-4y=0 and

i !

ZBKOISB 87 (Review of Chapter xm)

The^'axifor«*T
^?°* ***°^*

*u"
^"P*' °' *+«'=« «"* *he axis of , t

grapn ot aj+4y 4. At what point do they intereect T

2W*'fJ^^xr* ''f**'"
P°'°* * ™*" '^»"" 6 railes E.. then 4N the
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«*n*««lL"
'** '^^ * kjlograimne., make a graph from which you^ expreaa any number of kilogramme, in lb. or lb. in kilogramme.

S:^ramm"^.
''' '~'' '* '"°«''^"^- '" »>• -«^ ^^"^

points rro. o).T5: rn;,r™ °' *'^ '^^--^'^ ^•^^^ -«"•«

8. How do you .how that the point (3. -2) lies on th- »—^»,
of 6x-2y=19 T Which of the following ie on 4 ^6 fiWl*^^,^'
(- 3. -17). (4. 1). (-2, -12). (5. 3) T

^ * ^' ^^' ~^^'

(8, -ej^l-Vle^**'
^^'^ *"*"*'* '°"°^ ^^ ^°'"'"* '''^ ^°'"** ^*' ®''

flni®!*.^'*'^
the triangle whow vertice. are (2, 0). (10. 0). (6. 6) and

triangle of the stune area }
»"«xi«. o

Solve graphically and verify :

11. x+2y=12, 12. 3it-4y= 0,

«-3y= 2. 4«-3y=14.

14. y-2a;=-3, 16. 2«+7y=82,
x+2y=l4. 3a;-63/=16.

19. On the wme sheet draw the graphs of the equation.

y=x+*, y=4a!-2. y=2x+2.
What peculiarity i. pre«,nted by the graph. T What oonclu.ionao you draw concemmg them equations t

20. Draw the graph, of 2x+3y=20. 4z+8y=35 on the wune .heetWhat do you conclude as to the solution of these equations 1

Determine graphically whether these sets of equation, are con.i.tentor inoonsiatent

:

w«o»wui,

21. X- y= 4. 22. *+2y=10, 23. ^x+ y- 8.

18.

16.

y-ar=»4,

x=-2.

»= i*+4.

4«+ y
2x— 6y>

= 26,

= 2.

3«- y=
2x- yn.

9.

1.

3a;+2y=13.

6«-3j/= 9.

24 Dccribe the triangle whose side, are reprewnted by theequation.
: 3»+2y= 14. 6x-6y 14. «+ lOy 14 What a» the

coordinate, of if vTtice.T (Verify by\K.lvin?the e^uati^t t:^,)^
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read off his sala^ ^r tn/year Wha, I K^',
''°'? "^'^^ ^^ ''-

In what year would his ';^::;-be^U^ T
"'^"^ '°^ ^^'^ «'*^ ^«" '

y wlhal:
*'' "'""' °' '"'"•'^« ^-^^= ^' 3,+2,= 8. by eliminating

2*-3y=l,
I

4a!-6«= 2. I , o ,

On the same sheet show the irranho of «.o„k » ^u
and thus show that they all determinl ?^

^^^^ '"*' °^ equations,

four sets are therefore ^^ulvlltf
""" "*""' P°^* ""'^ *»«»* '»>«

#^

.

^1

»

t

I
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CHAPTER XIV

HIGHEST COMMON FACTOR AND LOWEST COMMON
MULTIPLE

182. In Chapter IX. we defined the terms highest common
factor and lowest common multiple, and showed how they
were found in simple cases.

When the expressions under consideration can be factored,
the H.C.F. and L.C.M. can at once be written down from
the factored results.

A few examples are here given of a more difficult character
than those previously considered.

Ex. 1.—Find the H.C.F. and L.C.M. of

x*y-{-7xij^-{-12y^ and x^y-xh/^-12xy*.

«*!/+7«y»+12j/» =y{x*+7xy+l2y*)=.y(x+4y)(x+3y).

x*y-x*y*-l2xy*=xy{x*-xy-l2y*)=xy{x-4y){x+3y).

Here the common factors are y and x+3y, and since the H.C.F.
IB the product of all the common factors,

.•. the H.C.F.=y(x+3y).

The L.C.M. is the expression with the lowest number of factors which
will —.elude all the factors of each expression,

.-. the l:CM.=Ty{x+iy){x+3y){x-4y).

i-- 2.—Find the L.C.M. of

x^-l, x3+l, x*—x and x«+a;«+l.

x»-l=(T+l)(a;-l).

a;»+l = (x+l)(x«-a!+l).
r*-r.= r(x*-\)=x(x- l)(x«+x+ 1).

T* + X*+l={x*+l)t-xt= {x*+X+l){x*-X+l),
the L.C.M. =x(3!+ l)(as_ l)(»i+x+ 1 )(x«-x+ 1).

ISO
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to'be*t' °"^"f
^*"°~' »>« Performed the L.C.M. wUI be found

wrea lorm. as it la m this form that it is usually made use of.

BZBROISB 88

Find the H.C.F and L.C.M. of:

!. 4a:»y«?, %xyH*, \2axyH.

2- x*~y\ xy~y\ x*-xy.

3. a*~b\ o6+6», a*+2ab+h*.

4. *'-7x+12,«*+aB-16, a:«-9.

6. a»+8aH-15, a«-2a-35, a»+3a-10.

6. 3*«-12a;+I2. 3a;«-12. 3ar«w3z-6.

8. m»-8, m«a»-4m*n«, 4m«-16»i+lft

9. 6a»-66», 2o»+2o«6+2a6«.

10. o«+o6— ac, o«+6«-c«+2a6.

U. a»-6.-c«_26c. 6«-c«-a«-2ca. c«-o«-6«-2a6.
12. x*-\-y\ a;«+«*y«+y«.

13. 3a:«+7«-6. 3a;»-lla:+6, 6x«-13»+6.

14. 10oa:-2a+16cz-3c, 25a;«-I, 25a;«-l(te-).l.

16. ««-6a:«+6(r, »»-3a;«+6a;-15.

16. tt«-t>«, |«»-t,8, „i_t,i ,^_^

17. a;»+2*»-8«-16, *»+3a;«-8a:-24.

18. Show that the product of a;»-8a:4-I5 and a-i-i.* lo •

to the product of their H.C.F. and L.GM ^ ^^ "" "^"^^

19 Tlie L.C.M. of a«-6a+6 and a« 6 is o»-3o«-4a+l2Supply the missing term.
4o+12.

« I'-T^Ve^?
''^^"^ ^^"^ ^'^'^' " '-2y and whose L.C.M.

iif ^:
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Ex. 1.—Find the H.C.F. and L.C.M. of

a:*-f2x-3 and ar»-8x+3.
Here x»+2z-3 is readily factored, but none of the m-fh~».

The difficulty is. however, easily overcome thus :

««+2«-3= (x-l)(x+3).

X- 1 tV+r'"'"""
''*''' * """"^^^ "*"*°' '* ""»* «^'^«»"y b« "the,

x«-i+r
**"' '*"*" **''°"'"' ^"^ '' '-^ °' '^^ « « '«tor of

When x-l = o or x=l, «»-8x+3=l -8 + 3= -4,
.*. X— 1 is not a factor.

When x+3.0 or x=-3, x*~8x+3 27+ 24 r3-0.
.'. x+ 3 is a factor.

How can we obtain the other factor of *»-8ar+3 ?We now have x«+2af-3= (x-l)(z+3),
"'"'* a:*-8x+3= (ar+3)(x«-3x+l).

.'. theH.C.F.=x+3,
*"'* the L.C.M. = (a:+3)(x- l)(x«-3a:+l).

Ex. 2.-Find the H.C.F. and L.C.M. of

a;*— 7a;+10 and x»-6a:«+lla:_6.
The factors of a;»-7x+10 are (a:-fi)(x_2)
Here it is evident that x-6 is not a factor of the second expressionBince Its last term is -6. which is not divisible by 5.

^'^'^on.

18 «-2 a factor of x»-6x»+llx-6 ?
Complete the solution.

BXBROISB 88

Find the H.C.F. and L.C.M. of

:

1.* x»-3z+2, x»-6z«+8*-3.

2. o8-fla+6, o»-19o«+I7o+l.

3. «»-2x«+4«-8, 2x»-7x«+12.

4. o»-o«+o-l, 3a»-2o»+5o-8.
*. »«+3««-4x, x«-7x+6
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X—2 is a common factor of

a:»+ar«-9*-2 and «»-4««+3*+2.

198

find their L.C.M.

7. Reduce to lowest terms

:

a*-3ab+2b*
and x*-2x*~3x

a'-19ab»+30b> — 2x*~Ux*-12x

it is seen that tJ.^^ietTm^t6^ Z ^^Ij,

184. Fundamental Theorem. This method of findW H r Fdepends upon the foUowing theorem :

^ ^
^^•

If a? is a common factor of any two nnanHiu. 4u

Thus, X « a common (actor of mz and «.
«"*'"«1«

si^r-STrcirmuTupro^rLTj-""-- -

ic)mg+nx x)ma:-n« x\i>mx-^on^ x

ine way m which the theorem in «in«i,o^ • u
foUowing examples.

^^^^"^ "^ ^^""^ « t»»e

Ex. 1.—Find the H.C.F. of

x»+4x*-^4x+3 and a:«'+3xH4x+12
.

^^y^common factor of these « a factor of their difference, which
But

theH.C.F.isx-3or«+3lr(x-

-nih:

lLI
*^

3)(«+3).
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i

t.^l^^lT
***•*.— ' !r°' • '~^'o' «*h~ expfMion. rino. th«,

^^bH+t^ ^'"'°"' " "''^ '*'"• • •'°'^°'» '«*<» it

i. f^JS!l^^?* *t"
''^*°' ''"*""• °' ^'y '*'^'"°''' ^« fl°d that »+3

•he hS; ' """^ '* " *•** *"^y ''°°'"°° '•°*°'' >' '»'»* b«

Ex. 2.—Find the H.C.F. of

3x»-17a;«-6z+10 And 3a;"-23x«-H23a;-6.
Their difference= 6«»- 29x+ 16 =. 2(«- 4)(3a!- 2)Now 2 is not a factor of either and may be discarded, also x- 4 isnot a factor since 4 is not a factor of 10 nor of 6. Therefore if there isa common factor it must be 3x— 2.

Hn£'''''*fi*~^-
'"^ °°® °' '^^^^ *°** '^ 'f •* divides evenly. If itdoes not there is no common factor but unity

it !n^ *h^
divide evenly into one of them, it is not necessary to divide

It into the other, for if it is a factor of one of them and also of theirdifference it must be a factor of the other.

Ex. 3.—Find the H.C.F. of

3z»-13a:a+23a:-21 and 6a;»+a;»-44a:+21.

Multiply the first by 2 and subtract the product from the second
oiiCl WO ff6v

27««-90a!+83= 9(«- l)(3ar-7).

Now since 9(x-l)(3a!-7) is the difference of two multiples of thegiven expressions, it must cr. tain aU their common factors. Which
of these factors may be discarded T Complete the solution.We might have obtained the H.C.F. thus :

The sum of the expressions is

9a;»-12a!»-21x=3a;(a:+l)(3x-7).
This expression contains aU the common factors of the mven

expressions. b"ou

Complete the solution by this method.

The object in each case is to obtain from the given
expressions an expression of the second degree. If this
expression can not be factored, it must be the H.C F if
there is any common factor other than unity. If it can be
factored the H.C.F. can then be found either by the factor
theorem or by ordinary division.
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In obtaining the expresaion of the second degree, the lastFoblem .hows that it is sometimes easier to ehm nat^ t^elaat term , than the firat terma.
«"i"aie loe

Ex. 4.~Find the H.C.F. and L.C.M. of

6a;»-5a:«-8a:+3 and 4a:»-8x«-4-a:+3.

EUminate the abwlute terms and show that 2«-3 i. the H C F

8«»- 6x«- 8x+ 3=(l2a:- 3)(3a;»+ 2x- 1).

44!«-8*»+«+3=(2x_3)(2xi_x_ i),

.-. theL.C.M. = (2*-3)(3*«+2«-l)(2*»-«-i).
Why ia it unneceaeary to factor 3*«+2«- 1 and 2x*-x- i f

Ex. 5.—Find the H.C.F. of

a:«-4a:»-|-10a:«-lla:-f-10,
*"** aj*-a;»-4a:«+19x-16.

Subtract (1) from (2), and we get

3a;»-14t«+3ftr-26. ,«v

«a!»-14z»+22«+6. ,..

Jhe ^common factor we are seeking must be a factor of both (3)

H.clrS'^-'t-Jfi"'"*'
"^^ '~° <^> -"^ <*) "<^ -^ow that the

Find also the L.C.M.

Ex. 6.—Find the H.C.F. of

&c«+4x»+4x«-4a: and 6a:«+2a;»+2a;«-4a;

^««+«+U
q"ot>ents. and show that the H.C.F. I

186. Product of the H.C.F. and L.C.M.

Suppose that x is the H.C.F. of mx and n:r. so that m and» have no common factor.

(1)

(2)

(3)

i .d

I

WW
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Then the L.C.M. of ma: and nx ia mnx.

xxmnx=tnxxnx.But

therefore the product of any two quantities is egual to the
product of their H.C.F. and L.C.M.

Is a similar theorem true concerning any three quantitiea
mar, rtx and px ?

If th6 H.C.F. of two quantities has been found, we might
therefore find their L.C.M. by dividing their product by the

3^
ll

XBR0I8B 80

Find the H.C.F. of

:

1.* *"-7z»+13z-16. *»-ftt«+«+20.

2. a«-10a«-|-33a-36, o»-2a«-23a+60.
i. 8a;»+10j;«+8a:+4, 6a:»-2a;«-4.

4. 2a:'-6x»-2ar+9, 2x»+a:«-43ar-9.

6. 26H66»-86-15, 46»-46»-96+5.

6. 3a:»+17a:«y-44a:y«-28y>, 8x>-6a:«y-33xy«+28y«.

7. 2a»-3a«-4o+4, 3o«-4o»-10a+4.
8. 2x«- 12a:»-}- 18a:«-8a;+9, 4x»- 18««-|- 19x-a
9. 18a»6-3a«6-12a»6-3a«6, 12o»c-6a«c-9o»c+3aV.

10. »*-a:«-2a;+2, a;«-3a:«+2*«+x-l.

Find the L.C.M. of

:

11. x*—7a:— 6, ar»—4«*+4a;— 3.

12. x»+8««+llx+8, *»+7««-|-14*+8, x»+&tHl9a;+12.
13. 2a;«+9««+7a:-3, 3«»+&r«-15«+4.

14. x»-ex«+lla;-6,z»-7x«+14a;-8.

16. 20z«+a;«-l, 25a;«-10!r«+l, 26x«+5x»-x-l.
16. Find a value of x which wiU make x»-13x+12 and

a:«-8x«-x+30 each equal to 0.

17. The L.C.M. of two numbers is 70 and the H.C.F. to 7 If
of the numbers is 14. find the other
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T#l!l TJr'''^'^°!*''0"P'«»ion8w,-2.theL.C.M. wx»-39z+70.
If one of the expreeaiona ia x«-7z+ 10, find the other.

other than unity, what must it be T

3.

4.

5.

6.

7.

8.

9.

ZSROISB ei (Review of Ohaptor XIV)

Find the H.C.F. and L.C.M. of :

1.* «'-2ftr+99,«»-24x+U3.«i-21x + lI0.

2. ««-ie«+36. »«-27, x*-3x«-2xH-6.
o«-6», o«-2a6+ 6», o»-6«.

«»-2x«-15«, x»-|-xi-14«-24.

4a»-12r -a+ 3, 2o»+o»-18o-9.
««-o7 6x+o6, x«-6x-cx+6e.
«»-e ^+lIx-8. «»+4x«+x-8.
x«+3x»+3xi+5x-12,x«-4x»-19x' e+12.
2o«+16a»+39a«+40a4.l2, 2a«+ 9a»-i;.i_39o-18

10. «*-6««y+13x«y«-12xy«+4y«.x«+ 2x«y-3xV-4xyH4y«.
11. «*+a!V»+y«, x«-2x»y+3x»j/*-2xy»+»«.
12. Show that two consecutive intesers can Hava «« j„* icommon factor except unity. " "° '"**«'*'

ntJ** *
J'^" '^^ '°***®"' '^*''°*' '***'«' by 6 have a common factorother than unity. What muat it be T

wmmon factor

14. Find the H.C.F. of x*+a« and x«+««o«+o».

10. If the H.C.F. of a and 6 is d, show that the L.C.M. is^

.

thff^i," " ^ *''*
'J-^-^-

*"'* * '" **>« LCM. of three quantities showthat the product of the quantities is a«6.
»«""es, show

17. For what common ralues of x will

both vanish T

'*-^'-'+^ «nd x«-4x.+ 12x-9

is X*' i ^nH t7 ^''P.'««'°»« °/ *he second degree in x. who«» H.C.Fw «-! and L.C.M. is x*-8x»+ 17x- 10.

r:|

" «-~r,S!^5^^^, '«'-—'«"».
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CHAPTER XV

FRACTIONS

In Chapter IX. fractions were introduced
examples of operations upon fractions.

In this Chapter the subject is extended and applications
made to more complicated forms.

188. Changes In the Form of a Praetion. Both terms of a
fraction may be multiplied or divided by the same quantity
without altering the value of the fraction. As previously
stated, the only exception to this rule is. that the quantity
by which we multiply or divide must not be zero.
The rule might be stated in the symbolic form :

— = ^^ **« _ a
h mb " nb~b'

The case in which the terms are multipUed or divided
by —1 deserves special attention.

From the rule of signs for division 3^ is seen to be the

same as — j- , so also is^ •

6 6

Similarly,

—a
"6"

—

o

a

b

a

~b'
—aT a

It IS thus seen, that the value of a fraction is not changed
by changing the sigr of both of its terms ; or by changing the
sign of one of its tem^ and at the same time changing the sign
before the fraction.

^

IM
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*nd 6-a differ only in 8ign. or that each one » equal to the
other multiphed by —1.
That is, a-ft=-(6-a) and b-a^-{a-0).
Then ^_(o-6)X(-l) 6-0 0-6 6«oc-^ (e-d)x(-l) d^Ti" -jr^" -^ra*
Alj|o. tinoe (-o)x(-6)-(+a)x( + 6)-o6.

It foUowi that (o-6)(e-d)«(6-a)(d_c),
"*

i? -m w
(6-a)(d_c) (a-6)(d_c)(o-6)(c-d)

(o-£)(6-y
) ^ («-o)(y-'6) '(«

_

x'hv- 6)

(6-oKo-d)'

eto.

BXBROISB 92 (1-29. Oral)

V —

m

9.
-3x-5

10.
—ox6

with the numerator o

'•El-

-4a6
• 26

—

c

4.
-3o
—

o

8 =^

Ezpi

Express with the denominator e~d

:

-5

6-g

17.
d-c "•=fc?- --sEl

Express with the positive sign before the fraction :

A

12.

16.

20.

—a. —b

'

6-0
-3(c-d)

•

d—

«.-ri

26. - -^,

^•-:^7 23. -?
• 6

26. -?±-?. 27.-?!:?a-6 -"• -^Zb
29. What is the relation between

a
- a a+b

, b+a

24. -

28. -

0-6
e

e-d
e+d

and , —
«-» y-« 0-6

6-0
and "l^Jir

"—

«

J a—b .

ii?i

1

'^^

^^Dr lif"/^
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(x-y)(y-«) "* ""* •q«»v»lent formB, with the poaitiv*

sign before the fraction.

81. Which of the following are equal in value

:

(o-6)(6-c)(c-o). (6-o)(c-6)(a-c). (a-h)(c-b)(a-c),
(o-6)(6-c)(o-c), (6-o)(6-cK<i-c) ?

187. Reduetfon of FrMtions to Lowest Terms. The formula

bi^ b
"*^ ^ "^®^ *° *^"^® * fraction to its lowest terms,

by dividing both terms by all the common factors.

Ex. 1.—Reduce -, ^'t^' •

«»+y»=(x+y)(a!«-a!y+y«).
««+««y»+»«=(««+y«)«-«V= (««+«y+yi)(«i-xy+yi),

.-. the fraction = -.-^?^

Ex. a.-Reduce «;+^;-^'+2a6

.

o«+6i-c«+2^=(a+6)«-o«=(o+6+c)(a+6-c).
Complete the reduction.

Ex. 8.-Reduce ^
f-nx+2B

2a:»—ea;«+7x—60

"

x«-ll«+28=(*-4)(«-7).

Which of these factors can not divide into the denominator?
(x>mplete the reduction.

Ex. 4.-Reduce ^'-^^'-^»^+«
.

Hero the factors of neither term can be readily obtained, so thscommon factor must be found by the method of art. 134.
Eliminate the x» «uid we obtain

33a!»4-33a!-ll or ll(3x«+3a!-l).

This expression must contain any common facte of both terms.
Smce 3x«+3a:-l can not be factored, what conclusion no be

drawn T Complete the reduction.

P«TiC3M^iB» *:
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Redaoe to lowest temu

:

a*+3a+2
a«+6a+6

'

6a;«4-a:-l

XBR0I8B 86

1.

8.

5.

7.*

9.

11.

18.

4x«+8x+3

'

(a-b)»+iab

o«+2o+l
o»+2o«-|-2a+l

•

g'—4o+3
4o»-9o«-l6o+18*

2a;»-g«-|-2a;—

3

2x»+3x*+4x+3

'

o'+o'-3a-3
o»-a«-2o«+2o«-3a-6

'

2.

4.

8.

10.

12.

14.

x»+7xy-Sy*

x*+5xy—2iy*

'

x*-y*-2yz-z*'

2-3y-2y«
4-6y-6ya *

x*—x*—2x
«»—3a:«+4

'

3z«-3a;-18

6x»-12««-18ar»*

3x»+4a;«-6»-8
36x»+27a:«-40a:-16

2z*—ix*—2x*-12x
4z«-f23;»+te«C:4i"'

188. Addition and Subtraction. In adding or subtractine
fractions we should be careful to not« whether any of the
given fractions can be reduced to lower terms. When the
result 18 obtained we should examine it to see if it can be
reduced.

Ex. 1.—Simplify
x—y

The ezpreMion = *:=M + -^ _ y'(«+y)
« x-y x{x-y){x+y)'

» 5r» . _2y. _ y*
,

X x—y x{x—y'

_ (x-y)»+2xy-y*
x(x-y)

x(x—y) x—y'

thJtunn"?/'
'''^'"*

'^u"" '" *^^ «*^«" expreemon should promptthe oupil to examine whether it can be reduced.

•^

It-
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1Ex. 2.—SimpUfy -^- +
•^ a:-2 ^ ar»-3xH-2 z«-4«+3

The azpreanon

+

S i '

I

il

x-2 ^ (»-lKx-2) - (»-3)(«-l) •

(»-ZK«-lX«-3)
'

^ g«-Sg+4 ^ fa-4)(g-l) a,_4
(»-2)(»- 1)(»-3) (x-2)(x-l)(x-3) = ( -̂2)(x-3)

'

Simplify

:

1 -iL j__ii_

4 °-* g-7
0-2 a—

6'

2x« 2r«

BZBR0I8B 04

7.

10.

2.

6.

8.

1

1 1

«—»• x*-\-xy

1

*»+9«+20 x»+12a;+35'

12. '^'-^g-lO g«H-2a;-8
«•—8x+16 x«—3x4-2

'

j^ o«-a6-)-6« o«-f-a6+6«

o—

6

a+i

3o« 2a

1

o«-6«

x-y

3. ?±y_5ry.
X—y x+y"

6.

JL.A
«—y» 2x-y

16.
a—b a+5 o«-f-6«

2(o+6) "^
2(o-6) ^iZftt

11.

13.

16.

17.

2x

o—o» l+o«

9
»'-4y' »:jv
x*-\-2xy X

_ 3y , x«-|-y«

x+y X—y^x«—y«'

»z:y ,
Jar x»+g^

/

» '-y x*y-i^'

»+y
J

4xy^^ y^:*
X—y x«—y« x-fy

'

3x«-8 5x+7 _^ 2
x«-l x«-f-x+l'^x-l

2a-36^4a«-96«^2a+36 "* i=I-i=2 + iZ:3"

20.
,+.-!=

3

««-3x+2'^x«-7x+10 x*-ex+6

21. (a+ftXft+c)(c+o) o4-6 6j^ _ «-»-«

fl*e c o IT

III
I iH 1 1 III iiiiii I -'r ^m^^im'^^m



22.

23.

24.

o»-6«+26c-c«

FRACTIONS

a*^(b^o)» f-(c-a)* c«-(a-6)«
T.+(•+c)«-6« ^ (6+o)«-e«

"•"

(6+e)«-i»

o«-2o 3a 6a
o«-o-2 6o-4 "^

6a«+2o-4
1 1

25. -i L_and-1 \ ^
28.

27.

28.

29.

11

f—y x+y x*+y»

2j/ 4y«

*-y «+y «'+y* x*+y*'

_l
1 ^

B-x 3+« 9H-a;«'

_o_
4. o

, 2o» , 4o«6«

1 I . X

6«

4-4x 4+4a!"^2+2a:» ff^'

30. Solve -^-^
I-

^5 12 1
x«+6a!+6^a;«+9a:H-14 ««+10ic+21 ^4* ^*^"™y')

139. Special Types in Addition and Subtraction.
We have already seen that

b~a=~{a-b) and a-b=—{b-a),
or (o-6)-f (6- .)=-!.

When a-6 and b-a occur in the factored denominators
rf different fractions, which are to be combined, it is not
lecessary to include both of them in the I CD.

Ex. 1.—Simplify ~ + -L-.
a— —

a

f wo decide to use a-b, then it is better to change the second
6fraction into the form —

i^:^'

Then
i:^ + 6:

a 6_ a—h
a^ a—b " a^ ~ *'

m

*i

-1



Ex. 2.—Simplify
x-1

ALOEBRA

3 g-3
x+l'^l-x*

The denominator of the last fraction should be changed to »- 1,
•o as to be the product of x— 1 6uid x+ 1.

A 9
The ezpreaaion = ^—

x-1 ar+l
x-3

_ 4(»+l)-3(g-l)^(x-3) 10

(»-lK«+l) ""(x-lXx+l)*

Ex. 8.—Simplify

8
{x-l){x-2) "^ (x-2)(3-x) (x-3)(l-x)

*

Here there are only three factors x- 1, x-2, x-3, required in the
L.C.D.

We therefore change the second and third fractions so that the given
expression 12 3

(X- l)(x- 2) IX- 2)(x- 3)
•

(x-3)(x-l)

"

Complete the simplifloation.

140. CyoIIo Order. Suppose we wiah to simplify

*+c c+o 0+6+ +(a-6)(a-c) ^ {b~e){b-a) ^ (c-o)(c-6)

The L.C.D. in this case will contain three factors and it

might be written in different forms as

(a-b)(b-c)(e-a), (a-b){a-c){b-c), etc.

The pupil is advised to write the factors in what is

called eyolie ordei

It we arrange the letters on the circumfer-
ence of a circle, asi in the diagram, and follow
the direction of the arrows we see that a is

followed by 6, b by c, and c by o.

Thus, if w© write a-b as the first factor, then
changing a to 6, 6 to c, and c to o, we write the second
factor b— c and tho third c—a.

If we write the L.C.D. as (a-6)(6-c)(c-a), we should change the
fractions so that these factors appear in the denominators.

V^A
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Tbe given expnaaion then

_ 6+c o-\-a - «»+ft
(o-6)(c-a) (6-cXa-5) (o-oK6-o)*

-(ft-l-e)(fe-e
)-(c+oXe-o)-(o-|.6Xo~6)

(o-6)(6-c)(e-S)

—6'+c»—c'+o'-Qt-ffti
(o-6){6-o)(c-o)

6e

0.

att

{a-b)(a-c) ^ (b-e){b-a) + (c-r^c-6)
Proceed aa in the preceding exaraple and you should get the reeuJ.

-6<c-f6c«-c«o+co«-oi6+afci
(a-b){b-e)(e-a)

Thi. fraction i. equal to uniJy, for the numerator is equal to thedenominator. Prove that this is true.

i

Simplify:

!.• »

3.

6.

7.

ZBHOISB 86

a«-|-aa; x*+az

'

g+3 a;-3

_2 3_
a*-ab b*-ab'

_2 _3 ai-3

9.

11. j-J L to
6+3a 3a-5^6«-8o«'

12. ?f!±?f_3o32« 16a;«

3o-2* 3a+2!c"''4x»^9o«

18. -J 4 _? 3a;+7

2. « 3
2a-36 36-2o'

X I

««-9y«'^3y-x

6.
g+g x«—o«

8.

10.

X—a a*—ax

'

_5 4 16

_3 ?____?*_
«+4 a!~4 16—»•

• %

<>

'ii.ieaE»3P«?«& ".s^i^:
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p t

14.

t6.

16.

17.

18.

M.

20.

•

21.

22.

23.

c(a—h) a(6—a)

j_ 1

(o-6Xc-a)^(i-oyc_55

? + ft

(x-oXa-6) ^ (X-6X6-0)
^

-2 -L 2
,

1

y«-x« ^ a;«-2ay+ys "^ iS+^

'

Z—x 3-l-a; l-16a;
l-3x l+3« 9a;»-I * '

«*-8a:+15^««-4a:+3"^6a;-»»_ff

«+ft
,

6+c
._g±g

(6-c)(c-a) "^(c-a)(o-6) "^
(o-6X6-Fj

(a-b)(a-c) ^ (6-cX6-a) "^
(c-o)(c-6)

°'
I

ft'
,

_c'
(o-6Xa-c) ^ {b-c)(b-a) "^

(^Z5x3=6)

'

, L + »
. y

(«-yX*-«) (y-2Xy-x) ^ («-«x«^
ax—be bx~ca ex—ab

2S.

26.

27.

98.

29,

80.

(0-6X0-C)
*'
(6-cX6-a)

"*"

(^Z^x^Uft)
•

_?! *'
,

c«_
(a«-6«Xo*-c«) ^ (6«-c«X6«-o«)

"^
(c*-aSXc*:::6«)

be(a+d) ca{b+d) ab{c+d)
{a-b)ia-c) (6-cX6-o)"^(c-oXc-6)*

a+36 46»

a-6 2(6+a) 2(o«+6») "^
6«-o«

'

(i^ "* 5+6/ ~ (^+3 "^ 5=3/

-"wmMim'Mmm^] ^m^im.^^'mmi^
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"!*
,.
"^"P""*'«" *n« D'vlslon. The ordinary cases inmuit^bcation and division of fractions have hee^t^ ^

?n th« foll!''"^
special forms which appear are illustrated

in the following examples.

Ex. l.-Multiply a+-^ by a--?la-« ^ a+a

The product = °*~°^+°*
j^
Q*+ag-aa> _ a*

Ex. 2.-Multiply
I + ^ + 1 by

I 4- ^ _ 1.

We should recognize that the first expression is the sum of ? + *

and 1 and the second is the difference. * "

The product = f" + *V_ 1 = ^*
. 2 -I-

*'
i

°"
. . b>

Or, we might proceed as in Ex. 1, thus

:

•^^ °* - o«6« a«6«
—

•

This result is seen to be the same as - + 1 j.
*'

„„^ ^u
.

^^ ^ 6" ^ + ,ri' ®"° *he answer
fliay be given m either form.

Ex. 8.-Divide?;+l by ^-i + l

The dividend = ?^', the divisor = ?!z:^_±1L'

.'. the quotient =

Divide in the ordinary way and get the quotient i + l.

We must not make the error of thinking that we can invertthe divisor, or take tte reciprocal of it. by inve^ng

ill

*»»i

w^.^TT'-m^^^mr^^-
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ewh term of it, and change the problem to one in multi-
puoation, thus :

The reciprocal of ^ is a+6, but the reciprocal of

1,1.
- + r IS not a+6.

^OJ* - 4- ^ = ^^ *°** »*« reciprocel is -^

.

Multiply:
X»»0IS.9e

g«—a—6 «•—2* —81.*

8.

««+4a:+4' «•—7«+12'

g«4-2a-lC a!«-f7a;-44

«»+8a;-33* x«+9a;+20'

7. a:«-(.l+i ««_l + i
X* «•

9. 6 + ^. 1_ « ».

Divide

:

11.
»_*-ll»+30. »«-&c

13.
o'4-6'-c«+2a6 a+6+c
c«-o«-6«+2a6 ^ 6+c-o'

14. f.;-iL;+f_yby?-?.

15. ^ + gby?+ y.
y»^x» -^y^*

Simplify

:

2.

4.

6. y

o*+6« ad-6« a

a*-6« 0-6
o«-2o64-6«' ^9+^

y-x x+y' yt^x*

8. a« + 2 + -?. a«-2+T.

a*—b* 0+6 o«—o6-}-fe«10.

12.

16. 5;ry'by'ry*.
««-y* •" x-y

j7. 4±i-x''+2 o«—

4

«•—2o a«—a ' ffl*—a*
18.

a^4 ^ o«+2a
a«+5a • a«-25*

t.*V

i-anr#P^rsft-. ""t^v ^ S1M^%»^SS'
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22.
(o4-ft)«-(c+d)« ^ (o-c)«-(d-6)i
(a+c)«-(6+rf)i •

(o-6)«_(rf_c)i-

23. -_^!3^_^ o»+12a-64
. o«-16o+64

a«+24a+128 ^ -?=«- ^U+i^

'

24. /'Jl,_^*_U.^ 2a 26-o\
\i=Qh 3a^2bJ • V5+26~ 26=35/

142. Complex Fractions. A complex fraction is one

Thu..
J i. , compto. taction M,d to. of oo„r«. onlf Mother -.y of
a

writing ? -=.

J.
It is simplified in the usual way by changing it into

J
X - which equals^

.

A complex fraction may sometimes be easily simDlifiedby multiplying both terms by the same quantity. ^
Thua ^~<<» _ 8-3o

• ~F^ 45— on multiplying each term by 4.

0+26

-its L = fe(«-f-26)+o(o+6) _ o«+2a6+26«
?±f*_-£_ («+26Ka+6)-a6 " o'H-2o6+26« = *•

6 a+6

Hwe both terma wen multiplied by 6{o+6). I

""wmgrn ^^mA--^'-'
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\

• If the L.C.D. ic not the same for both (dmw of the
fraction, it is usually better to simplify the terms separately.

x+1 a;-l

Ex.-Simplify i±J_£z|.

x+2 x-3

The numerator - («+ l)(»-2)-f»- lK»-<-2) -^;^
(»+2Kx-2) («4-2K«-2)*

The denominator - (»-2)(»-3)-(x+2)(x+3) -lft»
(»+2)(«-3) («+2Kx-3)'

(x-j- 2)(x- 2)
'^ - 10* - a(SZ2)

If

Simplify

:

12e

fi.

8.

1

1+z

1- 1

0-2- o'-gg
0-3

o+ 8o

a-3

2 + ayH-l

la.

e g

_a 6^'

6+0 e-H>

XBROniB 97

a iSL

12e

8 —

*

4. '.J!

6.

J !_•

0+5 a—

6

« + y-

11
* JL.
x~y

7.
g+y

* + y —
2xy

x+y

9 (T+3y)'-(x-3y)«

(3x+y)«-(3x-y)«'

+ 6- ?-__

+ 6- ^

S
18.

2x + 3
3

1-
•4«

-.T - ^ '/ «-,-!.r^TH«» H0)||j-J.-
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14.
6«

lA.
t _ 1

,
i-

5^ if5"^6y

18. Find the value of 5=lf when «= ?±* «=,?!rL*
*+y 0-6 * 0+6'

17. Find the value of |~?'->'^ when o= 5=1? 6= ^*-y)'
1+20+6 x+y (x+y)*'

.Impljfy

XBROIBB 86 (Review of Chapter XV)

l.« 2a*
o+X 6-0 "^ o«+6** 2. ^-^ -fl i

I. -* JL («-»)'
»+3y 3y-» ««-^«'

V+4.+ r,+

l_ 1

* y

X
1-*^ l+x"^ l+*«'*"I+i«'

+ -if^ f—
1-t? 1_?

« y

8 (l-»)'+ (l+»)»

(i+«)»-Tr^«'

10. -^ -—i— +—_-L__»+l x«+3a;+2 ^ x»+&e*+llx+6
*

„ o'-q6 q6+6« 2o«6
• a»-6» "<

a»+6» "^
o«+o«6«+«'"*

*

a*—b* a«+6" a+b
o«+2a6+6» ^ o«-6« ^ oHo5«4-i*'

13. g+f _
I

g-»
I

2x»
o«+ax+x« ^ o«-ax+x» "*"

a*+a*x*+x*
'

14. (1-ot) ^ {(l-a)« _ (o»- 1) -H (o + ^)}.
15.

6+0—

a

e+a—

6

a+6—

c

(0-6K0-C) ^ (*-o)(6-o) + (o-aKe-6)

1|
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18. Exprwa Mm produet of

9-9m+x»
•nd

I I

1 +* {«- iK8-«) - (.-2K4-.) -
(T=4)fr:7)

M • fraotion in its loweat terma

19. How can you ihow menUlly th»c . iS the lum of

ao. Divide ~ + -if. Jf!_ by - 1- 4- '

21. Divide 2!zg±£l!
>,
;;-(e-a);

. (a-6-c)«
o»-(6-«)» ^ 6«-(e+o)» "y

{T- -b+o?

22. Divide^ + '-ii+--^-.t.2-(!^' + l).

23. BK^- th«t . <*+y)n-«y) »(i-y')-t-y(l-««)
(l-flV)«-(a>+y)« (l-««KI-y«)-4«v

"• " °"2=l' ^TTe' ""Slid* '"»:-? P"^" " -*•

26. Find the produot of

!+« •nd l+«+
»-l4

a+10
»^

26. Subtract j^~ from g and determine which fraotion i« the

greater if a is greater than 6 and if both a and 6 are poutive.

27. Add (^+«»ft)(^+«) (l+beHl+ba) (l+co)(l4-c6)
(a-6Ko-c) ' (6-c)(6-a) * (o-o)(e-6) '

28. Show that ^—^ + ^^—^ haa the aame value when x=o+6 aa it

has when x-
2ab

'a+b

29. Prove that the product of any two quantities is equal to their
sum divided by the sum of their reciprocals.

. ^^, .*».^ B/JPiAriiaR iK*3C •vanprti^
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so. If X'
b~e e—a a—b

prove that

a*«+«+»+«-a

how that
81. If o-!:J?, b^tU e_«-»•+y v+«' «+*'

(l-a)(l-6Kl-c)-(!-|-a)(I+6)(H-o).

82. If o and 6 are poaitive. which ia the greater

a+36 a+26
i+26°'l+«'

38. SimpUfy -!_ _ 1 a+36 46*
a-b 2(a+b) 2(o»+6*) ~ ?^F«

34. Add .-^;zJL «—

X

3a. Simplify -* !_ 4. _L 2
' x-4 x-3^x-l~ir2"

38 When «-^. find the value of

*2^_x+2o
x+2e •— 2e

400

87. Simplify J ^+'y -, .
l—xy

-X ' U yr

I itu

t

f
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CHAPTER XVI

FRACTIONAL EQUATIONS

143. If an equation involves fractions, the fractions may
be removed by multiplying every term by the same quantity.

In Chapter VI. simple examples of fractional equations

were given.

The case in which two fractions are equal deserves special

attention.

Thus, i^ r = J ^^^ ^^^ si^^ is multiplied by bd we have

g X bd = ^X bd.

.', ad=be.

144. Cross Multiplication. It is thus seen that when two
fractions are equal, we can remove the fractions by multiplying
the numerator of each fraction by the denominator of the
other and equating the results. This operation is sometimes
called cross multiplication.

Ex. 1.—Solve

Cross multiply.

x—5 x+Z
X—7 x+9

(a!-6)(x+9)=(a;+3)(*-7),
.'. x«+4«-46=x«-4a!-21,

8*= 24,

x=3.
Verify by substitution.

This method is applicable only when a single fraotioo

appears on each side of the eqvrvion.
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FRACTIONAL EQUATIONS

4a?+17_^_3ar-10Ex. 2.—Solve
a:+3 ar_4

Simplify the right-band member and we have

4g+17 _ 4a!-18

No jro*, muitipSy. complete the solution and verify.

Solve and verify

:

3a;+l a;+12

BZBROISB 98

1.

9.

6.

7.

3

ar-l

11
= a: - 9.

11.

6 2 ^7~

7a;-3 2x4-5

2 "^'--S--

^ =2-^
«-l a;-3'

x-\-2'^x-2 x-Z'

2.

4.

6.

3a;-5 3a;-l

Sx-S 5ar-l

a;—2 ar—

6

«—3 z—

5

«+l_a;-3
2 ~3~

= 0.

x+30
T3~'

13.
2a;+38 ftc+8

-1.

16.

17

x+12 2a:-f-l

2«+Z _ ?f±19 _ 5a;+ 1

1

3

6-8a;

12 7a:+9

8.

10.

12.

14.

16.

200

»*+7a;-6 ^x-\-\

x*-{-5x-\(i~ x-\'

1 ,1^ 2
*— 1 a; x-fl"

x—li _ 2a;-f3 _
3a;-2 te^IT " "*

y-8 ^ y-12
y«-8y-fl5 y2_i2y^3o

x-2f'^x-3
= 2.

= 8.3-* ^l-a;

19 ^±^±Sx+l _ 2»«+2a;+l
2x«+2a:-f3 x+1 '

2ar-2 x-4

18 ?f±7 ,
3x--6^5x-}-9

x+l "^ «+2 "i^iT*

20

21.

x-3

i-3x

x-5

5x

1-5 "^1-26

-1.

a;-2 2a;-3
1-8 9 3l^.

*f!

Ul

I

I
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22. Solve ?f!zf?±5_4«^::&+7 . „ . _^ .

3a:—

4

'^—6 ^ reducing each fraction

to a mixed expression.

fi«f'i S".h
''"^ «°'»««';ti7 numben. so that the sum of i of theti«t, i of the second anu } of the third may be 30.

fh.\ ^u'^^T ^^ ^""^ P*^ '^ ***** " o"« b« divided by 6 and

lLe«" "^ •
''^'"°" °' ''^^ '*"°*^«°*« ^'^ ^ »8- gL two

26 How much water must be added to 100 lb. of a 4% solutionof salt to make a 3% solution ?
^' °"

bv^'s' fnsS Th*^'**
*o •^d 3 to a number and to divide the result

obtatJ .h
°"^ *° **" subtracted 3 and multiplied by 5 andobtamed the correct answer. What was the number ?

27. A man bought 180 lb. of tea and 560 lb. of coflFee. the coffeecostmg A a. much as the tea per lb. He sold the tea at a loss of^^
did ttrssr^rT,"'

""''' "' «^^ ''''' ^^ ''^ -'^'^- ^'-

for''!'lb^I'^'°"',i"i***'
** ^- * '*'• " ^ ^*«l "««'^«i Sc- «>ore

iw ItuT' ""^ ^*^' "^''^^^ '"• '""^ ^' '^- How many lb.

I ^;« 5' ^'";'^ *° ^^^ '***'°° ** *•*« ••**« °* 1» y*«^8 in 5 secondsIhave 7 mmutes to spare; if I walk at the rate of lu yards in 6seconds I am 3 mmutes late. How far is it to the station'?

146. Fractions with similar Denominators.

Ex. l.-Solve^ - ^^-^8
.
2a;+3 _ 16 ^ 3a;+4

£+6 _ 2a;- 18 2a;+3
, 16

. 3a;+4
»1 3 ~4~ + 3 + ~l2~

'

.- 'itl = 4(2»-18)- 3^2a;+3)f64+3a!-t-4
11 12

Now simplify, cross multiply and complete the solution. Thea«rreot answer u ams,

i..i
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This problem shows that the denominators of certainfractions are such that these fractions can be conveSentwcombmed when they are grouped on one side of the e^uatlon"^

Ex. 2.—Solve 2a;+3 _ 4xj-5 5£-t-4

x-fl 4(a;-f-l)-6«+l-

Jetlt '"' '"' *"° ''^*'°"«' --P'«*« ^»^e solution and van.,

x—\ x—2
x—2 ^113

Ex. 3.—Solve ac-4 X—5_

L.ar it villi ^^folTn'df"' !° ;""'*'P'^ *" '""^ ^'^'^'-^ by the

Ex. 4.—Solve

Adding on each side. 2»+7 _ 2x4-7
«*+7x+10 ««-f-7x-fi2'

^^+^
0.

(1)

a!»+7x+10 x«+7«+12
.-. (2x-f.7)/'—_i 1 \ ^

U»+7x-f-10 x«+7x-fl2y = ^'

2x4-7=0 or-* 1__ n
x«4-7x4-10 x«4-7x4-12 "" **'

a:=-3i or x»4.7x4-10=x«4-7x4-12.

(art. 101)

Since the equation x«4-7x+10-a;i-i-7»j.i<> • •

0% roo. „, the ,ive„ «,u.t„„t':-!3l."rvL"ZZr ""

divide both s,i^.7if
''^ ** *^^ allowable to

-^'^ «A(« «ie /actor w „o< zero. Here 2x-f 7 might be equal

i\

I

&
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to zero, and, in fact, would be if a:=-3f If a;=_31 the
equation in line (1) is satisfied as each side becomes zero.
Solve the equation by writing it in the form

1 1 J 1_
.r+3 x+2'a?+6 a:+4

Solve and verify

1.

«+3 3a;+5 2x-\-\

2x4-1 _ 6z-l _ 3z-2
6 16 ~6af-f3

BXSBOISB 100

2a:+3 x-\
6a;—

8

x-\-2

2

8.

5.

6.

7.

7

4
+

6a;+2

3

14
4.

6*+l_3z—l_2x—

1

4 2 3«^ ~

_29^ 2

*-8'^2a;-16 24
"^ 3x-24

8.

9.

— A-
^~^ _ 6a;-f7 j

12'^12ar+8~9x+6"

ISx-lO 4z-f-9 _ 7x-14
36 "^ 18 12

3a:-4
}_ _ 6z-5
12

23z-88
17a:-66'

6a:-9"

6a;- 17
+

10.

11.

12.

13.

14.

16.

8x-12

2x-ll 23

13-4a;
"^

14 42

\^_ 6x—7 _4x—3
10 10a;—6 ~ 4*^'

1 1 1

3a;-7

21

1

x—1 x—2 x-3 a:-4*

_J 1 ^J ^«— 10 a;—6 a;—7 x—2'

_L_4.__L___3 i

3x+12"^6a;+24 2x+10 «+6'

_3 5_ = _? L
x—5 x—1 1—x 5—x'
»-8 g-4 »—

6

r—lO^x-a x-7^x-d
x—1
——T (transpose tenns)
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16.
^~^ _^x-7 x-12
«-14 ^z-8 «-13

FRACTIONAL EQUATIONS

2x-n
x-9

17. Solve the preceding example by changing ^Z^ into 2 +
and making similar changes in the other fractions,

Sg—30 fix—

4

x-H

209

-1_
«-14

18.

19.

20.

4x-n 10a:-13

a:-4
' 2x-3 ~2i^'^l^IT

^::64 _ 2z-ll _ 4x-65 _ z_6
«— 14 X—

7*X— 13 X—

6

5rl +^ ,
a^-2_,

«+l^x-2'^iZI~'*-

21. Solve
X—

g

6+ c

wS;is"hfarttLTti;eVnTJL^^^^^
*'^' - '""-* ^ ^-' ^ *'

occur in which the known quantities are represented byletters instead of numbers.
«:"W3u o}

These are called literal equations.
The same methods are used in* solving them as were usedm solving equations with numerical coefficients.

Ex, 1.—Solve ax=rbx+c.

ax—bx=c,
.'. x(a— &)=e,

x=
a-b

Solve 8a;=3a:+20.

8x-3x=20,
.'. 6x=20,
.-. x=V=«-

who! ^^ i^""
"' *' ' "^P**^"* «°™« known numberswhose values, however, are not stated, while x represent"

tlie unknown whose value is to be found in terms of a, 6 and cUsually the earlier letters of the alphabet are used t^"represent known quantities, and the later ones x, u z U>represent unknown ones.
> if, * w

id^^ff^r'^wu^
^"^^ '"^''^'^^ «'^"»- They are practically

result can usually be expressed in a simpler form.

i i..;:M
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NoTB.—The pupU must not make the mistake of giving x= ^+°
as a solution ot ax=bx+c. **

This statement is true, but it is not a solution, since it doM notgive the value of the unknown in terms of known quantities only.

Ex. 2.—Solve a{x-2)-b=a~2x.
Removing brackets, ax—2a—b=a~2x.
Transposing, aa;+2x==o+2a+6,

.-. x(a+2)=3a+b,

-.= 3o+6
"" a+2

'

The result should be verified by substitution, but this will
frequently be found more troublesome than the solution
When It 18 not verified in the usual way, tue pupil should
review his work to ensure accuracy.

Ex. 8.—Solve
x—b x~a

t - —

^

-

a—x b~x
Cross multiply, hx—b*—x*+bx=ax—a*—x'-\-ax,

:. 2bx—2ax=b*~a*,
6*-a« b+ax=

Verify by substitution.

2(6-o)

Solve for x, verify 112 •

1. mx+a=b. 2.

4.
x—a 3

6
7. ?=

* x—a+b.

10 — — t-~^ ^
b d~ a c

12. »_1 = 1_1.

5.

8.

BZmiOISB 101

ax^bx+2.

x—a_a
x+b~b'

s. .+!=<.

6.
x—e a—b

x-a x-b x-a
, x-b ,

x-irc 0+6

x—b x—a

'

11. o(x-o)+6{a:-6)=0.

13.* (o+«K6+*)=(c+»K«'+*).
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14. (<w-6Kfct+a)=o(6««-o), 15 «(«-») 6(6+*)
• . — ^x,• a

16. _f 6 0-6
*—o X—6 x—c

*

17. «(x-a)+x(z-6)=2(x-a){x-6).

18. (»-o)(x-6)=:(x_o_6)i.

19. _? L_ = _i 1

«-o «-2a x-3a i^i;,'

20 (*-a)(x-6)-(x+oKx+6)=(a+6)..

21. (a+xXb+x)-a{b+c) = ?^ + x«.

a
23. a»t+4'+ofcc=oi_6t^.

co»'Lns'j'z':L" :t:™r ~ "" "- - -^

» toe. *:'?«%';'?. '"° P"* » «»' »• «">« the greater ..,,,^

farm?
"oe ncn part left How many acres w«re in the

30. Solve {a-x){b-x)={c-x){d-x).
Check by putting 0= 1, 6=6, c=2, rf=3,

31. If » = ?(a4-0, solve for n ; for o ; for t

32. ^' * "^ Vrf • *°'^8 *0- « ; for / ; for r.

33. If ,=ai+^\ solve for a ; for g.

P 2

4i|
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147. Literal Equations with two Unlinowns. Every simple
equation in x and y may be reduced to the form ax-\-by=c,
where a, b, and c represent known quantities.

If two equations in a; and y with literal coefficientp be given
the equations may be solved by the same methods as were
used with equations with numerical coefficients.

Ex. 1.—Solve

Adding,

ax-\-by=c,

ax—by=d.

2ax=e-\-d,

Subtracting, 26^=c -d,

Verify in the usual way.

X =

y =

c+d

c-d

Ex. 2.—Solve

Multiply (1) by n,

Multiply (2) by 6,

Subtracting,

fix+by=e,

mx-{-ny=k.

nax+nby=cn,

bmx+bny=kb.
a:(na— fern)= en— A6.

en— jfcft

na—bm

(1)

(2)

We might substitute this value of x in either of the given equations
to find y, but it is simpler to solve for y in the same way as we did
for X.

Eliminate x from the two equations and find y = ""~°*
or ?^'"".

bm—an an—bm'

Ex. 8.—Solve a^x-\-b^y=c^,

a^-\-b.^=e.y

Here the symbols a,, o^, etc., are used to represent known quan-
titles. They are read " a one, a two, b one, etc." There is no relationm value between a, end a,, nor a, and 6,. The notation is used to
obviate the necessity of employing many different letter forms.

Solve these equations as in the preceding example and obtain

S^!9Bf

;^.k.a' ^ti*
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BXBROISB 102
Solve for x and y, verify 1-12

:

1. mx+ny =o. 2. lx+my=m,
mx-ny=h. mx-\-ly=l

4. ax+6y=a«+6«.
fi. a«4-6y=2o6

a;+y=o+6. 6ar_oy=6i-!o»

7. a«-6y=2o»+36«,
^*- ay=—ab.

ox—6y=o— 6.

3. px+qy=r,
x+y=0.

8. oa;+6y=2,

a«a:-6iy=o-6.

8. aa:-6y=2a6,

2bx+2ay=3b'-aK

^«- 1 + ^3.

a 6 *•

"• 1 + 6
= 2. 12. o«x-6«y=a»+6».

aa:-6y=a«-6i. 5-^=2
a b

"'tXTJ.-"- "•"'t^r?- "• ,-+N-i.

16. (o+6)«-(a_6)y=a»-|-6»,

X—y=a—

6

a:+y=l.

X y
»

18. r + _£y_ = 0*_
o—6 a+6 y = 6.

X y "

^ + *-^ = c,

* y
•5a -356 „,— - — = -25.
X y

20. If ax+6,=c and x-y=l. prove that x(c-a)=y(6+c).
-!1. If y=ax+6 and x=py-q, prove that y(?-6p)=:r(a?_6).
22. If 6x+ay+c2=ac+6c, ax+bv=ac ruJ.^, j

a:, y and 2.

t«-|-oy-ac, cy+d2=:a<i, solve for

23 What is the value of m. la terms of a and 6 if fh« i n •

equations are consistent ' *''® foUowing

ax+36y=a«+36«,

3x+y=3oH-6,
4z—3y=m f

Ir

i
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BXBRCISB 108 (Il«Tl«W Of OhapUr XVI)

Solve and verify 1-24 :

1. l(7-«)-|(ll-«)-f(»-8).

• 2+3

A 2x-3 .

I. 5 + l-J.

3*-2 6. »-29a!-4
x«-12x+32

9.

4.

6.

3«--2

2*-3

2*+7

«+ 17
= i-c+10

9«-8 x-ll~\ 2-

*±1
2

3

X
X
3

5-s

3X-2 2(4x+l)
, 5x-2 ,,. „ 3«-7

'• -7 3— + ^- = «"- «• -2(r-<*-20i)-»-

9.
6+3a: 4a8-7 16X-27

21

«+3 2g-3
. 3«-7 „-6- ^^' 2^+T + 3i+6=2.2 3

11. o{«-a)-6(z-6)= (o+6>(«-a--6). 12. ax-\-b ^ bx-\-a.

8x4-6 9x-3 4x-3
13.

10 7x+2

17 1 + 1 = 7 ^ + -L-3"• 3x + 6y ^' ex + lOy - ^•

19. ax-f-&y=2a&, ay—&x=a*— b*.

x+2 x+3 x-f6 x-f8
21.

23.

x+3 x+4 x+6 x+7

X— 1 X—

3

14.

16.

18.

20.

22.

4-x 2+ 4x -

-l3 7~ = *-*•

ox-fb _ cx-f

d

ax— 6 ~ ex—
d'

X ^ 1
,

2x

- *_=1 ^
x+6—

a

x+6—

c

i
+

x-6 X—

7

+ ^=0. 24.

x+lO^x-10 x-2

x+1 1 . 8x-3
--K +3x-4' &^ 16X-20x-2 x-4 x-6''"x-8

26.» (3o-x)(a-6)+ 2ax=46(o+x).

26. ^ + 26(a-c) + ? = c(a+6) + ^.

27 2x4-?5=^-y+3-j-7 ?y±l 8-x ... .«. zx + g - -J- + 7, —^ — = 24i - 4y.

28 y
,
2y-3x 7x-3y

29. | + j=-7, 3«-2» = -10«».
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+ ^* equal to ?Zi + ltMl,

31. What value of y will make
x+5

d3. Find a fraction such that if 4 be added tn i*^b-om- «,^ .0 I. but >, 4 b. .dd.d .„ iJd™oll?*."Cr7 "

34. "-«+»-«+* give .h, „g„„,.„. .,i.^ ,^ ^ ^, j;;_^

and c are unequal.

» i>l».y. t.i<» the g„«,or t™c,i„„ ^ ^''°"' "*' "• """'

B.'L,f.r',°6S" j':i,rj°rr •
""

"^ '"^ *"" "• "« •• »t%.

37.

n^ultiple of 7Thar ftiaTf TTdV' ^V" " ''''' « '" *^« -™«
c is of 2. Find the nul^bL

^° ''' "*"" '""^"P'^ «' « *hat

38. If , = J(2o+nd-d). solve for a ; for d.

a Hk 6."
--^=°'+**. «-V=26 and ,.+y..,. fi„d c in tenna of

W hin "HeTairaVitt To h7 "^ '"' *"^ ^* ">"- P- ^-r
is level. How much of ft ITup hSl r

"" °" * ™~* "° P*'* °' -hich

Az\:^rsii'^-- zToTc ',°2r. w"^
-"'"^j^^ '-

the cost of each. '
'
*^^°* '^^^ received. Fin<|

11«0 uid the native Do„rfrfi„ * '' "i
°' "» '"""'• <'««rei«»d by

P«P«U«„n « tr,;: Ttht^oi"""^ "" "^- ^'^ *» "'^

I

J
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CHAPTER XVn

EXTRACTION OF ROOTS

148. Square Roots by Inspection. In art. 65 we have seen
that the square root of any trinomial, which is a perfect
square, may be written down by inspection.
We have also seen that every quantity has two square

roots differing only in sign.

Thus, the square root of a*-^2ab-\-b* is ±(a+6),
*"«! of a*-2ab-\-b^ is ±{a-b).

±(a+6)=r»+6 or —a—b; ±{a-b)=a—b or b-a.
If we had written o«-2a6+6» in its equivalent form

6»— 2o6-fa2, it is seen that b—a is a root.
It is usual, however, to give only the square root which

has its first term positive, and we say that the square root of
o«+2a64-6* is a-\-b and of a»-2a6+6« is a—b or b-a.

IN

State the square of

:

1. —abc.

4. 2a-36.

7. a+ b+c.

BZBROISB 104 (Oral)

2. x+l.

6. o«+l.

8. a+b-l.

3. -«-l.

6. x*-x.

9. 2a+b—e

12. x*+2ax+a\

State the square root of

:

10. \6x*y*. 11. jo«6«.

15. a«-2a+l. 14. 4a«-12o6+96«. 15. 9x«-30«y+26y«.
16. x*+x+i. 17. a«+2a>+a«. 18. 16!C«-48a;»+36.

19. x'+y*+zi+2xy+2xz+2yz.

20. a*+b*+c'-2ab-2ac+2bc.

21. 4a«+96«+l + 12a6-4o-66.

si«



EXTRACTtON OP ROOTS ^
required, it is not a Ha'Zib e T"" ^"'\ ''"^ ^^^^ "
root by inspection. ^ ^ '

^° ^''^^ '^"^'^" ^^« «!"»"

Thus, to find the square root of

9x«-12a:»+lOx«-4x-fl.

evident that there ™u,t herthertm'aL Z.^7'
'"" " "

obtained in two dSer^nt „™ -.1
'.''"''"' """"> '• -"^y ^

or from the middrCsT " '"'" "" '°'' ''™' ''

^..'rr-^rct ;idrterL''-%'=hi:r
'^^

'- '^»

Jtr^iifcrth":.,"^:^ '" -°- -» '"

in the squa;^ ;«t Ijde^";'™'
""-' """' '"« -o„d te™

The steps in the process are :

(1) The square root of a* is a. The o*

2a6+6»
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granted that the expr^sllTsVptrfcc: ^uTrr""^
'' ^'^ ^^'^ ^°'

go beyond .tep, (1) and (2). you would get the re8ulTa +6!^ beforeThis, however, u not the correct result. Why ?

We can now extend the method to find the square root ofa quantity of more than three terms.

to«- 12x'+ 10a;«-4x+
1

1

3»«-2x+ 1

fix^^Jxl - I2a;*+ I0x»-4a;+

1

-12x»+ 4*«

6a;«-ia;+l| 6j«-4x-t-l

6i«-4x+l

After finding the first, two 'terms in the root, as in the Dreviou,•xample the 3x«-2x is treated as a single quantity and the'^rcondtrial divisor is twice 3x«- 2x or 6x»-4z.
secona

The squarn root is 3x»— 2x+ 1,

• ^^' ^*'"^J°*
^*'""* '*°°*- W^ '"'g'^t verify the result

in the preceding example by writing down the square oi
3a:»-2x+l. Verify in this way.
A simple method of checking is to substitute a particularnumber for x.

When x-l. 9x«-12x*+10x»-4x+l =9-12+ 10-4+1 = 4

'•"f.
3x«-2x+ 1 = 3-2+1 =2'

Since the square root of 4 is 2, we presume the work is correct.

BXBROISE! 106

Find the square root, by the formal method, and verify the results •

1. x»+12x+36. j». 9a2_6a+ l.

3. 9x»+24xy+16i/«. 4. 26x»- IOxy+y«.

6. l-18ad+81a«62. e. 49a*-28a«6»+46«.

7, oH2a»-3a«-4a4-l 8. 4x«+4x»+6x«+2«+l.

.PCT'l
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13. 9o*+12o»6+34a«6»+20a6»+266«.

17. o*-4a6+6ac+46«-l26c+9c«.
18.» Simplify o(a+l)(o+2)(a+3)+l and fi„H ;.A»-ro;i-i, and find ita square root.

.hatisltalu^Xr "' **-«*'+30..-56.+40 be ,.+..+7

21. Using factors, find tlie square root of

oftiS^'
^^ «"* '''- *«-« - the square root of l-2.>3x. and

23. When x=10. the number 44.944 may be written

4a;«+4a;»+9a;»+4«+4.

>81. In algebra, an expression of wliiVh ti,.
required is usually a perfLt square When s".^"*"!.""'

'"

'he formal .ethod n,ay be Aly^abbrev" " "" "='«'

Ex. i._Fjnd the square root of

r*-4a;»+10a;»-12a:+9.

.-. the square root is ««-2«+3 or x*-2»-t

#«-

»



&
2SC AI/^-^BSA

If w aquare a!«-2x+3. the term containing x will be twice theproduct of -2z and 3 or - 12*. If we squarf x«^_3 tTe termcontaining x will be + 12x
»H are x <«x d, the term

rooTis x.-r+r '' '"' '^P""^°" '« "^ P«^-* »^--' *»^« «l""e

Check this by putting x= 1.

^^- 2.—Find the square root of

4a:H20a:«+ 13a:2-30a;+9.

wJ!!?**
1*^^ fi"^* term in the square root ? What is the crial divisor TWhat .8 the second term m the root T What may the last term be JWhat IS the square root ? (Verify your answer.)

Ex. 3.—Find the square root of

Write the expression in descending powers of o.

a«-3o»+f}a»-5a+V.
The first term in the root is a«. The trial divisor is 2o», thereforethe second term is -3a»-r2o* or -Jo.

•"joreiore

.'. the root is o«— Ja+J or a»-§a- J.

Which is it? (Verify by squaring.)

Ex. 4.—Find the square root of

4a«-4a + 9-!4-l.
o a"

Here the terms are already arranged in descending powers of a,
the term + 9 coming between a and -.

a
The first term in the root is 2a, the second is -4o-4o or - 1. and the

last is + -.
~a

Complete and verify.

It will be recognized that it is only in the most complicated
cases that it is necessary to use the formal method in full
It 18 advisable to use the contracted method whenever
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11. x*+2x'-x+].

13. a«-6a»+li _^ ,
1

la.
I - 3a-» + i5^a:«-2a:+}.

2«'.
^•(^-6a)(^-a)+a^3a:-a)«-3a«:.l

21. (o-6)«{(a-6)«_2(a.+62,j
+2(a4+ft4).

22.
(«+6)*-2(a.4-6.)(e,+ft,.^2(a«+6«)

23. (.*+j^)^,(..^Ii)^,,

12. x«_2z3+5a:«-^a:+,V

14. 45*_4£»_3:c*
, 2x ,

'/

16. ^+^,^^a'^

18. i;_2f^3_2y y2

of a?

square.
'"^ product, prove that the result will be a

=«. I. *«'+i2..,+i..,.+«^.+,.
i, a perfect e,u.r.. «„d ,

'»n+v'(mi+4,(„,^j_2^_^

^JJ.
Rnd the „„.re r^t o, 4.H8.H8..+::+, check wh«.

.v.^. ^;^.a'
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162. Cube of a Monomial. When three equal factors are
multiphed together, the product ia caUed the cube of each of
the factors.

Thus, the cube of 2o or (2a)»=2o .2a.2a=8a*
the cube of o« or (o«)» =a« . a* . a*=a;

'

and the cube of 3o» or (3o»)' = 3a» . 3a» . 3a»= 27o».

The cube of a monomial is found by writing down the cube of
eachfaclorofit. "'

Thus, the cube of 5ab*x is 12Sa*b*x:

163. Cube of a Binomial. Find .he a>+2ab+b»
cube of a+6 by multiplying its square by ° +*
a+b. Find also the cube of 0-6. a'+2a«6+ of

(a-6)3=a'-3a26 -H3a&2-6». a»+3a«6+3aA«+6>

Note that in each case the cube contains four terms, in
descending powers of a and ascending powers of b, and the
numerical coefficients are 1, a, 3, 1.

The cube of a-b is the same as the cube of o+6, except
that the signs are alternately plus and minus.
From the forms of these two cubes, the cubes of other

expressions may be written down.

Ex. 1. (x+2y)*=x*+3x*(2y) + 3x{2y)*+{2y);

=x*+ 6x*y+l2xy*+ 8y*.

Ex. 2. (3x-2y)»= (3x)»-3(3x)«(2y)+ 3(3x)(2y)«-(2y)»,

= 21x'-54x*y+ 36xy*-8y*.

Ex. 3. (a+ 6+c)»=(5+ fe+ c)»,

= (a+6)»+ 3(a+ 6)«c+ 3(a+ 6)c«+c»,

=o»+3a«6+ 3a6«+6*+3a«c+ 6a6c+ 36«c + 3oc«+ 36c«+c»,

-o»+6*+c»+3(o«6+ a6«-f6»c+6c»+c»a+ca»)-h6a6c.

itt^ m

^p'^m-M'-



Find the cube of

1- -i 2. -2a.

8. «+y. 6. z-y.

»• «+I. 10. x~l.

13. x+3. 14. 2x_y,

17. a-46. 18. i_„,

EXTRACTION OF ROOTS

BXaROMB 107 (l-ia. Oral)

3. -3o6«.

7. m+n.

11. o«+6.

18. 2a-f3A.

19. a+b-e.

4. -x«yz»,

8. p—g.

12. l-a

16. 1-20.

20. a-b~c.
21.* Simplify (a+6)»+(a-6). and (a+6)»_(„_ft,..
22. Show that (a;4-vi»=3-8x.y8_LQ^/ , .

form for («-y)8 ^
^^^ ""^ +2^ +3a^(*+y) and write a similar

23. Simplify (o+6+c)8^(o^j_^j,^

<io. bhow that the difference of fi,« « u

26. When ._y+,. ,H„, ,t., ^_^._^.^^
27. Two numbers diflfer bv ^ Ti„ k

of their o„b«, exceed nineuZ .heir ^"I^r"'
""^ "" "'"""»"

b. the ouh, o, thi. nuddl. in^^"'"*'^'-.,tZ fX :^,-S""
°""

24Ix242xi43+242?

-ItipUed to produce Sit 'Xi^"" '^*°" -"-i we^

PW i*i:^r°
'°°* °' »"».»'«• i. », of to. i. 4.. „, ,. ,. „, „,

The symbol indicating cube root ig a,-

rfli «' Id^PV-w
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156. Cube Root of a Compound Expression.

The cube root of a»+3a»64-8o6«+6» is a+6
and ot a'-3a«6+3a62-6» u «_&!

Therefore when an expression of four terms is known to bea perfect cube, its cube root can at once be written downby finding the cube roots of its first and last terms.

Ex. 1.—The cube root of ar»— 6««m-H 9«ii a..a • n
cube root of :rM8x and of -S^is -2y/ ^^ '~^^' """^ ^^^

Ex. 2.-The cube root of a»-2at6+ la6.-^6. i« evidently o-i6.

thJ"f5!?r r^'
°^

^tu'
*^' '^"'^^ *"^"^ '« 3a%. After findingthe first term a of the cube root, we might have found thf

three times the square of the term already found.

Thus, the second term of the cube root in Ex. 1 is

,. „ -6ar»y-f3a:»or -2v.and m Ex. 2 is _ 2a«6^ 3a« or - 16.

tri!5'?
'*''' ''"^ '*' '^""'' ''•^ ^^-^^'^^^ '^^ «f the root is the

Ex. 3.—Find the cube root of

8a;«+ 12a;5_30a;4_35a.3_,_45^a^27a;_27.

The first term in the root is 2x* and the last is -3
^^The^tnal divisor for finding the second term of ihe root is 3(2xi^

.-. the second term of the root is 12x»- 12a:« or x

.'. the cube root is 2z»+5;— 3.

tha! ^ ^^rr""
*^** '* '' '"^^^ ^ fi"^ ^^l'^ r««t by inspectionthan to find square root, as in finding cube root therWs noambiguity as to the sign of the last term in the root.

t^ r^ult.
^ '^"*'' "^* *^^ *^^° '^^ «^"^ «>°t °f

_
"S«3BI^W^=^
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22S

Also, since (x*)>=a:« anH /^-sxa ^«
-t by taking tL 4ua„"tJoV„rtha oTbTlt'Sr "I^root of the square root. '

^''^ ^^® °"*^

Thus, the square root of a;H8a:»+24a;»-i-?2,-L i« • .
therefore the fourth root is x+27

+3ac+16 is x«+ 4a;+4.
The cube root of »«-6x»+16a:«_2rv,«j. ik i i.

therefore the sixth root is «-t
-^^'+^^^'-(^'+1 is x«-2*+l.

aXHROISH 108 (1-16. OnJ)
State the cube root of

:

1- -64. 2. 27o».

5. x*+3z«+3a:4-l.

7. o»+6o»+ 120+8.

9. xV+3z»y*+3a;y+l.

11. 125ar»-75a:«+15a:-l.

13. ?!-?5! .
3a:

8 4 ^2""*'

15. m»-9»i + ?Z_27.

3. -125o«6». 4. -8{o-6)»

6. x»-3a:«y+3ay«-y».

8. 8x»-12a;«+6a:-I.

10. 64a»-144a»-fl08a-27.

12. 27x»-27x*y+9xy'~y».

27 "^X"^** + ^-

16. |s-6a:«+12xV-8y«.

17.* In finding the cube root of a;*4-3a;»4.(u«4.7,8 . « . , , ,what is the firet term in the root ? wiZ,- 1 ,

+^* +6a;»+3a:+l,

the trial divisor for finlg thr^nd^m'? wit*"? ' ^'^^^ "
Check by substituting ;r=l

"" ' ^^** " *^« «»b« «wt ?

Find the cube root and check :

18. l-to+21a;«-44«8+63a:«-64x»+27««

«• g-^'+2.-7 + L8_27 27.
*' o ' x a:«~x»

20. 27a«- 108a»+ 171a«- 136o'«+67a»- 12a+ 1.

21. {l+3x»)»-a:«(3+x«)«.

22. For what value of z will x»+3cx«+2c«x+5c» be a perfect cube T
23. Find the fourth root of «*-4a;'+Q*»-4x+I.

P

I

u

K^-m'^



* ALGEBRA

24. Find the fourth root of o«-12o»+a4a«-108a-|-8l
M. Find the sixth root of

«•- 12a:«+60x«- ie0a:»+24ac«- 192*-|-64.

XHROisa 100 (»6vl,w of Chapter XVIl)
Find the square root of

:

!.• to*-24x»y+28«V»-16xy»+4y«.

2. a;*+4*»-2z«-10x»+l3«»-6ar+l.

3. «"+6a;"+6a:«-8««-f-16x«-8a;*+4.

4. Ja;*-Jx»+V«*-|«+1.

6. 12o»x-26a«x«+2S««+9a«-20aa:«.

6. 4x»(7+x»+3o)-f(3a+7)«.

7. (a!«+6ar+6)(x»+7x+12)(x«+6x+8).

8. (2«»-x-3)(x«-4x-6)(2e«-13x+16).

9. 4x« - 20x» + 33x« - 32x + 34 - 12 . 9
.

X x'What is the cube root of ;

10. 27-135x+226x«-126x*.

11. 8x«-12x»+l8x«-13x»4-9x»-3x+l.
12. (o-6)»+36(a-6)i+36«(o-6)+6».

13. Find to three terms, the square roots of

:

l-2x, l-o, 4+x.
14. Find the value of y for which ««-2(o-y)x+v« is a ooB.nl«t«square and prove by trial that your result is cor^t ^ *^

10. The first two terms of a perfect square are 49x«-28x» and th«l*8t two are 4-6x4-1 Wh»f m.»4^ *u . • ^** *"*««o Tox-t-i. wnat must the square root be T

17. Find th*» square root of a«4-4a»4-6a»4-4a-n i^r^ri a^ .u
square root of 14.641.

-r«» +«» 4-4a4-l and deduce the

18. By finding the cube root, simplify

(a4-6)«4-3(o-h6)«(o-6)4.3(o4-fc)(a-6)«4-(o_6)..

If a>»A4-l, show that a»—6*— I=r3a6.
19

mmiM.^-SM^'iS.m M^w^isis^i'^-^^



EXTRACTION OF ROOTS

^rT^'^l^iitlt^ST^jL ^l '-'.T"*^"'-
even integer,

from No. 16 T

'^ ^"*"- ^"'^ "'Bht the re.ult be deduUd

21. By inapeotion. find the values of

M- Th.Mpr«,„„
J'~v. th.t th» „ tr„,.

teniB. Ch«t when ,_]
°'' "" ''"'" '"o '"»> th. iMt two

M. WlMt mirnber must b. addvl f« .t.

20. Show that the .„„ „, ,,„ ^^„ „7f^^*
^"^ ^"»" '

^'. -find the cube root of

(4,-„.+(2«-3).+6(4x-l)(2x-3)(3x-2).
(Note that it ia of the form o.+6«+3a6(a+6).]
28. If 4««+12a!»+6a,«_2a,. am th^ « * ,

square, find the remaining threet^ '°"' **'™ °' « ««»t

« 2
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CHAPTER XVin

QUADRATIC SURDS

167. Surd. When the root of a number cannot be exactlvfound, that root ia called a surd.
exactly

eo^M' 7 "T""*
^""^ ^^*°*'^ *^" ""'"^'" ^hose square i.equal to 2. and we represent the number by the symbol Uand we call V2 a surd.

^ ^^

quanSty'"'"^
^^^^'^ '" *"^ ^"*""'^' ^* ^ °^^^«J » ""onal

but Its exact value can not be found.
^ " ^^ P'^*^'

To four decimal places the value of Vg is 1-41 40 ip;„w ^k
of 1.4142 by multiplication and see how cro::iy t t^pl'mat ^^T"We can find geometrically a line whose length is'^2 unTte l^ this

. . . square, whose side is 1 unit, draw the diagonal BDinen, from geometry, wt oiow that

BDi=AD*+AB\
.-. BZ)«=l«+li=2.

.'. BD = V2.

On squared paper mark the comers of a squarewhose side is 10 units. Measure the diagonal and
thus estimate as closely as you can the value of V2Make a diagram like this to show how to represent
graphically lines whose lengths are V2, V3, Vi Vs
etc. Take the unit line 1 inch in length.

'

What test
nave you of the accuracy of your drawing ?

158. Quadratic surd. A surd like V2 in which the square
root IS to be found is called a quadratic surd. In this Chapter
quadratic surds only are considered.

B

r<»i

_,j'-J.t"aiJ



QUADRATIC BUnD»
^^

IM. Multlplleatlon of Simple Surds.

Since V2 representa a quantity whoso square is 2
.-. V2xV'2=2=\/4,

*t- •, ,

^*^^=^36.Lause 2x3=6.
Similarly, we might expect that V2 x V3= V6 That .K-

.« true may be shown by finding the squa. of V2x >^
"

(V/2X V3).= S/2X V3X V-2X V3- fJust as (a6).=. I , , ,=V2xV2xV3xV3 «-6-a.6.]

=2x3=6.
.'. V2xa/3=a/6.
Similarly.

v^3xV6=Vl5,
'"'

v/axV5=V^.
Therefore, the nroduri nt /a^ -

Conversely. 5^3= V26 x ^3=^75.

-"atirri-dn'^ii.ir ^:^5:'Tr/r^- --
>»rd can sometime, be changed J." a mi,<:^'J^'

'" '"«"

^(
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A surd is said to be in its simplest form when the ouantitv

"wto
''^'°** "'*" *" *"^^*' *""* contains no* squaw

Thu«, the simpleat form of VSO ii 5V2.

XIROIBB 110 (1-20. Oral)

Find the product of

:

1. V2,Vz. a. Vs. v^.

4. 3V^,2V1. 6. V3, V6, Vi
'• vl.Vj,\/3. 8. (v/^,1.

Express as eatire surds :

•• 2V3. 10. 3^2.

3. ^2.^1.

6. V8, VJ.

12. aVb.

15. SVo^.

18. 3AV|.

16. (a+6)v/g.
Simplify, by removing the square factor :

11. fVg.

14. bj\

17. VS.

21. V27.

18. Vl2.

22. V86.

19. V20.

23. Vl62.

20. V76.

24. V2S».

2«. VlOOOr* 26. jV32. 27. V(5=?r'. 28. IVaV,.

29. Solve a:«=2 ; 3a:«=27
; ^x^=^9.

30. Sholv by squaring that

V3 X V7= V2T and VaxV'bx Vl=V^.

JA .^^:7
''If'

^~^=^y^' by extracting the square roots of %and 2 to three decimal places.

32 • Describe a right-angled triangle whose sides are 2 inches and
3 mchee. Express the length of the hypotenuse a« a surd.

-h!!:i^Lr'°*A'?*\'"*°«^^ ''^'*' ^""^ «°»'*i yo« find a line
trboae length is VlO inches T

j ^

-w^jimdf^mm^^F^



QOADRATIC aUHDa

Jl I'i^T "'•»-'•'••««.>-. Inch-. «„d ^^.^J2.
M. The aum of the naiiArn. ^t »

"» olW, i. 40. Find tS.^ " '"^
•
°™ <" »'"«' » .ioubl.

101. Like Surdi Tn ti.^ j

they are unlike .urd,
'** °' «'"''»' «"«J«. otherwise

SV2. 6V2. oV2 «e like .urd..

Thu.,

«nd
2V3.3>/2.jV6«e unlike .urd..

i62. Addition and Subtrmotion or hi,- . .may be added or subtrS th« J" u u
"''^- ^^^ «"«*«

the form of a surd.
^''^'^^' **^« ^"^t being expressed in

V75-2v;5.5V3-2V3= 3V3.

^««+V^32-Vr8-5V2+4V2-3V2-flV5

of 2. 3 and 5 each to twrdeoimaT ' ''^ ^^« *»>« '^^ "of
Ja It true that V^+V9^y/Tz ?

BXHROISB 111 (1-8. Oral)
iixpress <u a single surd

:

1. 3V/2+6V/2.
2. ,.^._3^^



t i

' ^^'i*

7. Vis- Vs.

9* Vl6+Vii+3V3. 10.

11. V46-V20+V80. 12.

13. Wm+W50-5Vm. 14.

ALOEBRA

8. V'4a+\/9a.

2^18+3^8-6^2.

2V63-5\/28+V7.

10v/44-4\/99.

15. V46+V20--\/»0+\/i80.

16. V72+\/98-VlM-V32-V66.
Simplify the following and find their numerical values, correct totwo decimal places, usmg the square root table

:

17. VT5. 18. V63. 19. Veb+VTB.
20. vm-2VT2. 21. vm-vm. 22. V66+A/7-2+V90.
Solve, finding z to three decimal places :

23. a:«=37. 24. ac«+6=60. 25. iar«-4=19.
20. 3jx«=132. 27. J(it«-ll)=63. 28. ix«=Jx«-47.
29. The area of a circle is 176 square inches. Find its radius.

Squabb Roots or Numbers from 1 to 60.

1

2
3

4
5
6

7

8
9

10

10000
1-4142
1-7321

20000
2-2361

2-4495
2-6468
2-8284
3-0000
3-1623

11
12
13
14
15
16
17
18
19
20

3-3166
3-4641

3-6066
3-7417
3-8730
4-0000
4-1231

4-2426
4-3689
4-4721

21
22
23
24
25
26
27
28
29
80

4-6826
4-6904

4-7968
4-8990
6-0000
6-0990

61962
6-2916
6-3862
6-4772

31
32
33
34
35
36
37
38
39
40

6-6678

6-6669
6-7446

6 8.^iO

5!«I61

6-0000

60828
6 l((44

6-24.-.0

6-3246

41

42
43
44
45
46
47
48
49
50

6-4031

6-4807
6-6674
6-6332

6-7082
6-7823
6-8667
6-9282
7-0000
7-0711

i9i. MultipllMtlon of Surds.

3>/2x4V3=3xV2x4xV5,
=3x4x^2x^3,
= 12\/6.

J



QUADRATIC avHDS
It ifl thus seen that the rym^^.^t ^e ,

muUiplying Ike product o/%ZtZff^ 'Tu'' ^"'"^ ^^
the anrd factora

rattonal factors by the product of

6V3x2v5=10.3=30,
"^

^-^cxbyTc^abc.
It, therefore, follows that the mod.wi nf , i-l

always a rational quantUy.
^ ^ '*^ ''*" *"'"''* »'

Ex. 1.—Multiply Vm by VfE.

Here the sure. sHould_be .^pUBe. Befo. ..Ulp.^„,
Since

V60=6-v/5 and V76=SV3.
.-. V50xV76=6A/2x5V3=26Vg

Ex. 2.—Multiply

2+2\/3by3-V2.

m*nn"^
*!>« multiplication is performed in amann^er «m.,ar to the multiplication of a+t

6+ 6A/3

-2-V/2-2V8

6+6^3-2^2-2^8.

164. Conjugate Surds. If we wish to multiply

6V3+2V2 by 6\/3-2\/2

a+6 and 0-6,
»re seen to be of the same form a^

•• <«^3>2v/2)(5V3-2V2)=(5v^3-).-(2V2)a.75-8=67
SimUarly. 0+ V2)(3- V2)=9-2=7.

"**
^2-VId)(2+v'l0)=4-10='-6

I'IriWj'
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4.

7.

9.

U.

21.

28.

24.

86.

27.

6V2, 6V5. 3. ay/h,hVa,

(2V'3)«, (V2)«. 6. V2+1, VS.

8. Va+V6-1, Vc.

\/io-3, VIO+3.

2V2+V3, 2V2-V3.

3\/2, 4a/7, |\/2.

(2V6-V7)*.

(Vo+V6)«.

3^2+2^3, 5\/2-3V3.

3a/o-2V6, 2-v/i-3A/6.

10.

12.

14.

16.

18.

20.

22.

XBROISB lia (1-18. Oral)

Find the produot of

:

1. 2\/3, 3V6. 2.

3V2, Vs. Vs. 5.

Va+Vs, ^2.

V3-I-V2, \/3-V2.

Vi-\/y, Vi+Vy.

13.* 3V6, 4V2.

15. (V3-|-V2)«.

17. (3V2-|-2V3)«.

19. 4+3V2,6^3V2.

3V6-4V2, 2\/g+3V2.

V5H-\/3-|-V2, V6+V3-V2.

V7-I-2V2-V3, \/7-2V2+V3.

VM^-3, Vi+6+2. 26. VS+VJ^^, V^-VSTT.
(V3+V2+1)*. 28. (V'6+2v/2-V3)*.

29. (VS+6-|-V5=5)i. 30. (3Viq/-2V'i+^)*.

Simplify

:

81. (6-2V'3X6-|-2V3)-(6-V2K6+V2).

(V3-V2-I- 1)«-|-(V3+V2- 1)«.

(VSO- Vi8-|-V72+ \/32) X JV3.

2(4V3+3V2K3V3-2V^)+(6\/2-3V3K4V2+2V3).

(V3+V2)(2V3- V2KV3-2V2KV3-3V2).
By squaring VlO+Vc and VS+V?, find which is the greater.

The product of 5\/3+3V7 and 3^3-V? lies between what
two consecutive integers T

88. Find the area of a rectangle whose sides are 6+V2 and 10— 2V?
bches

82.

83.

34.

85.

36.

87.



QUADRATIC SURDS
jSfi

165. Division of Surds.

Since VaxV6=v^. .-. V^-V5=^=V6.
Similarly, A/a-V6=^_ /«

and
3\/l6^2\/6=|V3.

Ex. l.-Find the numerical value of V6^V2 or ^.

r^ilrJdivroi!
''*' "•' "^"^^ «-*- °' « -<» 2 and perfo^th.

"^^,±^^=2236-1.414=1.581
(2) V6-V5=V|= v'5:6=1.58,,

(3) Xg- V'gXV'g Vio 3.162
V2 V2x a/2

~~2~ = ~2~ =****•

In (3, we changed ^ i„.o ^. that i., „e „ade the
denominator a rational ouAntifv tk; .- .

rationalizing the denomimltor^ ^' ^ ''P''**^^" ^ °^"^

Ex. 2.—Find the value of~ if V2= 1-4142.

Here, inatoad of dividing 1 bv 14149 »- « * .
ienominfttor. ^

' ^® ^"' raUonaliee the

Then J^ =, ^xV2 _ V2 1.4142
V2

Ex. 8.—Divide

V2x V2 2 - -

5v^ hy IOV27.

2V2 _2xV2xVa
»xVixV^" 16

-g- = -7071.

_gVJ^ 2 x24496
16

t2at

'^£^^':::^z-m.j
i =
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Ex. 4.—Rationalize the denominator of -tJ^.
3-f a/6We have already seen that the denominator will be rational if wemultiply It by its conjugate 3- Vs.

~ « we

.-. ^-^^i = (_2+VS)(3-y6) ^ l + Vs _ 1-1- V6
3+V6 (3+ \/5)(3-V6) 9-6 4~'

Ex. 5.—Divide 5-j-2v'3 by 7-4V3.
Write the quotient in the fractional form J+^Vs^ ^^.^^^^^ ^^^

denominator and simplify.

«

Divide

:

i. 3\/27-^\/3.

3. \/72-3V8.

6. vi8+Vl2by v^3.

Rationalize the denominator of

:

7 J_ - 10

10. ~.
Vb

BXBROISB 118 (1-12. Oral)

2. \/l2-rV3.

4.

6.

Vabc-^Va.

VcA+Vac by Vo.

»• vi

11.

13.«
7-4\/3

Vi

14.

3^6w
12

3\/2_2V3

9.

12.

16.

V5

1

16. -X£_. 17 5V^3-3\/5
Va+V6 • Vs-VS

Find the V, lue to three decimal places, using the table
1 i« ,_

2V^
3V2

"• VI 20. -)i
Vl8

18.

21.

v2-r

V3+V2
VZ-V2'

V7+V2
9+2V14

22.

26.

J
VS+V2

V'3-f-V'2.

23
^7

3V7+2V3*

26. 2Ve5T-3\/36.

24. A/7-V6
VI+V5

27. l-r(7+4V8).

:>iyiiiriLfjrj'sPii!r



QVADRATic Bvnoa ^

M. Simplify 2-fViO

the^ikrlw'n qSuy'is find'? ?"'u°° ^ °"« ^^ ^hich
mo«, of the terms ^ "* "°^"' '*»^ '^' ««n. i„ one or

Thus. Vi+7=4. A/i+ViTs-K
.
V ar-^ V*~ 6= 6. are surd equations.

Ex. 1.—Solve Vx^=2.
Square both sides, «-3=4

Verification
: Vi^s^ VflT^I V4=2.

Ex. 2.-SoIve V6^ri_2v^3==o

Verification
:

«a:-l = 4x+12,
..

•'. «=13.

« d:fi"n:St aTe^^ -« »>-« -^- ^'^e positive aqua, .ot o„|.

Solve and verify

1. 2\/i=6,

4. V'x+2=4.

7. m+v'i=n.

9. VxT+S^Q-x.
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^*- VMa:»-llx_5=3;e_2.

18. aa+Vi+5*„6^.^

2. Vi-8.-4.
3. 6-Vi=,.

10.

12. 2a:-A/4xti:i^:f:^^^

1*. v^(i==^)«XM+F«^,_s+6.
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Simplify :

8. «V8+SV57-Vi8.

6. (6V6-6)(8\/ff+8).

7. (V'8+V2-2)«.

9. 6V'57t-8V76.

11. (VI5S4-V45)-rV320.

a. V600+V80-V20.

4. (4V'6+\/T8)(4\^g-V'R).

6. (V8+VI+2)(V6-V'2-2)

8. (VS- 2^/2- 1)1.

10. (Vg-2)-^(V5+2).

12. («+V^3)(6-V3)-T-(Vi3-'v/2)

18. Multiply 3\/8+2V3-V2 by 2\/8-V3+4V2.

14. By how much doe. the «,uare of >/§ + -L exceed the «,uare

of V5 + -L T
V2

\.7*3"2and*'M33'' Wh^f?^?" '*'** '*^' ^''"« *" ^3 Ue. between
» 732 and 1-733. Which of thew is the dowr approximation to Vs T

16. Which ifl the greater. VU+VB or Vr2+ViOT
17. The product of 3V^-2v/3 and 2^3-^2 lies between whattwo oonaeoutive integers »

u^sween wnat

18. Rationalize the denominators of :

_4_ 3VS 3 /g , 2V8-2

Solve and verify :

19. Vi+I-4.

ai. VS»^+i«x.

23. Vx»-fi«+ll=«+2.

ao. V3i=2»2Vi=:5.

aa. V2i+7=3v'i.

24. Vj?rr2=i_x.

26. Find to three decimal places the values of :

J_. » 1 2\/l0-V5 3V2-2



QUADRATIC aVRD8
27. Find the value of

(2v'5+ Vawv'S- VS)(3Vi- vj).

»-y ^ «+y • ''^i^n *=2+ v/3, y=2- V3.
31. MulUply 2V30.3V5+5V3 by V3+2V2- Vg
32. Multiply V7+2VI by VTTiVft

g
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CHAPTER XIX

QUADRATIC EQUATIONS

J'l'ru"^
q"»drfttio equation has already been defined inart. 104. In the same article we considered the method ofsolving some of the simpler forms of it

Quadratic equations frequently occur in the solution ofproblems as shown in the foUowing examples.

462^'
^*~^°*^ *''° consecutive numbers whose product is

Let the numbers be x and *+ 1.

«(«+l)=462,
.*. ««+«-462=0.

^M*k' ^T?® ^®°^^ °^ * rectangle is 10 feet more than thewidth and the area is 875 square feet. Find the dimensions.
^* «=the number of feet in the width,

.*. x+ 10= the number of feet in the length,

ar(x+10;=876,

.*. arHlOa!-876-.0.

Ex. 3.-rHvide 20 into two parts so that the sum of their
squares may be 36 more than twice their product.
Let «=one part,

20— as= the other part,

x»4-(20-«)«=2*(20-«)+ 36,

«»+400-40l*+x«=4ftB-2a:»+36,
4x>-8ar+364<=0,

««-20»+91=.0.
un



QUADRATIC BQVATIONa
H\

mxMBoxan ne

n«J «.. middle nui^t,^"™ " "^ -»-»„«„ n„„b« i. ut.

•^'- P^'tKr^:!. • ™'- -^ «• -be, tae^ ,, . ,

«.«.-tbe™r4T^'"
t'"*,"" •"'•««• o* • book i. . „„„"'•"mb.rafp.g...''^ '^'""°'*' °°°'b«"" wort. i. MoS FW

- aJ'ineW"J^^TS"" " "^ •"-" ""'« »»- 'be p,H™..„

188. Standard Form of th. /* .
-adratic equation .a, ^:^'„e^t7*^;^^^^^^^^^^ Eve^

-an not be zero.
""^ ^°°^ numbers, except that a

'hem to the standa^^m^ J^/r'^^f ^"^*'on« to bring
quadratic equations. ' ^^ *^"« determine if they wf

of

Ex. 1.

Hon ihe
*w -Sand
Or,

(^+l)(2a:+3)=4x«-22,

2*«— fix— 25=0

«»*2.6--5.e= -25.

of «• ia 2,

I £-S

f
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Ex. a.

flaraa— 1, 6=0, e^

ALOEBRA

- +— -1

7»«+4(«-7)_4«,

7«*-28->0.

••-4-0.

Ex. 8. ^ +?±i = 3.x-1 ^a:+2
.-. 2«(«+2) + («+l)(aj_i)=.3(x-l)(*+2),

2««+ 4a:+««-l = 3x«+3«-6,

«+8=0.

Here o=»0, 6=1, c=8, and the equation is not a quadratic, since
the eoeffloient of x' is tero

m IR0I8B 117

Reduce to the standard form and state the values of a, 6 and c,

In which a ia always positive

:

!. ex«=a:+22.

8. ie«x.I6-8x*.

a «*+9 K^o. —j— ™B«.

7. 8-« = £f.
4

9.
3a;~8 Bit-2

x~2 x+6

'

U. ?+| + J?.,4.

a. 25a;r=8xi+21.

4. 2=llx-12x«.

X 2

8. (3«-6)(at-6)=««+2x-3.

10. '

X— 1 X4-2 X

12.
2x X—

3

x-3
= 1.

IW. Solution by FMtortnf

.

(1) When the absolute term is zero, the equation cai
Always be solved by factoring.



QUADRATIC EQVATIOSa
Ex. l.-Solve

ar«-ar=o.

Verify both root*.

Ex. 2.—Solve

*(2«-3)-o,
•'• »-0or 2x~Z -0,
.*. «-0or|.

Mr"-f-6x=0.

*(o«+6)-0,
•*• *=Oora*+6=rO,

.'. it==Oor -*.
a

(2) When the middle terra is zero fK.

Ex.—Solve o t «-

3(»_3)(a;+3)^0,

•• *-3=Oorx+3 = o,

Orthu.. • ,f"*'-• 3*«-27«0,

coiL^LTrc t*r4fr"^''\-»^- -- of the
'^'+hx+c, can be factored bv anv ^u^"'^"'**'^

expression,
g^ven. the solution is the^eLVy^ffl^^^.

'"^'^'^ds ^^^--'3?

^X.l.-SoIve
3X.-11..H.

3«»-llx-U=o.
••• («+l)(3«-l4)= 0,

Venfy both of the« roota.

Ex. 2.—Solve ri «.* ,

r(x-m)+n(x-fn)^0.
•'. (x~mXx+n)=.o,
.

. *^»n or — n,

B 2

/T^ -rw^ I
-
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1-ia. Solve the equation* in the preceding ezeroiM and verify

18-19. Solve the problems in the first exercise in this Chanter
(Verify the resulu.) ^ '

Solve by factoring and verify

:

20. xi-3ajr+2ai:-iO.

29. x*—mx—^m*='0.

24. *«-}-2a:(o+6)+4o6=0.

26. {x-a){x-b)^ab.

21. *«-6«:=0.

28. x«-a«—ftx4-aA=0.

26. 2ox«+ax-2x=il.

27. *«-a«^(j:-aX5+c).

two numbers whose
170. Consider the problem : Find

sum is 100 and whose product is 2491.

^* a;=one number,
•'• 100—z=the other number,

ar(100-x)=2491,
.-. a:"-100a;+2491=0.

To solve this equation by the preceding method, we must
find two factors of 2491 whose sum is 100. but this is exactly
what the problem requires us to find.

The necessity is therefore seen for another method of
solving the quadratic equation when the factors of the
quadratic expression cannot be obtained readily by inspection.

171. Solution by Completing the Square. We know that
(z-f-a)«=z«+2aa;+a«, the middle term being twice the product
of X and a.

If the first two terms of a square are x»+2ax, we know that
it must be the square of x+a, and, therefore,
a" must be added to x«+2ax to make a
complete square.

What is the area of the snaded portion in
the diagram ?

Siniilarly «i+4x must be the first two terms in the square of x+ 2™« **+*^ a complete square we must add 2» or 4. Also x«-8x

!!!!. il^iA'^" ^"^ '° **"* "**""* °' *-*• "«*• therefore. 4« or 16must be added.

ax

:« ^^^«^mmrf^%'



QUADRATIC EQUATIONS
To complete the square, it « .een th*t Tk

"**

fix. l.-Factor
*«-f-ex-40

=-*•<-«*+»-
49,

Ex. 2.--Factr>r

AJd(|)»oryf,. r
3.

5~ V-V-806,

««- I0<te+ 2500- 2600+ 2491 =0,
•'•

«*-100«+2600-9=o'
(«-60)»-3«=o,'

••• («-«0+3)(a;_50-3)= 0,

(*-47)(a._63)=,o'

«-47==0ora;-63=:0,

«=47or63.

JoLT::::'^.,
"^'^ ^ -tracted by wnting it in the

Add 2500 to each Sid. • . VJ^^ ^ 2**»-

Take the «,Z^^:' - *'-»^+2500= -24914-2500.9.
•

•• *-C0=±3.

— 62 or 47
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Here the solution depends upon the same principle, but
assumes a simpler form.

It is thus seen that wt effect the aolulion of a quadratic
equation by finding and solving the two simple equations of
which it is composed.

Thus by the first method of solving :r»—100a:+2491=0,
we obtained the two simple equations a:—47=0 and x—63=0,'
and by the second a:—50=3, and «—50=— 3.

Ex. 4.—Solve 3x*+x=10.

Divide by 3 to make the first term a aquare.

Add (i)" to each aide. /. **+i«+ »V=V + i'«=' W-
Take the aquare root, '+ i

=> ±V >

«-±V-J = |or-2.
Verify both of theae roota. )

The steps in this method are :

1. Reduce the equation to the standard form and remove the
cUtsolute term to the right.

2. Divide by the coefficient of x» •/ not unity.

3. Complete the square by adding to each side the square
of half the coefficient of x.

4. Take the square root of each side.

5. Solve the resulting simple equations.

uxmMOjaB 110 a-a, orai)

What must be added to each of the foUowing to make a oomolete
aquare T

1. x«+2x. 2. x*-ix. 8. «»+iat. 4. ««-l4x.
a ««+2«. e. »•-««. 7. x*+4ax. 8. *«-|x

Factor, by making the difference of aquaraa. and verify :

». ««+4«-77. 10. ««-64x-f713. U. *«_2*-899
U. ««-.-l»4a 18. »«-V«+V. 14. ar«+ldx-9a

-:, is
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veSTt^^rtl:*^
°' ^-^'^ «- «i-" to «,,.. th. following^

18. «.-9x4-18=0.
19. x.+7x+10=0,

21. 2..-3.=2. 22. 2x«+x=,08,

M. M««+»=»U. find the values of x + 1
3!

17. »«_10,^9^0

20. ar«_ar=«2.

28. 6a:«+&r-8.

completed the square on tkefeft^^^^ u'*
^^^'^ ^« ^^

right was also aluare 'Ai! i ,

''^'' ***" ^"*"*'*y '>'» thea square. This woula not always be the case.
*^. 1.—Solve 3:«-&r_i=o.

*«-8«+»-10,

«-3»±vid,
«* 3± vrs.

The two roots are 3+ Vio and 3- VT©
valT: rit' *° ' '^^P '"*»•- -<* -betitute for VFO it. appro,in».te
The two roots would then be

3±318=6l6or -16

'^•11 be very .maU. •

"w "na ti • value found for »•-«»_ i

Ex. 2.-SoIve 2x«-|-*=2.

»«+k-l,
••• *'+i»+W.-li.

The two roots are -i+iVVt -i i^/n
•ubstituting VI7.4.,23. • *~*^"' °' ">. -1-281, on

i-
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178. Inadmiuible Solutions of Problems. When a problem
18 solved by means of a quadratic equation, it does not follow
that the two roots of the equation will furnish two admissible
solutions of the problem.

Ex.—A man walked 26 miles. If his rate had been one
mile per hour faster he would have completed the journeym IJ hours less. What was his rate ?

Let hi* rate be x miles per hour.

The time taken to walk 25 miles = — hr
X

At the supposed rate his time

26 26

26
hr.

**+*-20=0,

«=4 or

Simplifying,

Solving,

Therefore his rate was 4 miles per hour, the other root giving a
solution which is inadmisiibia

6.

In

XBROISB 120

Solve, finding the roots approximately to those decimal places
using the table

:

1.* x*-Ax=\. 2. x»- 10a: f 17=0.

4. »*+8x=19. 6. x(a:+3)=i.

Solve, expressing the roots in the surd form :

7. a:«-6ar=2. 8. x»+8z=ll.

10. 4z«-&r=37. n. 3a;«-6a:-ll=0.

3. *»+2a:-6=0.

8. 2a;»-f-3x-4=0.

9. 4x»-4a;=7.

12. Ja:«+ |x=i.

The following problems reduce to quadratic equations. In solving
the equations factor by inspection where possible and verify the
results.

^

cf two numbers is 1 1 and their product is 30. Find
18. The SI

the numbers.

14. The sum of the squares of two consecutive numJ>erB is 8r).

Find the numbers.
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»"«^' rri^^S -^'',™^"." "» -.- <.« the.,

17. A merchant bought silk for J64 tk-

^. How can VOU fnrm Tin

»".» .„,„„„t. „t., .houi/rrrii.t: f"*"*
*"' """« ^ "»

Find ths width of the fr.n,e
"«"• ««lu.U to th.t of the mimir.

24.
. -J- „

—

"" ^"® radius of a cir
• n«i,u, 3 .ncbe, le« m.y be J « l.^";

26. A man spends $90 for coal »n^ « j .

.nci^ased $1-50 ^er ton hJZll^ll T? ""f
'''** ^^^^^ ^he price i.

What was the priS per ton ? * ^°' '"" '°' '»"' «•»« J"oney.

«f
./rr.r^vr- :;•;- '-h-Ho --r/^t

:4i
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30. How much must be added to the length of a rectangle 8 inohe.Dy e inches in order to increase the diagonal by 2 inches T

81. In the figure, the rectangle AO.OB^nct.
angle CO . OD.

(1) If i40=16, 50=3, C0= 8, find OD.
(2) If ^0=10, 50=4. CZ)=13, find OD.

32. In the figure, when 0.4 is a Ungent to the nircle,
iJA =(/C . OD.

(1) If 00=. 4, (7Z>= 5, find OA.
(2) If OA.^ 8, 0Z)= 10, find 00.

(3) If Oi4 = I6, CD=\%, find OD.

83. I sold an article for $56 and gained a per cent,
equal to the cost in dollars. What was the cost T

84. The denominator of a fraction exceed- the
numerator by 3. If 4 is added to each term the

resulting fraction is J of the original fraction. Find the fraction.

8a. An open box containing 432 cubic inches is to be made from a
square piece of tin by cutting out a 3 inch square from each comer
and tummg up the sides. How large a piece of tin must be used ?

36. A and B can together do a piece of work in 14f days, and A
alone can do it in 12 days leas than B. Find the time in which A could
do It alone.

ii

XBROI8B 121 (Review of Chapter XIZ)
1 . What is a quadratic equation T

Solve
j/'^'"*" '^<'-'''*+3)=<*-*)(*- !)(«+ 7) a quadratic equation?

3. The sum of a positive number and its square is 4. Find thenumber to two decimal plaoas.

1

12*
4. Solve^ + ® ,. _1 1

6-ar"^8-«°°^' a!_9 ilTg

5. If»«y»-6a!j/-7=iO, what are the values of xy T

6. Are «=4 and x*aI6 equivalent i

) same roota f

7. Solve ••-«y-f-^i-89, when yml.

6. Are «=4 and x«-16 equivalent equations, that is. have thej
the same roots f

'



QOADRATW EQOATIONt

9, If (x— 2>(ar— 31 — 7/
» th. proper o„„clu.,„„ ,'" " ^'^ """M it (oll,w th„ » _ 2- 7 J Wh.t

• body tc fall 6440 feet ?
'® '' " ""'^ «ong will it take

11. Solve 3a:«-4x- 1 = 0.

12. Ten times a number .« 9^

I *+* ^ J. '13. Solve^±2=.'' . 4-a,

18. The unite disit nt

17. Solve5±l?_i0^11. _7_ I 5

23. ^olve X* 4- (x— 4\i — Aft a
-hjch i, expre«ed by L^^J^ ''** '^~''''™' '''^ -"di«on i„

the'tet^„X!lfn"eS"y°llti""h"* '"'^ *"« P"*-' -ch that-- the ,„a. on^the^r- t^ ^dr, ^^^5
»». Solve i'+ »'-9, „h.„ j,_3_;^.

«
J .o?^ 'T:,d .f.^*"'" " '» "" •"- "" ""«- ^d. i.

,s
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28. Find the price of eijga per dosen when 10 leM in a dollar's worth
raiaee the price 4 cents per dozen.

29. The length of a field exceeds its breadth by 30 yards. If the
field were square but of the same perimeter, ito area would be J.
•treater. Find the sides.

80. If 8«—— = 4, find * to three decimal places.

31. The cost of an entertainment was $20. This was to be divided
»qually among the men present. But four failed to contribute anything,
and thereby the cost to each of the others was increased 25 cents.
How many men were there 7

32. If a man walked one mile per hour faster he would walk 36 miles
in 3 hours less time. What is his rate of walking T

33. A polygon with n sides has Jn(n-3) diagonals. If a polygon
has 20 diagonals, how many sides has it T

34. Solve a»(x-a)«= 6*(x-|-a)».

35. A can do a piece of work in 10 days less than B. If they work
together they can do it in 12 days. In what time could each do it

alone T

36. If X* -f -i
= 8i. find the value of x» and of x.

37. The length of a rectangular field ia to the width as 3 to 2
and the area is 5-4 acres. How many rods longer must it be to contain
6 acres 7

-til



CHAPTER XX
RATIO AND PROPORTION

174. Methods of Comparing BUfnitudsi. W»i«« «,- l .

Thua, if one line is 6 inchM in ian.^i. j
may «y that the ^ondTn ZlZCSr.rT^ '' '"'"^^- "•
•econd i. three time, aa long „ the fll^*^ " ''' ^"'' °' *^'^* *»>«

Neither method of comparison can be used «nl««- »,magnitudes comnare*! ii~ «# *u
oe usea, unless the

TI.U.. we can compare 3 lb. and 10 lb. ; 2 vd 1 ft AnH on nbut we can not compare 6 lb. and 4 ft.
'

'^'*- * "' *"<* ^ ft. 9 m. ;

176. Ratio. When two magnitudes nf fK^ =„ i
• ,

The ratio of 3 to 4 is written 3 : 4,

.-. 3: 4-3^4= j.

Similarly,

1^
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It wiU thu8 be seen that all problems in ratio may be
considered as problems in fractions.

176. Comparison ot Ratios. To compare two ratios we
Himply compare the fractions to which these ratios are
equivalent.

Ex. 1.—Which is the greater ratio, 3 : 4 or 7 : 9 ?

I ^T f
""**" " *' °'"'*' *'*""'**^ '"*° '• " ^^'''^ " '*"* «'«'*«' '""'"on

To oompare the fraction, we reduce them to the same denominationm the form. ,i and ,J. and it i. ^n that the latter i. the g^^r We

Ex. 2.—Which is greater, a : a+2 or a+1 : o+3.

-i- = <»(<»+3) _ o«+3a
«+2 (a+2)(*+3) - (o+2)(a+3)*
o+l ^ (o+l)(a+2

) _ o'+3o+2
0+3 (a+2Ko+3)-(o+2)(o+3)'

What i. the condiuion 1

177. Terms of a Ratio. In the ratio a : 6. a and 6 are caUed
the terms of the ratio, a being called the anteeedsnt and 6
the Qonsequent. The antecede it corresponds to the numerator
of the equivalent fraction, and the consequent to the
denominator.

Thus, - = ^P^^gPodent numerator _ dividend
b conMquent ~ denominator ~ "dlvwoT

*

178. Equal Ratios. Since a ratio is a fraction, all the laws
which we have used with fractions may also be used with
ratios.

Thus, since ^ =^ . it follows that a : b^ma : mb.

Hence both terms of a ratio may be muUiplied or divided
by the same quantity (zero excepted) wUhaut changing the value
of the ratio.

»:6«Thu«, 6 : 9= 2 : 3. i : J=.3 : 2. ? : -
' 6 a
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160

^RoiaB i«a (118^ o^j

O^^Lt^f^'"^ -^ "^ -P-ta. U-o. « ^„„„ ^
1. 10:15.

*. 15 : 10.

7. 2 ft. :3 yd.

10. 24a :8a.

13. a—b : o«— 6«.

2- 2|:6.

a. 12 : 16.

8. 2 days : 12 hr.

11. 6o6 : 10o».

3. 46 : 63.

0. 12 50 : tlO.

». 2ft.3in.:3ft.3in.

12. a+6:a«-6«.

1

16.
1

15. l-t
X

14. *—y : x—jf,

17. '•+2«y+y« . x«4-yi

1+i.

x-2 4:«_5!r+6

'

-««J^^IZ" ""'" "• ' '"°''" •"" » tache.. Find .H,

M. A^Bg" in d^condtag „rt„ „, „^j„^.
2-3,3:S, 11:16. 13:18.

o'l r.Sr'T : it,
°
Wh.:'i."'S:»

«-« -.nu^be, 5 U. Mh «™.
term T

"" " "" •°'~' °' .ubtTMting 6 from each

."bLC" ," ^^.'Xll^Z IT> r" ""^ 0115
: 7 7 01*^ ^"""^ "*"'^ «^»"> the reeulta of Ex. 24

^l^-^^V^,tiJ.7
--^ ""'"b - in the „Uo 2=3:..

I
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\l\

M. P^an . ram of money k dlrWad in the ratio 1 : 8. th- .m.ii„pwt 1. MO mo« th« when it i. dirid«l in the ratio 2 : 7. ,.S th"

«,S toT?''
"""^^ °"^ be «Jded to both term, of I to miUc. it

IsflQ T^*'
°"'°'^' -ubtract^l from-ch term of 7 ; 10 wiU produce

wJi; i-^hfJ^nla'TonlTn tTT**
-™ «>'- * »« produce c :. ,

W. If a ii • poeitive number which ia the greater ratio,

l+3a " 1+45'
M. The rate of one train ia 30 miles per hour and of another i.56 feet per ««ond. What i. the ratio of their rati T

the'*r;tioT;
' "" " '"'" '''"« '"""^ *'° P^ -»'<- »«^b. are In

M. il'8 income : ffn income=3 : 4. and A'm at^^^u..^ d.

._" - ",°° ; *'*** ^^ "" !»* '» "" »«<> o( » : 7 .nd Into

88. Two numbers are in the ratio of 3 : 5. but if 10 be taken fw.™

m Two bodia. m moytag ,t „„i(„ro „^ ^^ j^

Thus, 3 : 4=15 : 20, since }=|».

said to be In proportion, or they are said to be proportional..



lUTtO ASD PKOPOBTIOS

then a e

5 = 3'

;" *he proportion a:6=,crf « ^ ^"trtme, and 6 and c the mean,
'^ *"^ '^ *~ oalJed the

Since ad^bc, it ia -een k.7\i^ ^ /A. pn^uc.VT ^'J*'
'"'^^ ''/'A* e:rtre»^ m

thilr^rpoSr .?- -*-^^. ^ i- caiied

^^-.i'the fourth proportion., to ,0.12.,,^..
thea

•O- 12-15 :, or i^.i«
12 M

'

••• 1»»- 12x15.
»-.18.

nay be found. *' "" "»'"= o' the ratio of x -y

Er ,.-„5.=a,. find ehe ratio of.:,.

• • * = ly.

••• the ratio of
*'"**

* = y = I or 6 : &
Ex. 2.-If 3^4.4y=3y__7^ g„^ ^

y

S
'

3ar+7a,

y

3y-4y.
1

"«« » » term not oontaini^ t' or ! ^ """ "* '<»»<1 »
Th»i«, from 2a;-7i/=.in au .'V-^IO. th, value of,..ye«, not be found.

fl

11^ :



^FSB»Br^.7i m >P7*?'



MICROCOPY RESOIUTION TEST CHART

(ANSI and ISO TEST CHART No. 2)

|^|2£ 1^
Uj |3j2

if 1^
2.2

kui:

1.8

A APPLIED IIVHGE Ir

1653 East Main Stmt
Rochester. N«« York 14609 USA
(716) 482 - OJOO - Phon.
(716) 2M- 5989 -Fax



268 ALGEBRA

Ex. 8.—If 2x*-7xy+6y2=0, find x : y.

Factoring, (x- 2j/)(2x- 2y) = 0.

.-. x-2y = 0or2x-3y=0,

- = 2 or s •

y 2

Here there are two values of -. If we divide each term of the given

equation by y*, we get

0- '©+«-»•

In this form we see that the equation ia a quadratic in -, and we

might naturally expect to find two values for the required ratio.

Ex. 4.—If 2x-5y+ 2=0,

3x+22/-2z=0,

find the ratios of x, y, z.

If wo eliminate z in the usual way, we get

7x-8j/=0,

• ?-? '^ -y
" y 7' •• 8~7'

If we eliminate y we get

? = -§. • ^ - 1
z 19' •

• 8 ~ FQ
'

We can combine these results in the convenient form :

« _y _ _£
8 7 ~ 19"

BZBROISm 121i (1-21, Oral)

Find the value of x in the proportions :

3 X

. X 5

7.

10.

2 4

Z~x'
2.

3_9
7 X

3.
2 X

5 3"

X 5
6~4- B.

3 6

X -12
6. I'-'

a c

b-x'
8.

a _x
b~c' 9.

4 X

X 16*

3:7=12:x. 11. 2 : 3=x : ». 12. x:5=7: 10

i^ 'sf^^



Ratio and proportion
Find the value oix:y,

13. 2x=ly. 14 3y_i2x.

18. Ja;=4y. 17. 2a:=-3y.

19. a;«=4y«. 20. 4x»=9y».

2S»

22. If ? = ^. show that ? = ^*. and * = ^.

1ft. 2a:-^=0.

18. 3y+Ilx=0.

21. (x-Zy)(x-5y)=0,

23. Find a fourth proportional to : 2. 3. 18 • 5 7 ,n

27. Find a in order that a+3 : a+ 15=3 : 4.

Find'thei^'a^:
- to fi's as 4 : 5. Five years ago the ratio was 3 : 4.

ofl\';uarsidT?s'v"'.2^?lr'ir^^ °' '"^^ ^''^'^^^ ^ -^her

thfside^t^;f:i'':s,?'"f1h^ ^^^
•^-^t^

*^-«'« ^^ divides

^^=15. Find. .^^nd 2c
'"^ '""^ ^^^' ^^=^0, AD=H and

"milar. When triangles are similar their correspond-mg sides are m the same ratio, so that

AD : AB=DE : BC=AE : AC

lin"ftle'fi^'"'
^''='- ^''-'- «"' "« '"°8"' o,^ the other

736.
• °*^ '''^ *^ °' ^^^ i' tbe area of ABC i.

82

r*«aL*^-11 ^sf^fA'j^.'?:^ji
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III

88 The side of the square ABCD is 10 inches and EF is parallel
to DC. If the length ol AE \b ^ inches, find the
length of FC to three decimals.

84. If the bases of two triangles are in the ratio
3 : 4 and their heights in ratio 8 : 9, find the ratio of
their areas.

86. From these equations find x:y,

13z+5y=9x+I3y; ax-\-by=cx-\-dy;
mx—ny=nx-\-my

; px-\-qy=z().

88. Find tv/o values ol x: y when
6a;*— 13ay+6y»=0; a!«=4ry4 6y«.

37. If 6a-36+2c=0 and a+6+c=0, find the ratios
of a : 6, a : e, a : 6 : c.

38. Find the lengths of all the other lines in this
figure.

30. If a pole 10 feet high casts a shadow 17J feet
long, what wiU be the length of the shadow cast, at the same
time, by a monument 84 feet high ?

40. Write the equation 3a:»-10xy+3j/»=0 in a form showing ?

as the unknown, and find x:y. ^

41. A number of two digits bears the ratio 7:4 to the number
formed by reversing the digits. If the sum of the numbers is 66
find them.

'

42. The length of a room is to the width as 6 : 6, and the length
is to the height as 3 : 2. If the area of the floor is 187J square feet,
find the dimensions.

43. If 4 men and 3 women earn as much as 16 boys, and 6 men
and 6 boys earn as much as 10 women, find the ratio of the earnings
of a man, woman and boy.

44. If 3o6+26« : 2a«-o6=9 : 6, find a : 6.

45. When the angle A is bisected,

AB I AC=BD : DC.

(1) If ^5=10, AC=S, BC=12, find BD and DC.
(2) If AB=c, AC=b, BC^a, find BD and DC.

-H'-.

^^i0^ -

---^i^f^^ ..dur^'f!

M^i^.



RATIO AND PROPORTION Ml

48. I£l±if=2£-3y_a:+2y+52 ^ ,
6 7 "q f nnd X

:

y:z.

reperr,ed. The three numbers arn «a,vq f^ i. •
"» "" »«

proportion, and the middle Te Ts called th
^ "" '"°"''"**'

between the other two
^^ "**" Proportional

W « J8 a mean proportional between 3 and 27,
'

3 X

the mean proportionals between 3 and 27 are ±9.

«=±9.

Sinc9 ^ = -? and — --9
* •

9 27 ^ -9 - -27' '*^ " «««" that these are the correct
results.

""eci

Similarly, if . .• the mean proportional between a and 6. then
a _x
x~b' •'• "= ± Va5.

183. Third Proportional. U a h ^ ^^
proportion, e « called the «,MiU,,!" J^,

» ,-'-<•

ThuB, if X is the third proportional to 6 and 15.

6x= 225, .-. x= 37j.15

16

x'

N-
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1. Find a mean proportional betw««n 4 and 16 ; 2a and 5a •

4a6» and Qa'b ; (a-6)» and (o+6)».

2. Find a third proportional to 2 and 4 ; 3 and 30 ; 5a and lOab •

a-*— y* and x—y.

3. The mean proportional oetween two numbers whose sum is
34 18 15. Find the numbers.

4. Three numbers are in continued proportion. The middle
one IS 12 and the sum of the other two is 51. Find the numbers.

6. What number must be added to each of the numbers 3, 7, 12
so that the rer ults will be in continued proportion ?

C* In the figure, the angle BAC being in a
semicircle is a right angle. When AD ia drawn

Q perpendicular to the hypotenuse it is proven in
" geometry that

AD is a mean proportional between BD and DC,
AB between BD and BC, and AC between CD and BC

(1) IffiZ)= 4,DC= 9, find ^A
(2) If BD= 5, AB= 8, find DC.

(3) If 5(7= 13, ^C=12, find DC, AB, AD.
(4) If AB= 3, AC= 4, find BC. AD, BD.

7. How would you use the preceding to find

(1) A line whose length is V8 inches ?

(2) The side of a square whose area is 12 square inches ?

8. Find two numbers such that the mean proportional betweentnem is 4 and the third proportional to them is 32.

0. Divide a line 21 inches long into three parts such that the
longest 18 four times the shortest and the middle one is a m^n
proportional between the other two.

184. The following examples will iUustrate a method whicb
has many apppUcations to problems with ratios or fractions.

^<::my



RATIO AND PROPORTION

Ex. l.-If «
;^, ^^^^

3a»+26« _ 3cH2d«

Since
J
=

J.
let each fraction = k.

Then = *, .-. a=bk.
^ = k, :. e=dk.

^^S^stitute theae valu«, of a and c in each side of the identity to be

3g!±26«_ 3fe't»+26 « 6«(3*«+2) 3*«+ 2

ggi+26«_ 3c«+2d«
o»-66« c>-6rf«

•

Ex. 2.-If
f
=

f
= ^ . prove^Vf^^t^ __ (^+y+^)»

of the frL^ttn^isVurto
*'"'''''"'' " '«^°'« ^"^ ^'^^^ *hat each

185. If ^ = ^^.then^ = ?±^.o « a-6 c-d
Prove this by letting a=6* and c= d*. aa in the preceding examplee.

Here the fraction |±^ waa obtained by adding and sub-

tracting the terms of the fraction
|. and ^-±-^ was obtained

in a similar way from - •

d
This principle is sometimes useful in simplifying equations.

^+3 3a+46Ex. 1.—Solve
4a:-3 3a-46

Adding and aubtractinc ?? _ *»^
6 -©•

.-. 646x = 36o,

Solve yao, in the usual way. by oru« multipliostton.

5 J

i

:m:
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1

^

if ^"'

Ex. 2—If ^lt£±^ _ a±h--c~d a
a-b-c+d-a-b+c-d' P'^^^i

Adding and subtiacting. ^±?^ = ^-^
'*'26 + 2c 26-2c'

. o+d_o-d
•• b + e-b~e'

a—d~b—c'
2a 26

2d-&'
Adding and subtracting,

• ?_*
a e

. a d
r = - •

e

i

BXBROISB 126

1. If ? = ' prove that —^=__£
d 2aH-36 2c+3d

2. If o : 6=c : d, show that

rm+nb : ma—nh^mc+nd : mc—nd.
3. If o

:
6=c

:
rf, prove o2M+6*c+6c=o6«c+aW+a<i.

4.* If ? = ?, find the value of
^'+^

.

y 4 6a:y+yt

(Here x=ly, substitute for x and simplify.)

8. If5 = |,findthevalueof<??dbM!?±^).
2 3 (fa-3y)(3x-6y)

6. If^ = 3and? = ?.findthevalueofi^?f=^.
y 5 2ax+3by

'* ^ o
"^

6
""

c'
P™^® *'^** ^^^'^ fraction is equal to ?±1±!, that

j_ ^ sum of numerators

Bom of denominators

iK'ipgs-
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: .
prove that a=6-fc

RATIO AND PROPORTION

10. If -£_ = _A_ ^
«+y y~z z^x

11

.

If o
:
6=6 ; e. show that a : c=a« : 6«.

12. If o— 6 : o4-6=c_«i. - I Ju-r-o-c-d.c-f-d, prove a:b=c:d.

18. If ^±*±£±^_o-6+c-d , a ,
a+6-c-(f - ^ZftZ^ • "l^ow that ? = f

.

14. Solye?f±l*_5a+36
3«-46 &-r36

•

.be"^.." ^'tSrnulL":""""^" " '<" "*""'-- « "o *. find

16. If ?I±H ^ b-e+3 _ c-o+6

eonal,* m "t^
fi-a+4 " ^Tj+e '

«how that each fraction
equaJs |. (Uae Ex. 7.)

17. Solve ^*g±i±c _ bx+e+a
ax~b+c bx+c—a

'

18. If a
: 6=3

:^5. 6 : c=7 : 9. c : .= ,5 : ,6. fi„d the ratio of a : A
**• " i "^

6 = I •
^'>°'^ that each fraction equals ^^zfe?? ^n^

«l8o equals ?^+"y-^
,

5a-36+2c'
*"

fna+nb—pc

'

«4« "rttnlT"?" "'°'' "" "»" '""<)«'—0. .nd p^„„»

the dimeMiom. '°°' " '^ ""• »ld a. 35 : 27. Find

23. If a : 6=c : i, p„„ » : ,+j,„+, , a+J+c+A
24 w lOa-f6 I2a+6 ^ „ ,

• "iOH:d=l2^'»ho^that? = |,

25. If o
:
6=6 : c. then a«+a4 : 6«=6t+6c

: c«

m



2M ALGEBRA

UROISB 1' J (R«Tl«w or Ohapur XX)
Write as fractioiw in their simpleet forma :

*• ''* =
®»- 2- «•-»•: (ar-y)«. 3. a»+6» : (a+6)«

0.

1 1

4. 1-1:1+1, a" : 1—

.

a a o. a— : e— .

e a

8.x«-5a:+6'x«+«_12

0. Divide 144 into three parts proportional to 3, 4, 11

o«+l+Jj:o-l+l

to^e"; 7
^^*' """'* ^''^ '"'^'''^ *° ^'^^ term of 4 : 7 to make it equal

11. Write 88 a proportion in two waya :

3. 6= 2. 9; 2. 5= 3x; ab=cd

;

(a+ 6)(a-6) = 3. 4; a»-5o+ 6= a»+ 5o4-4.

12. If the means are 7 and 12 and one extreme is 3, what is the
.'itner extreme T

13. Find a fourth proportional to : 7, 16, 35 ;

o,a«,o«; x+y,»-y, x»-y«; -L, * ai_j,i_
a—b o+o

14. Find two numbers in the ratio 9 : 5, the difference of whose
squares is 604.

I

*** 7o °u'""°''®"
"^ '" ^^^ ™"° of 6 : 8, and if 8 be added to the

less and 2 be t»^en from the greater, the ratio is 14 : 16. Find thenumbers.

16. Find two numbeni in the ratio 6 : 6 so that their sum is to the
aitlerence of their squares as 1 : 3.

18. If2x+3y:3z-6y=9: 11, find«:y.

19. If(6x-7y)(2x-3y) = (4x-6y)(a;-y). find x : y,

20. If 4x-6y= 2x+ 2y, find 3a;+ 2y :2x+3y.
». If6x»+15y«=19xy, findx:y.

22. Ifa;«+x+l : 62(x+l)=a;i_x+l : 63(x-l), find x.

23. If 2x+y-2z=0 and 7x+6j/-9z=0,find x : y. x : * and x : y : z

24. If ? = % find the value of .^"^^ .

» 3 3x+lly

'tr^'im , »iW^'*"\\
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2fi. Find a ,uoa„ proportional to x»

267

j^.andi,.,^^,
26. If ax+ bu .bx4-nu~a n .

* **

X to ,.
-^ ^ •

^'^'^^-^
: 11 and a : 6==3 : .. fi„d the ratio of

27.
ft d - ?• "now that each nf tu^.. t

a] to

If
ft ^ - ;. .how that each of the«e fraction, in

30.

wo—nc—

p

e

proportional to7. a"."!^''"
'*'^°'® ""™' ^I'^^ronce and product are

29. If o : 6=c : d, show that - = 1±* 2o»-36« 2c»- 3dt
c c+d' 2a»-f3A'«=2c"H3di'

ifr-^— =-y z
o+c-a c+a-5~J4r6i:^. prove that

-th;ratro^Te^:-^7^^-^;^a^.«h^^
consequents. *" ***« antecedents to the sum of all the

34 Thai L
''"> nna the sides.

**• ^' I ==
a = ?• show that ?^±£!±1" ace

36 Tf*K .

*•+''•+/• ^6^-
oo. If th« o;j -» . .

'36 If th •

- T^- -ry - oc/

-•^'-
"' --- - ".w r.r -j - -

37. If ?tl£±« ^ «2^y+2 ^
«-«+y a;+y+2' '«»o«' that ji^a-i+y,

6.?* P! ""'°'°* °' ^ ""^d B are as 2 • 3 anH .K•7. If ^ saves 25% of his income what ?h » "^^""^ «« «•
«». Find three valu. of the ratio;,"

' '°" ^ "^« '

II



CHAPTER XXI

THE GENERAL QUADRATIC EQUATION

186. Type of the Genert- :)uadratie. The equation

ax*+bx+c=0,
is called the general quadratic equation, because every
quadratic equation may be reduced to this form.

If the factors of ax*-^bx-]-c can be obtained, the roots

of the equation can be found by solving the two equivalent

equations.

187. Solution of Literal Quadratics. The methoa of

completing the square may be applied to the solution of

quadratic equations with literal coefficients.

Ex. 1.—Solve x*-f 2ma:=n.

Complete the square by adding m* to each side,

.•. x*-\-2mx+m*=n+mK

Take the square root, x+m= + Vn+ wt*,

.*. x= —m± Vn+m*.

.rb' Vwo roots are —m+Vn+m*, —tn—Vn+nty

Ex. 2.—Solve x^+px+q=0.
Tnuiapose the absolute term, x*+px= —q.

Add ^ to each side, x* + px + ^ = -q^?- = £_Z*?.

Take the square root. x + ?= + Vp'-<g
,2~ -

(B
2 * 2

i«.

r^^?j'"-^^w:W'^:^v^' \ '-4^ •^-



THE OBNERAL QVADHATIC EQUATION
Ex. 3.-5oIve aa:«-}-6x+c=0.
Divide by a to male, the flr-t t*rm a aquaro.

26»

" + .5.+ 5-0.

Trananose.
x* + ~x

a
e

a

Add —J to each, x« +-«+-*! = ^ « *•-««!

Take the nquare root,
' + ^-±

2a

.'. « = - ^ + v«;i34^

The roots of the general quadratic equation are

ax*+ bx+c = 0,

»(..+?. + !). „.

••"(('-i^r-'-^i-o

' +a+^^^ = «or..^._^»S^.„.
2a
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Solve by either of the preceding methods
1.* x»-2aa;=3a».

3. *•—6ma:+3m*=0.

ft. «•—2aj;+6=0.

7. ax*-\-2ax=b.

9. ax*—bx—c=0.

2. a;«+46z-56«=0.

4. x*+Apx—p*=0.

6. x*+26ar-c=0.

8. aa;*+26x+c=0.

10. px*—qx-\-r=Q.

189. Solving by Formula. The roots of any particular
»iuadratic equation may be found by substituting the values
of a, 6 and c in the roots of the general quadratic.

Ex. 1.—Solve

HiTea=6, 6= — 7, c=2.

Substitute these values in x=

6a:*-7a;+2=0.

-6±\/6"— 4ac

^S '

X = +7±V49-48
12

•

7±1 8 6 2 1

" 12 - 12 °' r2 = 3 °' 2
Verify by substitution.

Ex. 2.—Solve 6a:*-f6a:— 1=0.

Here a=6, 6=6, c= — 1,

.-. X = -6±V'36-(-20) _ -6±y66
10 10

_ -6±2Vl4 -Sj-Vji
10 6

In this case the roots are irrational, but, if necessary, we may
substitute for Vl4 its approximate value 3742, when the root, become

-3±3-742 742 -6-742
6 = ~r ^^ ~6— = '^^^ or -1-348.

NOTB.-The pupiJ is warned to be careful of the signs whcE f•ubstitutmg, particularly when c is negative. '



TBE GENERAL QUADRATIC EQUATION
Ex. 8.-SoJve 2a:»-5a:+6=0.

0=2, 6= -6. c=6.

271

merely another way of s«vZ?h..^t
n>««ln.ry. This «

which wili «>«y L ^Snt^^tTelr ""' """"«'

formula.
""'""MsJul, then substitute in the general

The roots of ax*-^bx+c=Q are ^±±^5^=45^
2a

BXBROISa 188
Solve, using the formula

:

1.* 3a:«-5x-f-2=0.

% 515x*-2x=l.

5. 247x»+6ar=i2.

». 39Ix«+4x=36.

•^ *'+«(36-2a)=ea6.

2. 24x»-46a:+21=a
4. 2ar»-6a:_i=o.

6. 2a:«-l3ar4-io=o.

8. 1200a:«-10x=l.

10. 2*«-26a:+77-:0.

13. 1800x««.6ar_i=o

I

'^-nr
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Solve by any method. Verify 13-18

13.

16.

10.

22.

25.

28.

30.

27a:«-24x=16. 14. 16«»+7*-2=0.

4a;«- 17*4-4=0. 17. 460x*—3«=1.

9«H-4=6a:«.

4««-4«=79.

3

20. 3x«+2=9*.

23. f-»=y«.

16. 12x«-3!-6=0

18. 6-2aa;-|-6a:«=»0

21. 2a;«-2r=f.

26.
x+2

(a5_4)«-3(*-9)=15.

^4-1 = 1
2 "^2 Zy'

24.

27.

1
,
« 2

3'^9""i'

*' X =
12

1.

2oa:«+x(o-2)=l.

32. 2a:{a:-2)=o«-2.

34.

29. (x-2)(x-|-3)=ar(5x-9)-2.

31. ae^-^-JfCx.
a X

33. ? + ? = f-f?.2^x 3^x

x+l^x+2
12

x+3
= ;n^' ^- (a;+2)«+(z-f-3)»=(x+e)«.

9o«

37.

38.

x«-xy-3y«=-12. If y=2, find x.

x«-4xy-|-x»+y«+5=0. If x= -3, find y.

K —— =—— , find X to three decimal places.

30.

40.

Find the sum of the roots of x*—3x=20.

The area of a square in square feet and its perimeter in inches
are expressed by the same number. Find the side of the square.

41. The length of a rectangular field exceeds the width by 16 rods
and the area is 32 acres. Find the length.

42. Find three consecutive even numbers whose sum is J of the
product of the first two.

43. A line 10 inches long is divided into two segments so that the

square on the longer segment is equal to the rectangle contained by
the whole line and the shorter segment. Find the segments to two
decimal plaees.

44. Find two numbers whose difference is 3 and the sum of whose
squares is 317.

45. The area of a square is doubled by adding S inches to one side

and 12 inches to the other. Find the side of tho square.

. s



TOE QENEUAL QVADRATIC EQUATION „?
*6. Three cimea the aaiiAm ^/ »

49. One root of x*~5x+d=0 is 8 ipj„^ .^
other root.

**• *^"*'^ **^e ^alue of d and the

Ibuyr ° "'°'""'''"° »<>•» than they cost. How m.„y did

length of AC to two decimal. :

"""""^ F'"''- '> ««ll case, the

(I) .1C..2BC..
(2,^C.=2^a.fl(,

i^e"-h.it."C:':'.^L'rsf 'r ^^°"«°™-

"

hought
,
n.0. ,0, the .„e n.o„T wL'diTe!:^,::^; ,'

™""' ''"

55. Solve the equation ax*4-bx4-r—n h,r i.- . .

completing the square of 2ai+6 ^ ™"lt'plying by 4a and

-If

50. Solve ^±^_?z:3«16a:_a:« 1

2-x 2+x "*'^i:i4-=3-2+a

Verify the roots obtained.

«a, be aolved b, Cueing* the^'ru.fCr:,^^;,^'"

I
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Ex. 1.—Solve

ALOEBRA

a:«-10i;«+9=0.

This ia an equation of the fourth degree, but we might- write it

the form of a quadratic, thus

(x«)«-10(«i)+9-0.

or if we write y for x* it takes the form

y*-10y+9-iO.

.'. (y-9)(»-i)=o.

y=9orl.
Buty»c*, .'. x*=9orl,

x=±3or±l.
We see that this equation has four roots. This is what we might

•xpeot, as it is an equation of the fourth degree in x.

Verify each of the four roots.

Ex. 2.—Solve {x^—5x)*+^{x^—5x)—l2=0.

Here we consider x«— 6x as th unknown, whose value shouM first

be found.

Let X*— 6x=y,

••. y«+4y-12=0,

.-. (y+6)(y-2)=0,

y=-6or2.

x>-8x= — 6, jr X*—6«»2,

««-8x+6-0,

(•-S)(x-2)«0,

xb3 or 2.

x>-6x-S-tt.

•
i

•

• —

This equation has four roots, two of which are r

other two irratioual.

Veriifjr the rational roots.

Ex. 8.—Solve (2a;«+3a5-l)(2x«+3x-2)=66.

IM 2x*-f3x=y.

The result is x=.|. -3. -^±^-^9 ,

t and thf



THE OB^EBAL QUADBATW EQVATWN
El. .-Solve ?!+*»

Let **+2a
3

271

+ _3 26

, 3

y 5

1
—

»

Co»pl«. Ex.-. , „a 4 „d veHfy .h, r.«„„^^^
Ex. 5.--Solve x»_i^o

.. *-l=Oor«t+a,+
i = 0^

We thus see that lY on* *««# /

This equation might be writf^n -rz i

roots when cubed must Z^tt V*;!^ T^ ^' **^« *»^^«
has thxje cube roots. ThT^ X^'.ltthtr '''' ""''
« we have already seen that u^tv h^^^ ""^ ^^V^^^A,
+ 1 and -I.

'^ """^y ^as two square roots.

XBROISB 128
Solve and verify the rational root.

:

1. ««-5a:«+4=.0.

3. 9y*+12=3Iyi.

«. (*H5a:+6Ka:t_9^^,4j^jj

2. «*-13a:«+36=o.

6. 5!±16 . 26
26 "^ii+ie" 2.

8. «« + a + 1 =-
'. («*-4»+6K««-4x+2)=_2.

9. (**+«+l)«-4(a;«+«+l)+3=a
10. x»--4x«-4«+l6=o.

42

T J
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ALOMBRA

13.* (*+l)(aj+2)(a:+3)(«+4)=120. (Multiply the first and last

(actors and the second and third.)

14. x(x-l)(i-2)(a;-3)=360.

16. Find the three cube roots of 8 by solving the equation z*—8=0.

16. Find the four fourth roots of 16 by solving the equation

.c«-16=0.

17. Solve x'—19a;+30=0 being given that 3 is one of the roots.

18. Solve 12x»—29x*+23z- 6=0 (use the factor theorem).

19. It is evident that 4 is a root of the equation

a:(z-l)(x-2)=4.3.2.

Find the other two roots.

20. Find the six roots of 8x«—217x'+27=0.

21. Solve {x»-a;)»-8(a;V*)+ 12=0.

22. Solve x«4-A+x + l = 4 (^Add to x' -\- ~ the quantity

required to make it the square of x I -
•

)

•

1

i P";- _ jji

BZBROISB lao (Review of Chapter XXJ)

). Explain the different methods of solving quadratic equations.

Illustrate thc.-n, by solving in full the equation 3x*— 4«— 15= 0, by

each method.

2. Solve 323x»+2x=l.

3. The ditlerence of two numbers is 8 and the sum of tneir squares

is 104. Find the numbers.

4. If X = 2( 1 + -
J,

find X to two decimal piaces.

6. What is the price of meat per lb. if a reduction of 20%
in the price would mean that 5 lb. more than before can be bought
for $3 r

6. Solve 10x»-19x-9=0.

7. The sides of a right-angled triangle are a, a— 10 and a+lG
What »r» tbs sides »



THE OEmHAL QVADBATW EQUATION „,
8. Solve ?ZJ , £rS ^

10. Solve 6375x»_ 1 ftj^ I

eo!';,"?"'
"""' '' *'' "^"^^ °' « - order that '-^^±^equal | when o=,', r

^*'
10^=^1^ '"^y

14. Solve •007fa.+.,5,J,^ ""°'*'' '" •»*'"" •»"-
15. By solving (x—2)(x~3)-tr. ow

can be substituted for a in (a-i7jl3,^r,rf^; ^ * <l"anfty whicL
16. Solve ,.-2x.-8j+90=o. ^

'''°"' ^""^^^^^ "*« -'-
17. Two trains each run lin r^n ^

speed is 5 n.iles per hour^ea^r U i"'the "tn"'
*''^™' "»'°- ^^-age

to travel the distance. fL^ re^^/^**'^- * - hour i:^

18. Solve ?!±2 4. £±i „.

19. Solve -£_ + ?!±J
« ^^^ 30

cosT-indorl.'^ ^Tttl?hecrtr - -"«»• ^ - *»>« Horse

21. Solve (x«-3x-6).+8(x«-3x_5,+7^0

^"ivirglLi^;?rb;7hrt^^^^^^^

24. Solvex.+x+_^^,8^

25.. Solve (m.-n.)..+L(«.+„.)^^._^,^^
26. Solve (x-2)(x- l)(x+2)(x+3) = 60
27. Find aU the roots of the equation x«= 126.
^8. Smoe x«-8x+12=rx_2W^ a\ *

expression ««-8x+12 be eqJVj^^o Ld f' ""^u""
°' ' ^' *h«

be negative T ^ ^ "'°' "^^ 'or what values wiU it

a.
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n

39. Solve
6

x-6
a-b

x—a x—b a+b
30. Solve adx— OCX*=6ez— 6d.

81. The area of a square is trebled by adding 10 inches to one
side and 12 inches to the other. Find the side of the square.

82. Solve x*(o*-c«)-x(a6+36c)-26»= 0.

83. Solve (x«+6«+8)»+ 3a;(*«+6x-|-8)= 0.

84. A man bought a number of acres for $300. If he had paid
15 more per acre, the number of acres would have been 2 less,
the number bought.

1

Find

80. Solve
x+o+6 X a o

80.
c, I X— a . X—

6

Solve —

r

h
b a

b a
x—a x—b'

87. OX and OF are two roads at right angles. A starts at noon
along OX at 3 miles per hour.

, B starts at 2 o'clock along O F at 4 miles
per hour. Find to the nearest minuce when they will be 20 miles apart.

88. Solve a«x»-2o»x+o«- 1 = 0.

89. Solve ax«--*'\:
o+o --cx—bx*.

40. A gravel path 2 yards wide is made round a square field and
it is found that it takes up A of the area of the field. Find the area
of the field in square yards.

41 . Solve «= v<+ 1 6(* for t.

42. What positive integer is that, the sum of whose square and cube
is nine times the next higher intege~ *

43. Solve (x«+«-2)«-4(x«+x-2)+3=0.

44. The side of a square is 34 inches. Find at what pomts in the
sides the vertices of an inscribed square must be pUoed so that it

may have an area of 676 square inches.

40. Write the equation ox«+6xy+cy«=0 as a quadratic in-. What
X u

are the values of - and of ^ T
y *

46. What positive integral value of x will make z*+\Qx most
nearly equal to 1000 T
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CHAPTER XXII

SIMULTANEOUS QUADRATICS

,„
'"on® o' the numbew.

12^a?=the other,

Soh.eth«equatio„andfl„da,.7or5.

W«»7or5,thenl2-«=5or7.
.. the numbon are « and 7.

^ « and y be the numbers,

and
•'• *+»=^12,

Ho **+y*=74.

b the"p;:^;^:;ij.^;7 *'''*' '"° *^"*''°°- ''^e original equation

IW. Type I.

«+3y=10,
Ex. l.-^SoIve

*'rom (1),

3ubatitute in (2),

(1;

(2)

(3)

••
(y-3)(3y_ie),0.

»-3ory.
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180

Substitute

ALOBBRA

y<= 3 in (3) and x-->l

V-V * «

There are therefore two toIutionB,

x= I, y= 3 or *=— 6, v— 5|.

x=l or —6.

y = 3or 54.

Verify by showing that x=\, y" 3 Batisfies holh equations and also

The pupil must note that x=l was obtained from y=3,
not from y=5J.

Therefore, x=l, J/=5J is not a solution, nor is a:=— 6,

y=3. Verify this by substitution.

Equation (1) is a linear equation, or an equation of the

first degree in x and y. Equation (2) is a quadratic equation,

or an equation of the second degree in x and y.

A system of equations of this type, that is, where one is

of the first degree and the other of the second degree, may
always be solved by the method of substitution, which does

not differ from the similar method employed in art. 107,

when both equations were of the first degree.

Ex. 2.--Solve 3a:-y=5,

x^+3xy=l5.

Prom (1), y=3a;-6, .-. x»+3x(3x-5)=16,

.-, l(te;»-16x-16=0,

2x«-3x-3=0,

3+V33 3+5-746

(1)

(2)

X = = 2- 186 or --686.

-11 +3^33 , ..Q _ --Q
.'. j/ = 3x— 5= =j =1-558 or --"'OSS.

Here the roots are irrational and it is customary to leave them in

that form, unless the decimal form is asked for.



SIMULTANEOUS QUAVRATlua
28J

Solve and verify 1-6

1. «-f-y=7.

ary=12.

4. x-y=3,

7.* x+2y=\\,

a;»+y=27.

BZSROI8B 181

2. z-y = 4.

*y=60.

6. a:-y=6,

««-y«=60.

8. 2x+3y=I2,

«»+!/•= 13.

3. x-2y=0,

**-»»=27.

6. 2x4-y=9,

x»-y«=16.

9. 3j:-4y=2,

3a;«+2y«=140

^uLl,"J,C;:^'t'p;^„^ f'!'" ^•'' "^ "• -» «' '!>«

age..
«pre«nliiig their .ge. wm 148. Pmd theii

i.'.0. ^"Z'^"^'^"'^- "•"ffereno.Cthe.ide.

17. Solve 3»-Hij,=2, to'- 1V-;q,+28=0.

interol»nged*lT^ulUJ „„2"t '^"i^''
.""""^""' '"^** *"

l^ger. Rnd thel, ^de-^'lLiTd^'" ""^ "' "" -' «»

20. ^^'«^' + s^=i4.y-i=*.

aa^' th^^""
"^^^ ^"^^^'^ *^" °^ *^« ««°ond degree in xand

y, they can not always be solved by elementaryS^
m

i
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There we special oaaea in which they can be solved without

difficulty.

IM. Type II.

Solve x*-5xy-\-4y*=0,

xHy«+3x=29.

FMtoring ( 1 ), («-»)(*-»)- 0,

x^4y ot x^ty.

We ar* now required to solve

:

x-4y/ " s-y /*

Subetituting the value of x,

(1)

(2)

16y«+y*-l->2y-29.

17y«-|.12y-29-0.

(y-lM17y+29)-q.

y-lor-ff,
«-4 or -Vj*-

Here there t»re four solutiona

;

y'+»*+3y-29,

2y«-f3y-29-0,

-3±vm
y V-'

-3±V8iT
4

s»

« = 4 or — ^ly or

y — 1 or — ff or

-3±VHT
4

In this t3rpe the f!r»^ equation contains only terms of the

second degree. When that is the case the left-hand member
may be factored and each of the resulting linear equations

may be combined with the second equution, thus giving two
oases of Type I.

XmOISH 188

Solve and verify 1-6

:

1. xt_yi=:0,

8. 3x*-Sa)y-y*=0.

2. x«-4*y-|-3y«=0,

x«+y«=10.

4. a:«+y*+2*=»12,

3«*+2xy»y*.



SIMDLTAAMOVa QVADRATWB

««y+i-o.

». ^d four wlution. of the equationt

(«-yK«-2)=0. (*+y-6Ky+3)-a
JW. Typ«UL Homofeneoiu EqiuHoiM.

y+3xy=I0. ^^

teiS^iSj I'i ,^V
*"' ^^^ '^ ' -^ -^*-»- to eii»i„.t. the .h«,r,t.

Thie equation (3) ia «# «i.

Factoring (3),

*ubetitutea:-3yin(l).

y-±i.
»-±a

Henoe the four .olutiona are i

«=3y or -iy.

Subetitute*^ iyind).

y=±«,
X- ? 1.

X' 'S. a;

.1. °'
-3.

y«-i. or
y=6. or

y=-6.

3hol7h!;r!hr- ^^^^ -^'^^ <^>' *"« -"it. would have been the .a^e.

bo!h";ttir: l^^e «p^- '"*
1t«T ^'^ *^«^ from

geneoi that is. eXt^^^lZ^^^'^^^ ^^ « t^on,o-

-aon. this is caUedT.X.„^Jt"r '^' ^°^ ^^'^

gH^t.
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i

The pupil should be on the look out for special methods ot

obtaining f^'om the given equations an equation of the first

degree. Here we might have done so by simply adding the

equations and taking the square root. Solve it by this

m'^thod.

•^J'1|

\

"«^^P

aZBROUIB 188

Solve and verify 1-9

:

1. 3a:«-oy»=28, 2. 2x»-3y«=23, 3. a:«-«y+*/«=21,

3xy-4y«=8. 2a;y-V=3. 2a;y-y«=15.

4. 2a;«— 3a:j'=14, 5. z«+a:y=66, 6. X*—xy=64,

3j/*-««+1=0. a;«-t/»=ll. xy-y»=18.

7. x«+?'a:y=32, 8. 3a;*-5a:y+23/*== 14, 9. a;«-4j/»=20,

2y«+xy=16. 2x«-6a^+3y«= 6. xy=12.

10/ x«-3i/«=4, 11. z«+xy+y*=7. 12. 32i/«=2xy+ll,

a:*+iey+J^*=28. > 3x«-l=xj/. x»+4j/«=10.

13. 2x«-9ay+V=6, 14. a;»+*y+y«=7.

4.-»-10a:y+llj/«=36. 2x«+3xy+4j>»=24.

15. 3x«—3xy+2y«=2a;, 2x*+3y*—a;y=4«.

16. Find, to two decimals, the real values of % and y which sausfy

a;«—«y=20 ana 3a:y—y'=50.

17. When a number is multiplied by the digit on the left the product

is 105 ; whon the sum of the Jigits is multiplied by the digit on the right

the product is 40. Find the number.

198. Speelal Methods.

Since {x-\-yY={x—y)^-\-^xy, it follows that if the valuer

of any two of the quantities x-\-y, x—y and xy are given, the

remaining one can be found.

Ex. 1.—Solve

Squaring (1),

From (2).

Subtracting,

x-\-y=\\,

art/=18.

*»+2a«/+j/»-121.

4a^= 72.

a!"-2xy+i/«=49,
.'. *-y=±7.

(1)

(2)

fiis:':m^im^^wmk^miwmu



SIMULTANEOUS QUADRATICS

a;=2.j/=9.

If

and

*=9.y=2.
Hence there are two solutions :

a;=9or 2,

y= 2or 9.

Ex^2.-^olve .-,=,,,^^80

186

Ex. 8.—Solve

Dividing (1) by (2),

Squaring (2),

Subtracting,

Subtracting (4) from (3),

x-hy=5.

**-a!y+ t/»=7,

3xy=18,

xy= G.

Conaplete the solution as before. ' ^~ " '

Also solve by substituting ^=5-y from (2) in (1).

Ex. 4.-Solve Z*+X^y2^y*^Q^^

Dividing (1, by (2), x'-^ry+ytj
"^ ^'

Subtracting (3) from (2). 2a:y= 6,

xy=3.
Adding (2) and (4) z«+2a^+y.= jg.

Similarly from (3) and (4), " '-IZ + t'
(S) and

(6) can be grouped in four ways, thus:
*+y=4, ^^ a:+y=_4.
x-y=2. -- ,-y=_2: _^

From these four solutions are obtained

or *+y= 4,

x-y=_2. or «+y=-4,
*-y=2.

a:=3, -3, 1. _i.
V-l. -1, 3. -3.

«=±3or ±1,
»=±1 or +3.

(1)

(2)

(3)

(4)

(1)

(2)

(8)

(4)

(8)

(6)
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Ex. 5.—Solve (x-|-y)«-5(a;-f y)-e=0.
xy=8.

(1)

(2/

Faotoring (1),

Now Bolve

(x+y-6)(x+y+l)=0,
*+y=6 or —1.

*+y=«' and »+»=-!.
a!y=8. «y=8.

BXBROISB 184

Solve, by finding x-\-y and x—y, and verify

2. a;-y=4,

a:y=12.

5. (a:-j/)«=l,

xy=30,

8.

1. x+y=8.

a:y=15.

4. a;»+y»=61,

«+y=ll.

7. *«+«y+y*=i9,

9. 6x«+*y+5y«=23,

«+y=l.

U. x*-lxy+y*=-\(i\,

xy—ZO.

18. x»-y»=19,

X—y=l.

16. x«-xy+y«=39,

«»+y»=361.

17. x«+x«y«+y«=133.

x*—xy+y*=7.

19. (x+y)«-3(x+y)-28=0, x-y=3.

20. (x-y)«-7(x-y)+12=0, xy=12.

21. xV-27xy+180=0, x|-y=8.

22. The perimeter of a rectangle Lb 34 inches and the diagonal is

13 inches. Find the sides.

3. x«+y«=26,

X—y=I.

6. X*—xy+y*=67,

X—y=8.

x«—xt/+y«=79,

x+y=13.

10. x*+y»=89,

xy=40.

12. 2x»+3xy+2y«=8,

xy=-6.

14. x«+y»=1064,

x+y=14.

16.* x«+xV+y*=2l,

x*+xy+y«=7.

18. x«-x«3/«+y*=13,

xy=2.
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217

" ?2.5. ^P?ndThel':S,S:°"^ " '^ *"" «" "" »'^ ..u™

26. The product of two numbers w27n r* l

i. A." Rnd'Z nIrC""""" ""••"" "• '"» <" ""- -ip-cb

28. ii and fi are two rniuarM ti,« . .

^ore than B, and the perime^; of ^ H.^." ^ '^"'^'^ '"«he.
Find the side of each.

^ "^'^'^ of ^ „ 12 .nchee more than B.

recfpn.ru i%V""'""
^""^ ^^^^^ « 1 and the sum of whose

30. Solve ar»-8y»=66, a:-2y=2.

the number. * w 4 less than the number. Find

DumbOT.
The product of the digit, 1,28. f,„j t|,J

."^..:r;:Hit::rs;fk^'«„« r -;^- -« .„. a....

«y other point i. 50 rod."
" "*""' '" '" ''»™'J".v to

I f{
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39. The sum of the radii of two circlea is 8 inches and the sum of
their areas is | of the area of a circle whose radius is 9 inches. What
are their radii ?

40. What must oe the length of a rectangular field that contains
a square rods and which can be enclosed by a fence 6 rods long.

109. Graphical Methods. What
point P(4, 3) from the origin O ?

Since

is the distance of the

OP^=OM^-\-MP\

:. OP«-42+32=25,

.-. OP =5.

If any point {x,y) is the same
distance from the origin that P is,

then the point {x,y) must lie on

a circle whose radius is 5 and
whose centre is 0. But the

square of the distance of the point

{x,y) from the origin is x^-\-y^,

:. x*-\-y^=25.

It Lj thus seen that the equation x^-\-y^=25 represents a
circle whose radius is 5 and whose centre is the origin.

Similarly, x*+y*=l6, »«+y«=100, x*+y*=lS, represent circles

with the origin as centres and whose radii respectively are 4, 10, VlS.

It is seen that it is a simple matter to draw the graph of

the equation of the circle in the form x"+y^=r^. All we
require to do is to describe with the compasses a circle whose
Bentre is the origin and whose radius is r.

When the radius is a surd as in x^-^y^=l8, it is simpler

to find a pair of values of x and y which satisfy the equation.

Here x=3, y—3 satisfies the equation, and the circle is then

described through the point (3, 3).

"-Vp •-'.1 .^^.;.-
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SIMULTANEOUS QUADRATICS
200. Graphical Solution of Simultaneous Equations.
Solve x«+y«=26.

(1)

^-y=l-
(2)

(1) repreeenta a circle who8e radio, is 5
2) represents a straight line twopent, on which are (1.0) and(o;-lT

JSrai^r"'''^"*"'*^'''"^-^''--

•• ^''^ '°°t« of the given equations are

(4.3) and (-3.-4).

201. Equal and Imagl^^-y Roots.

Solve.
(1) a:a+.v2=i8^ ^^^^^
(2) a;«+y«=i8. a:+y=6.

(3) x2+y2=18. a:+y=8.

The diagram shows that the
roots of (I ) are

(8,3)or(-3.-s):

of (2) are

(3,3) or (3,3).

The roots of (2) are equal, as
the line x+y^Q touches the circle^ at the pomt (3.3). We might say

the circle at two points whiofk"
""^ *^^ '^'^^ "^^ets

The diagram ^hoTl^ttfc^t dt"°^^^^^^^the circle at all, and there are no^!.
""^^-^ ^^"^ not meet

n'xr^L
(3). The^^rzr7i"r4^:^ ^*"

289
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rnxmamam lae

1 . On the Mune sheet draw the graphi of the circles whose equationa
are *«+y«=4, ««+y«-9, ««+y«-18, a!«+y«=34.

' 2. Solve graphically z'+y*nl3, x—y=l.
*

3. Find graphically the positive integral roots of x*-\ y*a25
and 2«+3y=18: x*+y«=10 and 2a;-y=6. Approximate to the
other roots.

4. The sum of two numbers is 8 and the sum of their squares
is 25. Show, graphically, that this is impossible. Is it impossible
if the sum of the numbers is 7 instead of 8 T

IR0I8B lae (BeTiew of Chapter XXII)

1. 8olvex+y— 28. z>-y*s 33tf.

a. Solve fix- 2^-^12, 26x*-4y>«>96.

3. The sum of two numbers is 10 and the sum of their squares
is 68. Find the numbers.

4. Solve 2x-3y-4. x»+y«-29.

6. Solve 3x-4y>=4. 2x*+3xy>-66.

6. The sum of two numbers is 6 and the sum of their reciprocals
is |. Find the numbers.

7. Solve x»+«V+2y«-2x-7y4-6»0,x+y=3.

8. Solve x«+xy-6y»=0. x«+3«y-y»=36.

0. A field whose length is to its breadth as 3 to 2 contains 664
square rods more than one whose length is to its breadth as 2 to 1.

The difference of their perimeters is 60 rods. Find the dimensions of

rach field.

10. Solve x«+ 2xy= 56. xy+ 2y «= 33.

11. Solve 2x»+3xy=8, y«-2xy=20.

12. The area of a rectangle is 300 square feet. If the length is

decreeued by 2 feet and the width by 3 feet, the area would be
216 square feet. Find the dimensions.

13. Solve x(x+y)= 160, y(x+y)= 76.

14. Solvex(x-y)= 15, y(x+y)= 14.

16. Sodding a lawn at 9 cents a square yard costs $108. If it had
been 10 yards longer and 6 yards wider the cost would have been
half tm much again. Find the dimensions.



aiMVLTANEOVa QVADRATWa m\
W. Solve *.-y.=, 126. ,.^.^^y,_2,
17. Solve ..+3xy-6v.+2x-y=,2.«+y=7

20. Solve a«»+y.^280,2x+y=
10.

21. Solve y^x+ V2, *«+y«- 1.

a* La
r4

y- xy
23. Solve 2!+*! = 10 ?*

M. If lJ.»-«li,+3i!,._o. fl„d the value, ol f

.

26. Solve 5j^.f^g a!-«_A

28. A regiment oonsistinir of lfl2/« «.»., • *
^luaree. one of which has 16 mo^ men n^ -i' u""^ '"*° ^'^'^ -o^d
« the number on a side of^T '^ """ '^^ °**>«'- What

29. Solve - + ^=8 1 J- *
X^y *•• xt + ^1

30

40.

>. Solve i-i=l *,6
25 y 12' 5S + ^'

6
12'y I« « yl

32. Solvexi+3yt=37.xy=io.

33. Solve »+* = 4 „_3_
y ' * * ~ ^*

«^« .p^° "s;.'i2.'°,8°r,j::',°"'" "°°' *»•»• »""' ". 2a

does each walk 7

walk

a '

u 2

'.' -Sif^ai. .! -7^^
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3fi. Solve - + - — S, -i + -5 — s*

Solve (x+y)«-x-y=20, xy=»6.

The difference of the oubea of two consecutive odd numben
Find the numbers.

Solve x*-x«y»+18y«==28, x»+3xy+4y»=14.

Solve x«+y=y«+x=3.

The diagonal of a rectangle is d, and the difference of the siden

36.

87.

is 218.

38.

89.

40.

is a. What are the lengths of the sides T Apply the formula thus

obtained to find the sides of a rectangle whose diagonal is 13 inches,

and one side is 7 inches longer than the other.

41. Solve 9x»+l/*-21(3x+y)+ 128= 0, xi/ = 4. (Make the first

equation a quadratic in Zx-\-y, by adding to 9x*4-y* what is necessary

to make a complete square.)

42. Solve x»+4y*-18x-363/-f 112= 0, xy=8

48. Solve x»+y»= 126, x»y+xi/»=30.
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CHAPTER XXUI

INDICES

XBROISB 187 (Oral)
1. What are the values of 3«, 2«, 14, po, q. j

2. Simplify 3x2«; 3xlO»; 5x0«;' 0»l4.

8. When x=IO. what are the values of:

«•, ftt«, m~x, m^x\ 6x»^a:» r

4. Givethevalue8of(-l,.,(_,)..(_„,^^_,j„^_j^„

«. What are the values of (-2)«. (_2).. (_2). j
6. Find the difference between 2» and 3«. 2« and 6»
7. What does .4 mean, How many facto™ are there in ..xx* ,
». Express m tho simplest form a*xa>xa*.

is th;,uZTr '"''" ^" '^'"*'" -^- *' " d'-ded by .. r What

10. What are the values of: x«-fx«, x^-f-z",

a* a" »rr» a«6»,

12' Z^IT'T'"'^'''
«-^ita value without the brackets.12. State the value in the simplest form of

:

('*)'> (y»)«. (y»)». (a»)«, (a«).o.

13. What does (ab)* mean? What does fj)' „,ean T Readtheir values without brackets.
^*^ ""^

^

J4.^^Express aa powers of 10 : 100, 1000. 10,000. lOx 100. lO'x lOa.

3M

'4. I

ipf

-*; IT _
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16. Simplify (_l)ix(-l)»x(-l)«; (-a)«x(-a)«x(-o)

to. What is the alue of x if

IC-IOOO, 2*=- 16, 6*=. 125. 3»-81 T

17. ExproM 32,794 in deaoending powen of 10.

a02. Deflnitlons of a*". Aa a> is the product of three faoton
each equal to a, so a"* is the product of m factors each equal
to a.

<r*=a.a.o ... to m factors.

Here it is understood that m is a positive integer.

208. The Index Uwt. We have akeady seen that

:

(1) a«xo<=o>+«=o'.

(2) a

(3)

(4)

(6)

(a«)f=o«''»=o«.

/a\>_ o"

\b) ~ 6"

Let us now express these statemenid in general form, using
letters to denote the indices.

(1) a'*xa**=a"**'».

(2) «•"-:- a'»=a"*"*.

(3) («")'= a*"".

(4) (fi&)'«=a'*6»»».

a-*
(«)

\bJ ~d"»

These are called the index laws. The letters m and n
represent any positive integers, and in (2) m>n (m is greater
than n), to make the division possible. The laws, as stated
in the general form, may be proved as in particular oases.

•- a flfijjtir,' A



«>•• UwL Uw forlultlpueation. a-x.By deOnition,
»a*»**.

«"-o
.
a . a . . . to » fMtow.

""-^ •«.«... to nfMior.,
to m f«oton)(o . o .

.. a-xo--(o.o.o,

"*"*". by definition.
AJ«), o-'xii->:a'-o»+-xo*.

«»• Uwa Uw for Dlvwon. a-.^a-=«m.

.

g-qo-a...tom f,^>f^
" « • « • o . . . to n fi^toS*

'!-!' "•'** ^'"^'•^ '*°*«"^ *' »»>».

If, however, n>m, the n t2J^ •
•»»»merator.

equ.1 number in the denominator Teij;;]^' ""'"f~'°'
°'«'*' '^''h •»

n*tor.
lunacor. leaving n-m factors in the denomi.

when %!%>%,

•nd when n>-tnt 1a" -r a" ^

206. Uwin. UwofPow«. (a-.)«=a--
(a'-)--o-..o-.o«... ton facto™.

-{«.«.. torn facto«)(«. a. ..torn factor.) th«bracket, being repeat^i n time^
^
'*•**'•

=o
• a . o ... to mn faoton,

207. Uwiv. Power Of. Product. (aft)n=«-6n
(«6)-=a4. 06.06... ton pain, of facto™.

-(-«.a...tonfacto«„6.6.6...tonfacto«V

Alw. (a6o)--.(o6)-
. c-=o-6^



ALOMBBA

t

206. Uw V. Power of a Quotient. (?)**== ?-

"^r
a a a

to n faotora,

o . o . o . . . to n faotort

6 . 6 . 6 . . . tt n faoton'
**

6"'

209. Wo have given five index laws. They are not all

independent. The second and thirH l^ws mav easily be
deduced Iron: the firsf.

(1) When m>n, «r»— <r»-"xa" by Law I.

o^-rO"— <r"~", which is Law II.

(2) a«xa*»-o'"-'^=o»'», by Law I.

Similarly, o'"xa"xo"«"(r*"*"'»*"'=o*",

and o" . a" . o" . . . to n ffMStors— o"+'»+"» • • • to • untM^f/mt^

(a")"=o"«, which i' Law III.

For this reason the first law is frequently called the

fundamental index law.

m

Simplify

:

1. a'xa*xaK

4. (a«6«)«.

7. (a6)»H-a«fc.

XBROISB 188 (1-ia Oral)

2. ar«xx»-rx».

ft. (3«)«

8. 6«^6«.

11.
(-IT
(-1)*

8. (a:«)«-j-x».

6. (3»)«^(3»)».

». ((-2)«)».

(a6)»
12.

14. a*.<fi.a*-y, 15. a«-«x *•"**.

17. {o«6>c«)«- 18. af"*». !«!»'.««•.

"•* W ^ (e) ^ (o)
• ^°- a!«»*»xx»*'xx««*»-v

13. afxaf'Xxf.

16. x^ + '-rxo-*,

"JfT^*^"^"!



INDtCBB

" r (?)"• ©- ». s?x^:.^:.
23 a»*»x(i"*»

«.. Di.id. 27. by 9. b, ..p^^^^ „ . ^^^^^ _^^ ^
87. ai-pi|f.. ''xa--' X 2' g.va...

«. Sol™
*" *^l!7^-

."-....; 4-2..., ,..._„..., 2..,. „_„,..

means. ^** " "eana, nor what a*

establuheU t^.- positive tat.™l j-
"'^'"' '*"•• *''««'y

them. We winZC^ve'TC:^ T'
'PP'^ '^

negative indices such me«un™ Is J^l f^ ?.*'•. "" "<>
v.Ud for thee „ wel. « for-^^v^iCtl il'S^"

'''"

211. Meaning of a Fractional Index.
Since x'^xx^=x^-*-n *k-_ .*

law applies to fractio^a,tdicirfoZ::':,:r '"• "-

«,^;ftt:"'
'""'"'"«' "^ '' *™ »" P'^'-ot ., or the

.

But^we^ave already „p^„t«l the q»„tity whose „„.„

if
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That this is a reasonable value to attach to se* might appear a«

follows

:

We know that ««= V«*, «•= Vx*, «»> V«*, the index of the quantity
under the root sign in eaoh caae being half of the index in the preceding
case. If now we take half of the index on eaoh side again, it woulo

seem but natural that a;^ should be equal to Vx.

Similarly, «* x «* X «'—» "** * "*"••-«.

«'— ^m (the cube root of x).

Also, «*» v^x (the fourth root of x),

1

and x**:*- ^x (the n^ root of x), where n is a positive integer

Tb»M, 4*-V4=l'. 126*='M56=6, 32^=iJ'32.-.2.

By Law UI,

Similarly,

(.<!*)«-X«,

(x«) -X'.

.*. x' = Vx*, where p and g are positive integers-

We thus see that if the same laws apply to fractional indices

as to positive integral indices we are led to the conclusion

that x''=V^, when p and q are positive integers, that is,

when the index is a fraction, the denominator of the fraction

indicates the root to be taken and the numerator the power.

By Law III. J-(*?)'_(^)i,

p

X«=(fi)''='^i»

So that z" means that the p*" power of the ^ root is tc

be taken, or the q*^ root of the p"' power.

Thus,

8'=(i'8)«=2«=4.

ir
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power *" """ ''"'' •* ^ '-P'- 'o ^e the root first and then th.

Thu«.
32»=(|^r2).=2.=8.

212. Meaning of a Zero Index.

By Law I, o«xa-.-o«+i-=a-..

218. Meaning of a Negative Index.

By Law I,

Similariy,

a-«xo«=a-»+«=o«=l.

a'

o~'Xa''sa-p+p=a*=
I

iikfec.
^™'^^^*'yioi'^ corresponding posUive

27 I

27l'°(^27)«"9'

expects* to beeq^'toT VvLtlZ^i^"'
'^*'*' '^°"*'* y°'" naturally«^u« w r What would you expect »- > to be equal to »

214. Since a~p = — anH «« _ ^ -^ * ..^iuiaa» = ^. It follows that anj/

f
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ALOBBRA

2.3-» 2.6» - x-^-* x«b"
, , , 4o«

6- 6-«

9a« \-»
Ex.-^implify A^8«X*l6'; (^)

'^8»x Vl6»=8'xl6*=(2«)Sx(2«)*=2«x2»=32.

16"*
. 6» 9»o«6» 27a«6»

/ 9a« \'' ^ 9~'
. o-« _ 16* _ 64

8. yi

BXBROISB 189 (1-82. Oral)

What is the meaning of

:

1. oi 2. «i.

5. a:^. 6. jfi.

9. a?-«. 10. y-»'

What is the value of

:

14. 16^13. oi

17. 4i

21. 10- ».

26. 8"i

18. 27*.

22. 4"i

26. (a»)-«

11. m"«

16. 126*.

23. 8'*.

29. (i)-«.

Write with positive indices

:

83. a*-« 84. 2a-*.

27. (-26)

80. (-2)-*. 31. 3».4»

t-t

87.
a-«6-»

38.

Writp without a denominator

:

86.

2x-*

41.
i&ey

42.
r ill

40*

6»
43.

3»

4. o'.

8. «-».

12. x~^.

16. lO.OOoi

20. 5-«.

24. (-6)«.

28. (-16)^

32. 2«.2-«.

ab-*

4-».x»
40.

44.

3-«.y-»

a«(c+(f)-



'Mmn

Simplify:

«.* 16" I.

49. 26»«.

INDICES
301

1

**• ^r *'• <•»*>-• «. (-027)-*.

«>• (-8)-l 51. ^8^«. 52. 16>...

- (i)'-

57. fiiV
\243;

I

58. /'Jcrjx-I

\ 816* J

3-»_2-i

M. Solve «i=4, xt=32, xi=27. x^^g, ^-§^g^

applied toTe^ iSc^n^^^^^^^ ''' "'" '^"^ "^^
^^

involW., ^^.^^^^^^^^^^^
Of quantities

letter
^^^^^^^«g o^ ascending powers of some common

Thus, 6+a;'-f-a;""2~^-i_L-2 j ,

powers of x, thus :

''°'"'' '^ ^""«" ^ descending

£x. l.-Multiply 2*i+3-x-i by 3a:i-.2-6x-i.

Ex. 2.—Divide a~b by aA-fti.

a*-6*)o

(2)

o—

a

-6(0^4-0*6*+6*

ftc +ftr^_ 3

-4x4- 6+ 2a:"*

-10-16x-4+5a,-i

8* +««*-l&-13a"4+&B-i
aM-6
oM-6
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Ex. 8.—Find the square root of 9a:— 12x4+10—4x-*-|-x-»,

9x-12a!*-|-10- 4a!"4+x->
| 3te^-2+»~^

9x

aa;*-2
| -12«4+10

-12»*+ 4

6a;4-4.fx~*
|
d-ix'i+x-*

6-4x~4+a!-»

Verify by squuring 3«*~2+x"4 by the method of art. 93. Also
check by putting «=1.

XBROXSB 140
Multiply

:

1.* x^+3, xi-2. I

8. x^-x+x^-1, xi+1.

5. oi—l+2o~ioi+l-2o~i

7. x+8xi+6a:i x^-l-x'^.

9. «+xV+y. «-xM+y.

2. x+x*+l, xi-V

4. 3x—2x^^+5, X— 2x5.

6. (a—ai+l)«.

8. (xi+2)«.

10. (a^-l)».

Divide and Torify

:

11. o+8o^6*+66 by o*+26i

12. x«—x«+x—2—2x-»-2x-»byx«+2+2x-«

18. x^+x*y3+yi by x^+x^y^+yi.

14. 1-6x'-X by 1-x*+3xi as far as four terms.

Find the square root and verify

:

18. a+6o^4-9 and 25x«—lO+x"'

16. a«+4a?+6a-|-4oi+l.

17. 4x8-20xi+37x-30xt+8»i.
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ao. Divide ,l-a,-| by ,i_^4

«. Divide 10«*"-32a-.-27ai».+ l4by2«-.-7.

^. Simplify (a:+xi+l)t+(a._^i^,^,

M. Fmd the 8qu«« ^t „, *•-WJ+10._,2v/i+9.
216. Contnoted Methods T»,« * n .

ill-rateW contractureJcl^^ ^trVp^^Te^ ^"'

Ex. I.-Multiply a:+a:i-4 by x+a:i+4.

" «+«* be conaidered aa a .i„g,e te™. the product

=(«+«i)._4«.
[(o+5)(a-6)=a.-6».]

Ex. 2.~Divide a+6 by oi+fti.

<*
i«'+y*)~{x+y)^x*-xy+yt,

Ex. 8.-What is the cube root of

8«'--36a:3^+64a:4y*-27yl ?

This 1. evidently the cube of a binomial whoee fi«t t- : « *
'a«t term i« -3y*.

^"* *®"° ^ 2«* and

.". the cube root is 2«4_3«i ;» *i,^ .

cube. Check whenx=y,i.^' *'''*° expression is a perfect

Using the method of art 155 fK« u
compUcated expreaaions may be founS "" '°°' '' °^°~

I.

\:>
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217. Faetort with Fraetional or Negative Indices. If we are
permitted to use fractional or negative indices, many ex-
pressions may be factored which were previously considered
algebraically prime.

Ex. 1. a-b may be written aa the difference of two squaree, thus
(o4)«-(6i)i.

.-. o-6=(o*+64)(o*-6*).

Ex. 2. 3«-l-2»-» may be factored by cross multiplioaUon

The factors are (3aj*+2x"*)(x^— x"i).

Ex. 8. x'+xy+y' is an incomplete square. ^

It may be written (x+y)«— (x^yi)*.

.'. the factors are (x 4- x'j/'

+

y)(x—x^y^ -f-y).

BX^ROISB 141

Use contracted methods in tL\; following

:

1.* Multiply x^-2 by x^+2 ; o^-fti by a^-\-bi

2. Multiply a^—i+a'^ by ai+l+a~^.

8. Find the square of «—xZ— 1 and of 2a—2—a"*.

4. Write down the cube of o«+ 1 and of 1—xi.

6. Multiply x+x^y'+y, x-x^y^+y, x*-xy+y*.

6. Divide x+y by x*—x»y»+y'.

7. Divideo+2aM+6—cby o^+fci—

A

8. Find thi-ee factors of x*—yK

9. Find a common factor of 0+0^6^—26, 0—6.

x+x^-6 0-6 a*+ab+b*
10. Simplify

«—5x^+6 a^—b^ a+y/ab+h

'V^^^^PfCl^ _, .iAa IIP y''-?!-.. -h'.'^fil .;r|'7:;. .%



U. Wli»ti,thecub.K„to£iJ_8.+
|2,*_8

* e,^

<«eview of Chapter xnii)
». State the index laws.

. 2. Explain how mAAni,.«>
at.ao.a-..

"''*"°«' "« '^^^ to -uch quantities „
3.' When x=16, y=9. find the value, of:

«. Find the numerical values of

:

8«. 9-1. ^T2S», 32-.. ,6-... .25-1. <_e4)-f
6. Show that ^8ix^8r»=loa

«. Simplify 32-*^(^,t ^d 8|2?^(,vrl}.

'• ^'°'' '^ '"° '*-™^' t'^e value of 1(M when x^j. . . ,

9. Find, to three decimala !,«. • . a a <^ uecunais, the value of (3»)-'x ^2?
10. Simplify 162+i6i_i6-*_,ft-| . ,„i a .-r *« -16*and32»-32»+32-«+ 32-*
U. Simplify 63x6«x6«x 18'V^ ig^V^. igA
12. Solve «*= 8, 2* . 4*= 64

13. Simplify 4»x6-»x ^3 and (8»+4')x le-t.

14. Simplify ,^;\
jI;: «d |:^_:il:2;:^^
'° " 6.2»-3.2»-"«

W. Reduce to lowest terms:

a6-6*

!• J"

..iji^c-,'.
iKJ
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18. Multiply x'y"—2«y+4«*y* by «*+ !

17. Multiply «V*+ 1+»"M by **y"*-l+»~*y*.

18. Divide x'—y-« by »^ •\-^y~^ -\-y~^

and o*+l+o"* by a*+l+o~*.

19. Divide o**—6*" by o""- i*.

20. The dividend is y'+2y«-3y-2, the quotient is y*-y*_l.
the remainder is 3y'— 1. Find the divisor.

21. Find the square root of (x+x"*)"—4(x— «->).

22. What is the cube root o£ |o*«— Jo*'6'+|o'5«*— ,»j6»* ?

23. If x=o«+l and y-o-«+I, show that
'y-^'-y = a*.

• xy—x+y

24. SimpUfy -OOS*. 1-728*, S-26»», 0626"*.

25. If x+ym^a^ and x-y—a~*, find the values of xy and x*+y*
in terras of a.

26. If 2a=-2*+2-« and 26=i2'-2-«. find o«-5«.

27. Find the square root of (a*—«-*)«+4 and of

««-4a>*y*+ I0x*y- 14»*y*+ 13a!y»- 6**y*+y».

28. Simplify
9*6*. a"*c"* a'h'K'*
Ae- ft-* n

29. Factor x»-jf, x-6x*-6, x-1, 4o-6« and

x«-4x+10-12x-»+ 8x-«.

80. If 10'">»»=2, find the value of lO"*" and 10»i««».

81. If 7«-«"«=60 and 7»<'»»»=66, find the vahie of 7«mw.

88. Smiplify ^-j;^ X ^-
^^, .



INDICES
M Solve 3.+1+2.-M, 8.+2r+i«4,.

8*. Divide .-2(.^-.-i,+2,.l_.-|,.,.,
^^ ^_^.^

36. Show th.t ,^.(.Vi. i. ««^^ ,y ,.^^
M. Find the K,uan» root of

-*-
1.

J«+V»

4. if

312
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CHAPTER XXIV

SUBDS AND SURD EQUATIONS

218. In Chapter XVIII. we have already dealt with
elementary quadratic surds It was there shown by squaring

that ^0X^6=^0*.
We might now deduce it from the index laws.

From Law IV, (o6)"=o"6".

Letn-i, .-. •(o6)i=oM,

.'. Vo5=VaxV'5.

i ^ '

Similariy, (ab)''=ah\

219. Orders of Surds. We have already defined a quadratic
surd as one in which the squa^ root is to be taken. A cubic
surd is one in which the cube root is to be taken. When
higher roots are to be taken as the fourth, fifth . . . n'S they
are called surds of the fourth, fifth . . . n'" orders.

220. Changing the Order of a Surd. A surd of any order
may be expressed as an equivalent surd of any order which is

a multiple of the given order.

Thus,

Similarly,

n



SVSM AND aVBD KQVATIOSS ^
compared. ' '^® ^™« order and their values

Thu.. to coxnpar, the value, of V5 iu.d n.

It«thu,«*„that^3uig.^terthanV5.

222. Changes In the Form of Surrf. a
be expreaaed as an entire surd

°^ °^*"** «"«1 «^»

Convenely.
<^260=^l26x ^2=5^2.

p BxaRoisa lis
*.xpre88 aa imxed sards :

Express as entire surds :

.. 2^3. 3^7. -j^nj „^,-,. l^iV, 2^s,

6. (aW^' <»+vs sy;

«rm«Hrm:^' :*i't / 1 mk '^i^Th^^V^St^
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7.* lUduoe ^2, V3 to surda of the same order. AIho r«duo«

8. Wbioh is the greater:

3V2 or 2V3 ; 5^6 or iVS ; Vh or ^io ; 1-28 or ^J ; i^i or ^fi 7

Reduce to like lurd* and simplify :

9. VS+VIS+VeS. 10. V860+\/80-v/20.

11. 3^52+6^55- JVi^. M. ^I8-^iS+^^SD.

13. ^§6-2^3T2+<^32i. 14. V'32+V^l65+Vi2fi0.

16. VT5-Wli+5Vm+2\/4S-7Vli7+3Vl.

16. xVx+i+Vx»+xV-V(*+y)«-V(x«-y»Kx-y).

17. Ezpreaa as equivalent surds of a lower oitler :

18. If -^2= 1-26 approximately, find the values of

:

-^iB. ^U, ^2000, ^f, ^=0W, }^6^
19. Show that 2 x V2X ^2X ^4»'4.

223. Rationalizing a Surd Denominator. When the numerical

<ralue of a fraction with a siird denominator is required,

the value is more > iy obtained when the denominator ia

rational (art. 165).

When the denominator contains only two terms, it may be
rationalized by multipljring by its conjugate (art. 164).

:^x'"^:r
''•''ik

^1
Kt

,^ %.,

uw

mxMBmsm 144
Multiply

:

1. 2V3, 3^6. a. V2oi, VSox.

4. -^4, ^6. 6. eVIi, IV2I.

7. ^5:=B, i/i^, -^i^+P.

8. Vi+2, Vsc-3, y/i-2, Vi-J-3.

'. I"

3. V«, V^.

6. -^=2, ^:=4.

'^mm^mrM'^w^^m^^^smm



*^*/W AND aVRD MQUATiOya

w. ^-1. ^5-2. ^„>a

ae. vf.

28.
4+2V2
2+2^2"

27. vrg.

32. vj±y-^^^g^

22^(3V2-V7K2V2> V7, and of (5+^7)^.(3+^7^
3*. «'-f-=^andy==24V3- ^,,

2+V3 " 2IV|' °"° **»• ^alue of x»+y*

35. Simplify
(2V3-v'2)«-(V3-V2)».

36. ^myl^^tt^_^,5+V5 5+2V5B+V5 4-.V5 i+v5^j^:vi'
37. Simplify Zr2l2_l6+6\/6

4-V5 2+v'5 '

38. Show that 3- v'7 18 a root «f I.'» a root of the equation a:»-fo«-4»+2=0
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89. The three di-nenaiona of a room are equal. If the longeat
diagonal from the ceiling to the floor is 18 feet, find the length of the
room to the nearest inch.

224. Surd Equations. When an equation contains a single
quadratic surd, and tbj equation is written with the surd
alone on one side, the surd may be removed by squaring
both sides of the equation (art. 166).

If the equation contains three terms, two or three of which
are surds, the operation of squaring must be performed twice.

Ex. 1 Solve

Squaring,

1

l+ 2Vx+a!=x+25,
.-. 2Vi=24,

V'J=12,

a;=144.

Verification : \^^x=^\^ VTii= 13.

Vx+26=\/i69=ia

Solve_by squaring in the form Vi=V;^+26-l and in the form
=»V«+26— Va!, and compare the three solutions.

Ex. 2.—Solve

Squaring,

l-\/i=Vx+25.

l-2v'»4-«=x+26,

.-. -2V'x=24,
f

:. _v«=i2,
x= 144.

Compare, line by line, this solution with Ex. I. The answer is the
same to both, although the equations are different. We have verified
Ex. 1, and we know that x« 144 is the correct result.
Let us now verify Ex. 2.

Verification : 1— VJ^ 1— Vl44= — 1 1.

\/»"+25=v'T69=13.

It is seen that our attempt at verification shows that x= 144 is not
the correct root of the equation in Ex. 2.

If in verifying we could say that Vl44 is - 12, the equation would
be satisfied. But this is not allowable, as the symbol y/~ always
represents the positive square root (art. 63).

fcii^iS



SURDS AND SURD EQUATIONS
jj.

This may be explained us foUows :

(1) The equation 1 — a/t— a/TTok • •

^ V^25 is a positive qurnuL!L''.rT'^''°^?-'"''°"'
be positive, that is /must h« i^' ?k T^""'^

'"^^ ™"«t
that no valie of a: which is les^ thr i

^' ^"* '' '« ^^'^«"'

(2) If we squaJtth 3M^ oran"""."^^^
equation is n?t neoessa^^t^:,^^ ^^^v:^—

/

A -.mple example wiU ahow that th« ia the case
Let

^"*"'>8'
.-. ar«=38.

Now the equation a:*— ifl k x

This is similar to the case in whioh h^n. •
i- ™««*,/^ by a factor o^n^t "nl^own.^""™

Let

Multiply by «-3,
x=2.

s(«-3)= 2(a:-3),

.-. ««-5ar+6=0.

exSn":;u2 r'ooti!''
^"' ^'^"**'°° "^ » in the second equation are

tbe™ U a„ added r:L,n Cver^^' fora.lrif.t'"'""™be no error in the worlt th. ~^. ''T?V . f"'""g'' there may
oot of the givT J^iii^'

"*" """°'' " '"""d may not b. .

.Ji3 ".-'V' 'it^^fSy"i\l

:
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Solve and verify 1-16. Reject extraneous roote

8. 3xi=xi+4.

6. 2*i=3.

7. 2(a!-7)i=(a;-14)*.

9. V«+i5+V»=9.

U. V«+i+V«+l6=ll.

ar-1
18. Vz + 5 =

Ifi.

Va:-3

Vx-3 Vx+l
V«+3 Vi-2

17. (12+«)*+«*=6.

ie.
vj+i6_ Vg+29
V«+4 Vi+ll'

21. VT'-o'+fetzz^Z-o+ft.

83. V^=n5+\/i=^l^.

M. Vx+4a-v'«-2V5+5.

27. 5{70*+29)i=9(14«-16)i.

29.
to-1 ^t^Vfa-1

2. V3*^2=2V'JB^^

4. '^Sc=7=2.

6. 2^3^=25+3=7.

8. Vx+Vx+5=5.

10. l+\/«+2=\/i.

12. V'4a;»+3x— 16=2a;+2.

-v^fa+l 2

14 "^^i+^o
V4*-2

^

16.* V'«+4-v^ir4=.4.

18. («+3)*-(«+3)i=2a;i.

20. Ov'g-ll 2vg-j-l

3Vi Vx+6
'

22. Vi+Vi=9=^S=.
V«-9

24. Vi+3+Vi+8=2Vi.

26. '^i*-6a:«+ll«_5=a!_2.

V«+6—V«—

6

WVo+af-fV'o—

«

V^+i-VSZi

fi.



Transposing,

Squaring,

SVBDa AND SVRD EQUATIONS
226. Surd Equation. Redueing to Quadratics.
Ex. i.-Solve x+Vi+5=7,
Transposing.

., ^^+6=7-,.

.'. «*-15a:+44=0,

.'. («-4)(«-ii)=o,

Venflcat,on: When x=4. x+ Vi+5=4+ V9=7

. the correct root is 4.

t *" io,

11 u evidently a root otx^V^^r.
Ex. 2.-SoIve VliTl-V^=V3i.

.-. V8i+T=A/3i+Vi+T.
•'• ®*+* = 3*+2v'3ii+3i+x+l,

4«=2A/3irj:3i,

'• ««-3»«0,

XsOorS.
Here we find on verifying that both roots satisfv th« •satisfy the given equation.
Ex- 3.-5olve 2V'2^=3_3V^I:3

aaSJ:; freJtUr'-« "^ ^^« -<>»«- 4 o;364. neither of whichOf What equation is
4 a rootP Of what equation is 364 a rootP

Ex. 4.-^olve ^'-Sx~eVii:z^i:s=--2
It the surd is removed to one side, we get

Slff

l}!|
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Vx«-3x-3. similar to the method employed in art. 192^ V««-3x-3=y.
.". «•— Sz— 3=y»,

x«— 3a!=yi+3.

Substituting in the original equation,

y«+3-6y=-2,
.-. y»-6y+ 6=o,

y=5or 1.

«"-3«-3=26,
«*-3x-28=0,
«=7 or —4.

or a:*-3a;-3«l,

a;*-3x-4=0,

a:=4 or —1.
We, therefore, have four roots : 7, — 4, 4 _ 1
Verify each of these and show that thev all Ltiafv th^ „;
Here both values of y were positiv^^if "ttfof theT h'Th

°"
negative it could at once be tiisSrded L impossible

^ *'''"

Ex. 5.—Solve

From (1),

From (2),

xy-2Vzy=^120.

Vx+y=6 or -4.

^3^=12 or —10.
Here the negative values of the surds are discarded,

.-. V^+^=5, \/^=l2.

»+y=25, *y=I44.
Solving these, x=9 or 16, y= 16 or 9.

BXBROISB 146

Solve and verify 1-17. Reject extraneous roots :

1. x+Vi=20.
2. a;-Vi=20.

3. V3S=5+Vi=2=3.
4. V3^=5->/iZ2=a

5. 3x+V^i+n+5^0.
6. 3x+5=VtorpjT.

(1)

(2)

8. 3!C-2V7«-f-4=lfi,

tl

^''»'^v^-tsiis^?miMaP'i!Ff5^^^(ae^ip^^
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SUBDSjyD aUBD EQUATIONS ,„
y»+i6 v4-« 5

'2

13.
4(««+«+3)i=3(2««+&r_2)i.

14. 3(x+V2rp-)=4(a:-V2=Ji).

r

2 ^^
18.* a;y-\/^=30,

22. x*-\.xy+yt=^^

15. >^^*-M-vg«^

17. 2Vi+3/y=i2,

3Vi+2Vy=13.

It. «+A/^+y=28,

«-V^+y=12.

21. a:«+a:y+yi=,9j^

«+\/^4-y=13.

23. «*-3a:+6-v^ir3jq:8^2.

24. a;«_«_ViS:i5r6=36.

26. ^/?4. ly 5

227. Square Root of a Binomial Surd

(V3+V2)-3+2+2^/6
=5+2V6.

(3-V2)«=9+2-6v/2
=11-,3V2'

The square of A/a-i-A/A •

«+i. which « the .uiot tf^^l^ °' "/"t'o"*' quantity
"d a suri quantity 2V^ ZTt^ ""t" "" "«' ''^n'

quantities under the ™Jt d^ **'"« """ P"^""' of the

PI j
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T * rm of the square of Va+ Vft will show us how we
can sometimes find, by inspection, the square root of a
binomial surd.

^a+h—2VaJS= y/a— VS.

Ex. 1.—Find the square root of 7+2\/l2.

Here we want two factors of 12, whose siun is 7. They are evidently
4 and 3. _

7+2Vl2=4+3+2ViT3.

.-. V7+2Vl5=V4+\/3=2+V3.

Sinxilarly, V7-2Vr2- 2- V3.

Verify by squaring 2+ V% vad 2— V3.

Ex. 2.—Find the square root of 14—6^5.

To put this into the form a+&— 2Vai, first change 6\/5 into 2'v/46,

U-6V5-14-2\/46=9+6-2V46,

.-. Vi<r^eVS=V9-VB=3-'\/6.

BZBROIBB 147 a-7. Oral)

m

Find the sqiuu-e root and verily

:

1. 5+2^6. 2. 8-2Vi2.

4. 6-2V8. 6. 10+2\/2i.

7. 8+2V7. 8. 7-4'\/3.

10. a;+y+2V^. 11. x+y—2'^xy.

18. 16-4^14. 14. 18-8V^.

16. lO+Vei. 17. 47+V360.

3. 4+2v^.

6. 15+2\/5e.

9. 9H-4V6.

12. 2x+2Vaf«^.

16. 20+V300.

18. 57-18V2.

10. a-2y/a^. 20. 4*+2V4as«-l. 21. a~b-2Va-b-\.
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Ex. 1.—Find the square toot of 56-24V6.

by in«peotion. ' ^ difficult to obtain the faotoi*

a* =720,

.bSL"
«.«o «,„.Uo=. b, .h. „„«.<«, „,^ ,„ „ ^ ^ ,,, ^

o=36or 20,

6=20 or 36,
The required facto™ of 720 then are 36 and 20.

.-. W-?fV^56-2V720=36+20-2x/36Tr0
.-. Vfi6-24VS=V36-v'20=6-2V5

Verify by .quaring.
^'

Ex. 2.--Find the square root of l+Vg.

I + V6 = i+i^;? = 9 + 2V20

.-. the «iuare root i.
^^+Vi

„, V^«
. ,

2 °' "2~ + *•

Ex. 8.-Find the square root of 2\/To+6V2
Fi«t take out the mmTfactor V2. and we get

2V10+6a/2=a/2(6+2V6),
•• <*««J'«^~ot -1^2(1 + ^6).'

BZBRCTSB 148
Knd the square root and verify

:

1. 94-42^6^ 2. 38+12v/iO.

4. 107-24VI5. 5. 94+6V245.

». 67+7V72. 8. 28-6VI5.

8. 47-12VT6.

6. I01-28\/i3.

p__,-.^^^._^_j..jgg.- _-, WiW
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10.» Find the valv« of l^Vl6-6\/7 to 3 decimal pUoee.

11. Find the value, to three deoimalB, of the square root of
^-^'^

7+4V3'
12. By first rewoving a simple surd factor, find the square roots of

:

7^2+4^6, 10+6Ve. 7\/3- 12, 69^2+60.

13. Sh(.wthat \/l7+12v/2+ Vl7-12V2=6, (1) by taking the
square roots, (2) by squaring.

14. Simplify V3+V'l2+V49+8'\/3.

A 2a/3
15. By changing 2-Vs into —^—, find the square root of2- y/%

also of 34-V2 and of V+ JjV7.

16 From the result of Ex. 1, show that 94-42^6 is a positive
quantity less than unity.

*^

17. If *«(14-6V6)=21-8V6, find x to three decimals.

18. The sides of a right-angled triangle are Vs and 3+2^2.
Jpind the hypotenuse.

228. Imaginary Surds. When we solve the equation a;«=9,
we obtain x= ± 3, and we know that this is the correct result,'
for the square of either +3 or —3 is 9.

If we solve a:«=5, we say that the value of a: is± V5, and
we can approximate to the values of the roots as closely as
we wish by finding the square root of 5 by the formal method

If we are asked to solve x^=-^, we might say that
the solution is impossible, as there is no number whoso
square is -9. This statement is correct, but we find it

convenient to say

^ x*= 9,

then X =± V^.

Jk
f •Hi

y:k^^



sujiDa Ayu aoHD equations
3,,

Such a quantity as VHo ,•« „.|,_,

We will Msume tliat th,T !
««''»"<>'" ("rt. 190).

"Uoh we have appu5^i„*l'"'l7»'»' '«»» of algeL.
n»gma,y numbers. * "** '"'°"»". »PPly »l» to

These examples show th^f «„ • .

always be expressed as the pr^uTt ofT^^ ^"*°*^*^ ^'^^

imaginary quantity Vrj ^T °^ * ^«*i gl^antity and the
called the ima^finary unit

'^"*"'^'^ ^-^ i« sometimes

229. Powers of the Imaginary Unit a^-1 is „a,. and an, odd^weTiatagiS;™ """^ "^

Thus, .^—(V-l).==_,^ by definition,

280. MuiUpiieation and Division onmaginarie.
Ex.1. V-2x^/r3.v,.^^^^_^_

Note that the product .are i«,Ve.,,,,..g

il J

[^OMtflRa^^iR-
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Ex. 8.

Ex. 4.

ALOBBRA

-»0(V^)«--«a

^?-v»-.

(*+»V::n)«-««+y«(V;rT)i+2a!yV:ri,

-»««-y«+2a!yv'^.

(o+6V:rT)(a-6V^)-o«-6«<V^)«-a«+6«.

3

Ex. 6.

Ex. 6. Rationalize the denominator of

Multiply both termi by 1+V^ and we get

8(14-V^)
..
3(^+^^) _i,./-»

(i_V^)(H.Vi:?) i-(-2) =»+v-2.

J

^,

t
i
>

1

1

XBROIBB 140 (1-0, Oral)

1. Express aa a multiple of V-l : V^i, V^H, V^^^, V^^
V^^m, V=9F, V-(o-o)«.

a. What is the value of (V^)«, (V^)*, {V^T)*, 'V^l)* ?

Find the sum of

:

3. V~l, V=4, V^. 4. V^^, V^^m, V^4S.

6. 4-j-V=9, 2-\/^16. 6. o+V^S*. o-6v/=T.
What is the product of

:

7. \/=l, V^i 8. ^^=^,^=100. 9. V=5», V=J>
Simplify

;

10.* 3V^^+2'\/'^^-W^^+5V^^^.

11. (3+6V^)(3-6V:::i)-|-(6-3V'=T)(5+3V3i).

12. (4-3V^)«-|-(2+6\/-r)«.

13. 2Ml-V^). 14. (-l+ \/=:3)-r(-l-V'=3).

15. (o+6v/^)»-|-(o-6V^)».

16. Show that J{- 1+\/^)«= J(- 1-V^).

wf^^fwf^rw

^W' '^r '-mr-^r'^rm-

1



SUBD^ AND aUBD MQUATIONS ^
y. By finding the cube of 4(_i.v'-^v . ,

i« • cube root of unity, (art. 192. Ex fij
^^^ '*'' 'J"'*"*^

W. A«, 2± Vrj. eh, ^e« of X.-4X+7-0 »
W. If a-2+3v/rT ^ 6=2-3^/-! u

' +*• are real quantities *' ''^°^ *''•* «+*. a* and

number who^ I^ZT-Sr* r"""."
" ^"t ^ tZ

""^"•""'tj «» topo«rible problet'
"" " ~"'- ""* "

Let*- the number, 1 ,,
- - ite reciprocal,

2ai«-8«-f.2»o,

.-.
«-5±v^?3? 3±vz:7

4
"" 4 •

Here the roots are itmuT'

per y^7FU^, ^ '^° *^"^ ^ y^« o^ cloth at |(IO-:ry

The total coet in dollai, =aKiO-x,=.3o.
••• «*-lfte+30=aO,

»6 «ih.trtute "25"? tm" **^ ' Wo'Jd it be impoasible if for 130

Y2
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lltOISB 180

Solve and determine if tbeae problem* aro poMible

:

1. A line which is 10 inobea long is divided into two parts so that
Wbe area of the rectangle contained by the parts is 40 square inches.
Find the lengths of the parts.

2. The length of a reotongle is twice its width. If the length be
increased 10 feet and the width decreased 1 foot, the area is doubled
Find the dimensions. Solve ako when the width is increased 1 foot.

3. A man has 20 mUes to walk. If he walks at x miles per hour
It will take him 8-x hours. At what rate does he walk T

4. If it is possible that *(12-x)=36+a, and a is not negative
what must the value of a be T

•1 'lu

XBR0Z8B 181 (R«Tl«w of Ohaptar XXXV)

1.* Multiply 1 + Va- V2 by Vg- VS.

2. Multiply V3+V2 by -L +—

•

v3 V2

8. Find the square roots of: U+VISO, 28-4^21, 22+^420
11-^72,12-6^3.

4. Find to two decimal places the values of

:

vn^s* V6+2V8. j-^Tg:;::^' vs+vs •

Solve and verify :

5. «+v/»^6-ll.

7. Vai + Va:-4

6. V'4a!+7+ V4«+3=6.

:^?^==- 8. Vte+7-Vi+2=V2\/iTl.

». V«+6+V»-16 36

Vas+S

10. Vl»+« - Vl6^ = 24

Vl9+«



«P«W Am auSD EQVATIONB «,

• » •« V 3, find the value or

14. Solve P+x-A/^q:^.^

". ^*»"">«»Productof2V5+ 3v/2+v/in . /k
". F.-nd the continued product of

'"' ^^^v/l- VS.

17. Simplify _3V^ _ 2Vg v'g
v^8+V3 vI^ + vsTvl-

18. When «-a+Va-i=l. find the value, of

W. Express in the eimpleet form:

M. Simplify V5i+S? . J /S+H /

.So. Solve 3a:«— 9a:J.ii ^ /-s
v^;".

decimal places. + "-^^^^''-Sz+S, giving the roots to two
26. Simplify ^^±Va=h V^+$^V^~l

m^'^m. «r.l..
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27. Show that
Vl6+2V'S5 VI6-2V63

= -8.

28. Show that Va+ V6 oannot be ezprewed in the fonn Vi+ Vy
unleM a*—b is a perfect square.

29
s\l

80. SimpUfy (3-2V2)* + (3+ 2V2)'.

81. Find the value of x*+x'+»4-l when x=tV%-^\'

A'T"*'-"'**, --^,mw:



CHAPTER XXV
THEORY OF QUADRAncS

Sum and Product of the Root*
Solve these equations

:

(3) l&r«+2ftr+ 8=0. ^' ;;
"_!'-!'

In (1) the sum of the roots - n « l T '

In (2)
"" "• P"^"*'* = 10.

»» II =s 3
iri 1In (3) „ ,, ^^ ^ ____^^

*«"+6ar+c=0.

The roots are

?^m?»^J^
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"M.:

ooeflSoient of x*

absolute term

Comparing these results with the coefficients a, b, c in the
equation, we see that

:

The mm of the roots of any quadratic equation, in the standard
form, M equal to the coefficient of x with its sign changed, divided
by the coefficient of x\ and the product of the roots is equal to the
absolute term, divided by the coefficient of x».

Sum of the roots = - ««««««'»' <>' '

Product of the roots =
coeflfioient of x*

See if these two statements apply to the roots and co-
efficients of the three equations preceding.
The formulae for the sum and product of the roots furnish a

convenient means of verifying the roots.

Thus. I find the roots of 3i«+a;-2=0 to be f, -1, but the sum of
I and -

1 18 -i and the product is -|, which agree with the sum and
product given by the formute. Therefore, these are the correct
roots.

Are the roots of 14«*— IQx—60— 0, V. — I T

238. Reelprocai Roots. If the roots of ax*+bx+c=0 are
reciprocals (like § and f ), their product is unity, and therefore
c .-=1 or e=a.
a
So that any quadratic equation, in which the coefficient of

x« is equal to the absduU term, will have reciprocal roots.

Thus, the roots of8a!«-13*+8=0are reciprocals, since their product
IS ) or 1. Verify this by finding the roots.

284. Roots equal In Magnitude but opposite In Sign. If the
roots of ax^-\-bx+c=0 are equal in magnitude but oppositem sign (like 3 and -3), their sum will be zero, therefore

= or 6=0.
a

So that any quadratic equation in which the second term is

missing will have roots equal in magnitude hut opposite in sign.

Thus, 2««-9=0 and a««-c=0 have such roots.
Verify by flnrfmg the roots.

:i:m^ 'm^:r^ W].:^:::'"y
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St.. .u
axaRoisa laa (Orai)

State the sum and product of the roota of:
1- '»»t__ ^^ > «n -i- *•- 7*4- 12=0.

a. 3a:«-iar_7^Q

7. aa:«-_6x__g_Q

9. p«t_y^Q

11. 3a:«-4«=6,

2. a:«-5a;-ii=o.

4. 2j:»_iaj^Q^(j

6. 4x«-17a:-f-4=o.

8. w«-(64-c)ar+a=0.

10. aa;«-j-a=o.

*8. Which of the „r«.^-
"* ^«+*J^'-^+a»-6«=0.

""^-d 5 th, root. „,x._9,+a)_„,
^

«». «'-4«-«=o 5
!' ' • "-'^+2^-0

,. 4. 8.

22. In wiving «._2i'.„„ „ " ^'-'^+2-0
; 2. J.

"".t the other be I
"*="• °°° "»t i, fo„„<i t„ ^e 41. Wh.t

-"o«=;.-X,T43t;,""« -'^ - -.«» a. .e oo^.
24. If the roota of dx*- l(Vr_L„ «
a, '"'^''-"'^-^'P'-alB. what ia the value
OK tt .t

of a 1
.„ „u„ vaiue

25. If the roota of mx*~(»t» q\ . ,

and the product fa g stL.^ '"f °' ">« "^ fa -»
-^r" 'o the Uu .il^rjirf".""?"'"'''"""'^^'
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^t.

-1 [

K the roots are given, the equation can at once be written
down.

or x»-te+lSlT'°"
"^"^ root, are 3 and 5 ifl »»-x(3+ 5)+ 3. 6=0.

The equation whose roots are2+V3and2-VlM
««-x(2+V3+2-V3; + (2+V3)(2- V3)=0. or x«-4a:+l=o.
The equation whose roots area+6 and a~b is a;»-2oa;+a»-6«=0.

Second Method. The equation whose roots are p and a
IS {x-p){x-q)=.0. ^ ^

x»-te+^5l*a°
''*'°~ roots are 3 and 6 is (z-3){x-5)=0. or

(3J-2)(T+")1J'*''^
"~'' """ »•"»'*-* ^ («-|)(»'+l)»0. or

The equation whose roots are 2+\/3, 2- V3 is

(«-2-V3)(x-2+V3)=b.or(«-2)«-3=0orx«-4«+l = 0.

Either method is simple enough to apply, but the first is
probably easier when the given roots are not simple numbers
The second method may be .ippUed to form an equation

with any number of given roots.

Thu«, the equation whose rooU. are 2, 3, —6 is

(*-2)(«-3)(x+6)=0, or x»-19x+30=0.

aXBROISB 1S8 (1-16, Ontl)

State, without simplifying, the equaUons whose roots are

:

1. 3.7. a. 3,-7. 8. -3.7. 4. -3,-7
6. i.i 6. i,-l. 7. -I -I 8. |,|.
9. o, o. 10. -a, -6. 11. 3, 0. 12. 0, m.

13. 3.4,6. 14. 2,3,-1. 16. a,b,c. 16. a, 6, 0.

Reduce to the simplest form the equations whose roots are :

17.* tn+n, m-n. 18. 2o-6, 2a+b. 19. 3+V3, 3-V^
ao. i|. -2i. 21. -2, -4, a 22. m
a«. Show that 1-26 and 4-64 ai« the correct roots of

iOO««—680x+680=0.



THEOBY OF QUADRATICS
„,

a^^-- the «,uation wh<^ ^. .^ _, , ^^^^ ^,^^,^^
2«. ^°™ the equationa whose roots are

I
a+b a~b

I
a-6' ^J 1(4 ±V7).

28. Solve ar*-21x»-2Qr-n k • .
'

"

20 T*
^^~0, being given that one root .•« k2». "onerootof *«_i2a.-i.„ n- ^ .

"
°"e ^ot w 5.

and the value of a.
"^"'^ " ^""''l^ the other, find the roots

^' If one root of x'-^-na-^AQ n • .

the values of p i
+^+«=0 w three times the other, what are

a' ~ ~ •

Here it will be seen !.„* *u

root. do.
""^ "Pro^'ona, while the separate

« can also be found bv taking ^u^d adding the resulte F^d^t^t "^"^ "' ^^ "><>*
the same regult. * "*** ^*3^ and aee if you get
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Ex. 1,—When m and n are the roots of aa;«+6a:-|-c=0

find the values of ^ + i. ^ + ^. m»+n». m-n.

— 4-1 = *"+**

w n mn

or

6 ^ c _6
a ' a e

6« 2c

— + - = "*'+»*' = (w+n)«-2mn ^ at
~ ^ 6«-2oc

» t» mn mn °" g °" ^^ *

a

m»+n« = (m+n)»-3mn(m4-n) = -^- + ^= 3abe-b*
a* a* a*

m*+n* = (m+n)(m«-mn+n«)= (m+n)|(m+n)«-3mn| = etc

{fn-n)» = (m+n)«-4mn = ** - ^ = ^'-^ .

tn—n V6«-4ac

The name two values of the last exprewion might have been foundby simple subtraction, the sign depending on the order in which theroots were taken.

Ex. 2.—If m and n are the roots of x*+px-^q^O, find the
equation whose roots are m« and n".

Here fn+n= —p and mn=q.
The sum of the roots of the required equation is

m»+ n»=(m4-n)«-2mn=p»-2j.
The product of the roots^m'n* =391.

.'. the required equation is x'—x{p*—2q)+q*=0.

Ex. 8.—Find the equation whose roots are each greater bv
2 than the roots of 6a;"— 13a;—8=0.

Solve the given equation and the roots are {, — ^.
.'. the roots of the required equation are V, |.
.*. the required equation is

«'-(¥+ l)«+V. 1 = 0, or e««-37»+42=a
We might have solved the problem without finding the actual roots

or the given equation.



THEOBT or QVADRATICa
^P •nd g be the roof of (kr*-i3»-8-n
Then

.

*"''•

P+J-V andpj-i-l

•ndth. product '''"''*"'+*"»'+«+<-V+4-v,

• tl"«<)uirodequ.tio„i,
>-l-V+4-7.

•-V»+7_o, or «.'-37,+42_o

then n
'» + ?=- -^ and p,. A.

The root, of the required equation are i and 1.
P 9

Find the 8um and product of i and i in t«r^ ,complete the solution. ^ 9
®"°* °' w. n and * and

Compare the new equation with *i, •

l/=«+6 or a;=i/_6
Substitute *-y_6 in *u

equation i. ^,
*/'"'" "^"-"o"' •«<» the required

or , .
'*<y-«)*-«(y-6)+ 7= o.

<y«-45y+132-a

339
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Ex. 2.—Find the equation whose roots are the sqiuuM of
the roots of oa;«-f-6a:+c=0.

Let y be the unknown in the required equation.

Then y—x« or X" ± Vy,
,'. the required equation ia a(±Vy)*+b(±Vy)+e^O,

**' ay+c- TbVy,
<» oV4-2acy+c»-6«y.
or oV+y(2ae-6«)+c»-0.

Solve Ex. '8 2, 3, 4 prooeding. by this method.

xmoxsB IM
i

!. If m and n are the roots of x«-8a:+3=0. find the valoes of
I , 1 m , n ,

,- + -t

—

\- -tm'+mn+n*.m n n m

2. Find the sum of the squares of the roots of

*«—7x+l=0 and of 3x«-4x+a=:0.

8. U p and 7 are the roots of 3««+2«-6=:0. find the values of

4. Find the sum of the cubes of the roots of

2«*-3a:4-4=0 and of i«-«+o=-0.

fi. Find the equation whose roots are double the roots of
««-9«-f-20=0. (1) by solving, (2) without solving.

6. Find th" <H:uations whose roots are each less by 3 than the
roots of (1) a:«-llx+28=0, (2) x«-x-l=0.

7. Find the equations whose roots are the reciprocals cf the roote
of (1) 2a:«+x-6=0, (2) x'-px+q=nO.

8. If m and n are the roots of 3««-2a:+6=0, find the equationo
whose roots are

:

(»)i»ndi. (2)?aadii. (3) m- and »•.
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^ o/xssr+ro"* «"'-«•«<*.JL «„ cub- ^I

1» H
'»'+»'=20. m+,__,.

Solve the eqnatiotM

:

(2) «ar«
I- ar-.l5=o,

(3) 5ar«+7;r-. 2=0,

(4) 2a;«-3a:+ 2=0.

tf

i>

I*

»

If

T 4 '

-Uoh ta thi. »« h.p^f^
^^yjhat there .„ two «ot,.

^£;.S:i^Xr::trt:;ar-~
*" l*^ the roots are al«n ii^4-.v i .

«Pp™xm,.te to their ™i^ '^t •"' « «" not even
""» in e«h of the othe» the^^'^ i:^'

"* '"''«^'

I
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The«e Btatements might be written thus:

In (1), the roots are equal, real and rational.

In (2), the roots are unequal, real and rational.

In (3), the roots are irrational and real.

In (4), t?ie roots are irrational and imaginary.

If we examine the roots of the general quadratic equation
we will see the reason why, under particular conditions, there
is this difference in the character of the roots.

The roots of az'4-&z-fc=sO are

—6+V6'-4ac , _6-V6«—4ac
A Wld .

From these roots we may conclude :

(1) If the particular values of a, 6, c are such that 6'— 4ac=0,

then the roots are equal, for each is evidently equal to —~
Tn equation (1), a—l, 6=— 6, e»9.

.-. &*-4ae»36-36«0.

(2) If 6"—4ac is a perfect square, then its square root can
be found exactly and the roots are rational.

In equation (2), a=6, 6=1, c^ — 16.

.-. 6»-4oc= 1+ 360-361= 19".

(3) If 6»—4ac is not a perfect square, but is positive, the
roots are real but irrational.

Find the value of b*—4ac in equation (3).

(4) If 6>—4ac is negative, the roots are imaginary.

Find the value of 6*— 4ac in equation (4).

Hence, the roots of ax'+bx-f-c=0 are real and equal if

b*—4ac=0, real and unequal if b*—4ac is positive, imaginary
if b«—4ac is negative, real and rational if b«—4ac is a perfect

tquare.



TBM0B7 or QDADRATICa ^AAA M^. OS§

."'""'"tually finding the rZ All
'"'^"° """"'o"

«nd the value of b'-^ "' ^^ "» "^"ire to do i, to

'» (I) i. 157. .-. the roou ._',... .

ta (2) i" 49 • .k.
•" rwU and irr.tion.1.

»,«^™";';" "*"' -'- »' * wiU 4..-fe+4=0 have

Ex R fiU .1.
^^ "**" *he roots are equal.EX. 8.-Show that the nK,ts are rational of

Here
^^'-^(2m+3n)+2»=0.
6'-4ac=(2m+3n)«-24mn,

Since b*~4ac is a «,uare thl*"*!"
*2mn+9„.= f2m-3»)«i.

Verify by finding trr^;^**"*
'*^*' '^ ™"°°'^

1 WK * .

"^«««» 1« (1-6. Oral,

cWteTSrjr^':,^^^^-^* ^' ^•+^+4=0, What i. t,.

What
. peculiar about the roou if 6.-^_0

What kind of roots have .«-6.+7-o ^"^

the d^ru^, ^ .^, ^^^ ^ ^^^ ^^^^ ^^ ^^^ ^^^

3.

4.

5.

I
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Detarmlne the olutnoter of the root* of

:

6.* 2««-f(te+8-0. 7. &r*-7«-6-a

8. 4x*+7«+lS-0. •. g»«-12«+4-ia

10. •6dt«+«(o«+6«)+«6-0. 11. x*-m»-l-a

la. Show that x*+a«+&"0 hai real roots for all negative valaee

J*.

15. If 8««+lfe+t-0 bM eqaal roota. Bnd ft.

14. M ax*— lOe+ai-O haa equal roota, find a.

16. Show that the roota of *»-«(l+t)4-*=0 are rational for all

Taloca of ft.

H. If x«+2ir(14.o)4-o«=0 has equal roota, find o.

17. By lolTing the equation «•—4a:+6— ft, show that if x ii real,

ft eannot be leM than 1.

It. Show that the roots of - 4- — 1 L. = are real if
X x+a x+6

o«—aft+ftt it positive.

19. Eliminate y from the equations y—mx-f-e tnd y*»4ax, and find

the value of e if the resulting equation in x has equal roots.

90. If 2fiM;*+(6m+2)x+(4m+ 1)"0 has equal roots, find the values
•f fit and verify.

140. FMton of a Quadntie Ezprenion.

When m and n are the roots of ax*+6«+easO,

6 c
fit + n = , fMi = — •

a a

.-. ax*-\-hx-\-c=a(x* + - a: -|- -^
\ a a>/

=o{x«— (m4-n)a!+mii}

=o(x—m)(x—n).

So that, if m and n are the roots of aac^+hx-^-^^O, the

factors of the quadratic expression

a««4-6«+c are aix—ni^ix—n).



TBBORT OF QVADRATWa ^

El. 1.—Factor &ri+x-40
Solving by fom.uJ..w find the'roof of

*.!. 2.~Pactor 12a:«-47x-|.4o
^- roof o, the co^„„„^^„^^,^^^^

-(4*-«)(3x-8).
«i. Charaeter of th« v^i^^ .

« +bx+c *a. .^/«,„.. „ ^ „ ^rt«r^';ii"r-'o"TniM, in S««-S09,4.7« i, ,
" —4ac=0.

i. removed. ' P****** -q""* when the numerical factor 3

equation has' rational n^"^'^'
^" ''"''"°" *^« -orrespondi^

^^^S'VZX:^m When we aa, that a

^^nrc^Lrt^^'-^^^^^^ "^ '' ^" "
« a perfect squaT'

"*" '^^^^^^ ^ ^°«e when 6.-4ac

n^et^^tl'^drr^ r.r.'^'^^
"-^ - -^ - the p^edin«

El.-Rnd two surd factors of x«~fe+4.
" * " «±V20

Verify by muitipii,

2

loation.
I

18

^^'^m



340 ALGEBRA

HXBROISB 156

Factor, by trial if you can, otherwise by solving the corresponding
equations and verify

:

1. 3x«-17x-(-10. a. 20a:«+3x-l08.

3. x«-2j:-1763. 4. 1800o«-5a-l.

6. 299*»+10x-l. 6. 221z«-458<w+221a«.

7. Show that 12a;«— 15x+4 has no rational factors.

8.* a:»+4x-3 has no rational factors. Find two surd factort
of it.

9. If z«_8x+i is a perfect square, find k.

10. If ax*-kx^^ is a perfect square, when the factor a is removed
find k.

'

11. Express a:*—Oa;— 11 as the product of two surd factors.

12. Factor 144x«-337x»y»+U4y«. When this expression ia

equal to zero, find four values of the ratio of x tc y.

13. If x-2 is a factor of 120*3- 167x«-oj:+56, find the value ol
a and find the other two factors.

14. By finding the square root of ax*+bx+c, find the relation whi-jb
must connect o, 6 and c when this expression is a perfect square.

243. A Quadratic Equation cannot have more than two
Roots. We have seen that the equation ax^-{-bx+c=0 has
two roots, and since this equation represents every quadratic,
it follows that every quadratic equation has two roots.

It cannot have more than two roots.

Let m and n be the roots of aa;»+6a:+c-^0.

Then ax*+bx-\-c=a{x—m){x-n) (art. 240).

.'. a{x—m){x—n)=0.

Since this product is zero, one factor must be zero. But
a is not zero, for the equation would not then be a quadratic.
Therefore, either

*—m=0 or X' n=0.

/'/ ^v

m



THBOSr or QOADRATWB
„,

'hl"qLHttr.^'j,°^^''«^''«» •» ""-l " "ill ".ako eith„ „,

.-. •» and „ a„ „,„ „„,y _^^

.nto hnear factors in only one Zy '"'* *' ''*'''*"^''

1 WK
"™°'"» "" ^'^-'•w Of Chapter XXV,

1. ^''•*« the .mn and the product of th«r . ,

*•• "^+ ^= *andp,=5.fl„dthevaIueeof:

p«+?«. X + 1 P.q
,^ «•' 7"^p' P+^- pH7«.

». ^'"<^*h«-- and the product of the root, of

o^' 4;.-'r;2rT"^°" ''''°- -- - -•> one-half o, the root.

'• ''"'' ">» uni of the M,u~, „, ,,,

«• Find ,he „„... ,^^ "" "" "»" <" 3«'- 11.+ ,.„.
«' l>*.'-38.+ l.T "" """^ ^^ •"> '"- - s™.. « th. ,„„

«». »'i»<"l.e.um„t the ™„U of (,-„.+,, ,.. _

-i «Mr.^L"L-.n:r'°° "-- - -"4~1..
of th.

" "•"-'^''^'-''•p"«'-o,t,„u^,^

I

^&"
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16. Construct the equation whoM root* are each greater by 7 than
the roote of 2x*+ll«— 21>0.

17. Find the equati^^n whoee roota ere each three times the roots
otax'+bx+e^O.

18. If m and n are the roots of ax'-^bx+e='0, find the equation

whose roots are — and — •

n m
19. Show that (a4-6+c)««-2«(o+6)+o+fe-c=0 has rational

roots. What are they 7

ao. If one root of x*-px+qm,0 is double of the other, show that
2p*-9q.

21. If m and n are the roots of x'+px+q—O, show that p and q
are the roots of x'+«(m-|-n-mn)-mn(m+n)=0.

32. Show that the equation (mx+ —
j =icuc has equal roots for

all values of m.

25. Find the values of k for which the equation

•'+*(2+*)+*+87-0
has equal roots.

24. Since ••~8«-20-(»-10)(a!4-2), for what values of x is the
expression «*—Sx— 20 equal to sero t For what values is it negative ?

For what values is it positive t

26. Show that it is impossible to divide a line 6 inches In length
mto two parts such that the area of the rectangle contained by thsm
may be 10 square inches.

2e. For what values of i is 4M*-x(k+S)-\-k-\-5 a perfect square?
iTwrify your result.

27. Find the sum of the cubes of the roots of x*+mx+n=0.

2t. Find the sum of the squares of the roots of

««-»(l+o)-fJ(l-Ho+o«)-0.

29. Hod the sum and the product of the rooU of

o b__ .

a — a X -6~« — c'

80. If the sum of the roots of am*—6x+ 1 2a =- equals their product,
dnd a and verify.

31. It is evident that a is one root of (x—o)(s—6)a(a—e)(a— 6).

Ftod the other root.
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'<"' V.„ry by a„j,„g j^^ ^^ ll.+ 3,_0 .,11 h.,, . ^_^^__

"^•^^r. tT.r
''""^^' -""^trrr -xrT

'^"



CHAPTER XXVI

f

SUPPLEMENTARY >E0RBJVIS AND BXERaSES

Additional Examples in Factobino

244. Product of two Trinomlab. If we multiply

a-26— 3c by 2a—6-fc

the product may be written

2a«-6a6-f26>-5ac+6c-3c«.
The first three terms of the product, which do not contain

the letter c, are evidently the product of a— 2b and 2a—6.

The last term, — 3c«, is the product of —3c and c.

If we wish to factor the product of two trinomials, we may
do so by the method of cross multiplication, which we used to

factor a trinomial.

Ex. 1.—Factor 2a«—5a6+26*—6ac+6c— 3c*.

First factor 2o*— 6o6+2fe«, and then choose such factors of — 3c»
aa will give the remaining terms in the product when the complete
multiplication is performed

:

2a«-6a6+26«-6ac+6c-3e«
o —3b -3e
2o - 6 + c.

If the terms of the factors are written under the terms from which
they are obtained, it is not difficult i 3 obtain by trial the factors of

Ml expression of this type.

Ex. 2.—Factor 4a>+36*-12c*-8a6-8ac
Arrange the expression thus :

4o»-8a6+36»-8ac- 12b»

2a - 6 + 2e
2a -36 . 6e

Show by multiplication that these faoton are oorranii.
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Write, mentally, the product, of

:

1. a—26+c
«— b—e

2. ar-y^.|
ae+y-2

4. 3a:-}- y-_4
2ar-3y+3

7. ai-.36_5c
2a+36

8. 3»t-2n-f-l

2m-3n+4

». 3a-46+«

0. 27—5y^ ,
3a?-2y-3g

0. a«-2a+3
o*+3o-2

'^tor and verify i

10. ••-4a6+46«-o+26-iaL
U. «»»+ay-6y«+2w+ 11^,^4,,
12.

2«'+e*«-.3c«+7ftc-5a,-7a6L
13.

2»«-7*y-22y«~to+35y_3^
14. fla«+a6-126«-2»+316-2a

1». **-»-fc«-2*y+6^
16.* Divide the prodnot of da'-aofc . a. . i , .t

W. Reduce to lowebt tenns

*4?:.2L^:;d^^+332y^6^3i„

' *™' ""• «»« '- '"to™ ii tf:'2;» :,;s:«'"« «.«««»

s

20. Solve *•—6at4.ftita.7 >»
tl>e general formula.

+^*-"«+12-0. fn bv £.«torin«. (2) by

S46
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m

Ezpreas, in the factor form, the L.C.M. of

6o«-8o6+6«+ae-e«

6a»+o6-26»-ac+4ic-2c«.•nd

846. mm and DlfferenM of CubM. We have seen that

o»+6»-(o+6)(a«-aA f 6«), o»-6»= (a-6Ka«+o6+6«).
(a+6)«-o»+3a«6+3a5«+6», (a-6)»=-o»-3a«6+ 3o6«-6«.

Similarly, (a+6)»+c»= (o+6+c){(a+6)»-c(o+6)+c»J.
*nd (o-6)*-e*= (o-5-e){(o-6)«+c(o-6)+c»}.

Ex. 1.—Factor o>+6»-|-c"— 3a6c.
Add to o»-|-6« •uffloient to make the sum the cube of a+6. that ia.

add So«6-|-3o6«.

Then o«+6»+e»-8o6e,
='0»+6»+ 3a«6->.3o6«+e»-3a«6-3a6»-3a6e.

-(o+6)»4-c«-3a6<a+6+c),

= (a+6+c){(o+6)«-<>(o+6)+f«-3a6},

-(a+6+c)(o«+6»+c«-a6-/''--oo).

The factors of thia expression are j portant, and the pupi'
should endeavour to retain them In n. mory.

The expresaion is the sum of th* cubes of thru quanlitits
diminished by three times their product.

One factor is the sum of the three qua, its, and the other is

the sum of their squares diminished by tht mm of their products
taken tu>oata time.

We should recognize expressions which are of the same
form as this tjrpe expression.

Thua, a»+6*-c»+3o6c may be written in the form

o»-f6«+(-c)»-3a6(-e),
and it i« now seen to be the sum of the cubes of a, b and -c, diminished
by three times their product.
The factors of a»+6»-c»+ 3a6c may at once be written down from

the factors of the typo form by merely substituting -c for c.

.*. o»+6»-c«+3a6e= (a+ 6-c)(a«+6«4-c»-o6+6c+eo),
o»-6«-c«-3a6c=o«+(-6)»-|-(-c)«-3o(-6)(--c).

=(o-6-c)(a'>+6*+ c»+a6-6e-(-oa).
&r» -f- 87y» -«•+ 1 8*yz= (ar)»+ (Sy)'+ (-«)•- 3( 2«)(Sy)(- f).



an

BX.«.-.pind one factor of

"-«+*• +** +e*-3o6c. whore o-,+« 6.„ , .On« factor fa ,+«+., ..^ ,

-»-y. »-»+«.

The other f«tor J|e^ht?f •**' 2^»+y+*)-
*«'^hy. but ui eadly written down.

Er 4.-If a+Hc=0. show that a.+6.+e.-3aa«

/. -+*'+c.-3a6c-0.ora.+6.+e.,3^
we have thus shown fK** .v ,i

Ex. 5.—Show that

Factor: "^^"AOISB 150

a. a«-(ft-.c)a

6. (2*-y)«4.(^_2y)«.

«. 8(3a-6)s_27(2a~36)».

10. 8a:»+y»4.,s_g^

«

f
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11. o»+6»-l+3a6. 12. l+e*-tf>+3edL

18.* 8x»-y»-12&»-3ary». 14. (a+6)»+c«+J-3c(o+6l

What it the product of

:

16. a—6—e and o«+6«4-c«+a6+(ic— 6c.

16. 2x-y+3« and 4x«+y*+9zH2ay-6a»+3yi.

17. 1—o-6and l+a«+6«+o+6-o6.

18. 2a-36-4 and 4o«+6o6+96«-126+8a+16.

What ifl the quotient of

:

19. l-a»+6*+3a6 by 1-0+6.

20. 27m»-n»-I-9mnby3m-n-l.

21. a»+1266»- 1+ 160* b^ o«+286«+l-6a6+o+6&

What IB one factor of

:

22. (4o+36)»-(o+26)».

28. (««-3«+7)»+8.

24. (o«-3o+2)»-(o«-6o+7)».

28. (o+6)«+(c+<f)»-l+3(o+6)(c+(0.

26. Prove that the difference of the cubes of 4o«+o+l and
2o«—2o+3 ifl divisible by tho product of 2a- 1 and o+2.

27. Qhow that o»+6»+c»-3o6c is equal to

J(o+6+c){(o-6)«+(6-c)»+(c-o)»}.

28. Write down a quantity of the type a'+6»+c'—3o6c, of whicb
5x—2y+« is a factor. What is the other factor ?

28. If o+6-c=:0, show that o«+5»+3a6c=c'.

80. If x=y+z, show that x*=y*+a»+3a:ys

81. If o+6+c=0, show that

(a+26)»f(6f2c)»+ (e+2o)>=3{o+26){6+2c){c+2a).

32. Show that

(x-yP+{y-z)»4-(»-r)»-3(#-yKy-2K2-a:)=0.

88. Show that (o+36-4c)»+(64 3r-4«)»+(c4-J»—46)»

-8<o 136-4cK6+3c-4oXe+3o-46).



M. Reduce to lowe.t term.:
-^ »- 46. c^a

87 Find f 7 <'-2y)'+(2y^)«+(iZ^'
• ^*^ ^'^^ '»«*°" of the 6m deg„« of

^—He. y=c+a..=a+6. prove that

.
39. Prove that o«+6«+c«-flA „ i •

•"creaaod. or each doc«aai by Th7^~^ " ""'^**"^ «' «•*•«»« each
40 R«i„ /

^^
•'^ "*™® quantity.

«>. Solve (x-a,.^.(ft_^^.^^^^^^,^^^
J'

auoable arran^^ent ofteLi"''^
«^ - -P--io„ by a'

th^^LS^^"* ^"'"^^^ -i^ «ivo further illust^tions o,

=««(6-c)-o(6.-ci)-f6c(6,c).
-(6-c)(ai-a6-ac+6c).

-(6-c);o(a-6)-c(o-6)f,

in thi« form a~b anH A.

factoring by thi. method. ' "' «««" to be factor.. Complete th,ihe exp«»aion o(6»-c»j4-A,.i ..

>i

f-3
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Ex. S.-~Faotor a«(6-c)+6«(c-a)+c»(a-6).

The ezpraMion -o»(6-c)-o(6«-e»)+6e(6«-o«),

-(6-oKo»-ci6«-a6e-«ie«+6«e+6o»).

Now arrange th« Meond faotor in powen of 6, and prooeed •• before
and obtain -(o-6)(6-c)(e-o)(o+6-f c).

Factor alao by using the eeoond method of Ex. 1, writing the
ezpreeeion in the form (a»-6»)(6-e)-(o— 6)(6»-c»).
What are the factor* of a<b*-e*)+6(e*-a*)+e(a*-6*). and of

ofc(a»-6«)+6c(6«-c«)+eo(c»-o«) I

Ex. 8.—Factor o«(6-Hc)4.ft«(c+a)+c«(a+6)-f-2a6c.

Arrange in deaoending powers of a, and the ezpreadon

-o«(6+e)+o(^«-|-a6c+c«)+6o(&+c),

- (6 -f- c)(o«+a6+ao+ 6e),

-(6+cKa+6Ko+e)-(o+6M6+cKo+a).

Ex. 4.—Idotor (a«—6«)a;«+(a"+6")x-f ofc.

Expreseione of this kind, when written in descending powws ot a,

are easily factored by cross multiplication in the usual way.

(o«-6«)«i+(o«+6«)«+a6

(o +6 )« +o
(o -b)x +6

The factors are (o+6)«+a and (o-6)a)+6.

mxMBxnau lao

Factor and verify 1-8

:

1. ae««+«(arf+6c)+6<l.

2. mpx*-l(-xy{qm-ifn)-nqyK

8. »^o•-6•)+4a&t-(o•-6«).

*. (j''-gV+2y(p«+s«)+j,«-jt

6. *«(o+6)+*(o+26+c)+6+c.

6. ••(a«-o)+«(2o«-8o+2)+o«-ai.

7. o^6+e)+a(6«+8Ac+c«)+6c(6+c).

8. a6(o+6)-j-6c(64 c)+eo(c+o)+3a6»'



9^PLEJfSI,TAMr THEOREMS

11. «(y-»«)+^,.-,.,+^,,_y^

14. Divide

1«. a&r«-a(«f+6c)+«,-a

1«. (a«-6«)x«-4a&t-a«-6t

17. *«(«-6)+0«(6-x;+ft.(,_^j^

"• ^'**-"*)**+(a«+6«)x-a6+6«.

«>. Knd a oonunon factor of

anr«P^iorS:*"i.^rby *^^ --n th.t
When we substitute a for a: (Jt 101)

^'P"*"*"** ^«»^e«

^^:^^^J^Z''^:, '^^^^ on the value of , ^

•^i£tLt • "Z ^fSf;^/^~ b. the
The factor theorem might be stated thus

:

/la^) to divisible by a._«^^^j^^

y(2)=8-28+22-2-0
••• **-7*Hll«-2i«divi«bleby,-a

/(-o)--o»_4a»-ao»+l0tt»„o
•• ••~*«^+W+lo,.i,divi,ibIeby.+«.

S6J

S

Î
.;?

*••

i^ m:
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362 ALGEBRA

M8. Faeton of x^±a*. We nave already seen that

x*—a*=(x~-a}(x+a),

x>-a*:=(a;-a)(z*-f'M-fa*),

««-a«=(«»-o«){««+o*)= («-oK«+aX»*+«*)'

Here we see that x—a is a factor of each.

Is x—a a factor of x*— a' ?

vThen we substitute a for x,

.*. «—o is a f«u3tor of X*— o*.

(1) Is x—a a factor of x"—a" T

When we substitute a for x,

X"— o"» a"— of*«» 0.

.'. X"—a" is divisible by x—a.

(2) Is x+o a factor of x"— o" ?

When we substitute —a for x,

X"—o''=(—a)"—a".

Now (—o)"— o" Mrill be equal to zero only Wuen (—ar=«a". and thu
h true only when n is even,

.'. X"—o» is divisible by x+a when n is even-

Thus, X*—a*, X*— o*, x'—aS etc., are divisible by x+o. but *»— a*,

-f*— o', etc., are not divisible by x+a.

(3) Is x+a a factor of x"+a" T

Examine this, as in the preceding, and show it i* a factor only wheo
« is odd.

(4) Is x—a a factor of x"+o" ?

We thus conclude that, when n is a positive integet.,

(1) x"—a" is altoays divisible by x—a.

(2) x'—a" w divisible 6y x+a when n t* eve*.

(3) x"+a" is divisible 6y x+a wTien n ia ottd.

(4) x'+a" is never divisible by x~a.

249. Quotient on dividing x**±a'* by x±a
x*—a*

(1) - — =x-t-a.
x— a

•-a •s*4-a»-4-a*

x—a
x»-o»^

x«+x^»+aw»+(i».

*«+*\i-*-x»o«+a»»+«*

Jil^
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355

de.crn:\l^l^^^^^ t.. the powe™ o, .^
Similarly.

'^=x*+x^a+.^a^+,>a*+,*a^+^^+a*.

and

(2)
a;»-a«

^-^=x»-i+ar.-«a+x"-»o«+
. . . +a;a-«+o-i.

=«— o. x*-a*
=«*-x«a+xo»-o*.

Verify and note the peculiarity in the aigna,

Write down the value of
-'~^'

and of «'"-a»-

(') =*«-a»+oi. ?.*±^*
x+o =x«-x»o+a;»o»-xo»+o«.

Write down the value of ''±^1 and of ^E!l^i+o«»+»

BZBROXSB 161

1. If /(a:)=a:»-8x2+19x-12. find the values of

/(!>' /(2). /(3), /(4), /(5).
What are the factors of x»-8a;»+19a;_i2 ?

2. If/(:r)=x«-2r3-a:«+ar, find the values of

/(2). /(I). /(O). /(-I), /(_2).
What are the factors oif(x) in this case ?

3. Prove that x^.^u 53 divisible ty x-y and x+y
4. Prove that ."-l is divisible by x-1. x+1. ..+ 1, ,3+,

i^MXllt '"^'" ^ '^^•"*' ^^ ^+^ -d that ..+32 :

Write down the quotients in the foUowing divisions

:

6.

«+y
*

10.» *^32
«+2

7.

11.

a—b 8.
"a+6

' 9.
z-l

^. 12. '^. ,3.
(a+6)*-,

A

^^m
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14. State one factor of :

*»-6», a^+f, z»-64, m*+l, («+y)»-l.
IB

What is the product of

:

16. o»+o«+o+lando-l.

16. m*—m'+m«—m+l and m+1.

17. o«+a«6»+a«6«+6' and o«-6«.

18. Prove that a:«+3x«+4a:«+224 is divisible by x*+7.

19. Show that x+y, x*+y*, x'+y*, x*+y*, x«+i/« and «»«+«"
are factors of x»*—y»«. *

20. U x-a is a factor of x*+px+q, find the relation between a, p
and g.

^

21. If /(a:)=ma;«+n*+r, find /(o) and show that f(x)-f(a) is
divisible by z— a. -

•/» / /\ /

22. K »_1 is a factor of «»-*«x«+10te-10, find the values of
« and verify.

23. Write down the quotient when

(1) x—a is divided by x^—aK

(2) x+a is divided by x^+a^.

(3) x—a is divided by xi^—o^.

(4) x+a is divided by x^-f-o^.

250. Symmetrical Expressions. An expression is said to be
symmetrical with respect to any two letters if it is unaltered
when those two letters are interchanged.

Thus, x+y and x*+y* are symmetrical with respect to x and y,
but x»+xy is not symmetrical.
SimUarly, a+b+c and ab+bc+ca are symmetrical with respect

to a and 6, 6 and c, c and a, for if any two be interchanged the
expressions remain unaltered.

251. CycUc Symmetry. An expression is said to bo
symmetrical with respect to the letters a, b and c, if it ii

unaltered when o is changed to 6, 6 to c and c to a, that is,

when the letters are taken in cyclic order.

>ir".« I^T'T.
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Thus, a*4-6*+c*—o6_6r

^^
- """ °-

'" "'••''

"^-r-^ '"^'^^ztorrs. *°

which is equal to the given expression.The expreesion a»+6»+c» -Ca-^ •

-. 6 and c. but not with rZpect^,t\':^''"'^ -"> 'e'Pect to

*(a>+6Hc=»)+/(a6+6c+ca).
which are symmetrical with respect to a, h, c.

252. Symmetiy appUed to Factoring Th^ t ^ .may be applied to the factorin? *
^^**''* *^««^m

expressions
factonng of many symmetrical

Ex. l.-Factor a(6*-c*)+6(c«-a«)+c(a«-6«)
If we put a=5. the expression equals zero.

.*. a— 6 is a factor.

let
, ^

• •

,.
a=1.6=2,c=0.

l(4-0)+ 2(0-l)+o=*(l_2,(2-0)(0-l,.
.'• 2=2*.or*=l,

In finding the value of k, any values of n h \the. do not n^e hoth aid« ofLte^^^^roTiS^tr^^
A A 2
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a

ii

Ex. 2.—Factor

(af6+c)H(o-6-c)»+(6-c-o)»-f(c-o-6)«.

If we put = 0, the oxproasion vanishes,

.*. a must be a factor, and, therefore, 6 and c.

Complete the solution as before, and show that the expression equals
2iabc.

Ex. 3.—Factor a'^{b-c)+b^{c—a}+c^(a-b).

As in Ex. 1, show that a—b, b—c, c—a are factors.

Since the expression is of the fourth degree it must have another
factor of the first degree.

The rema:.iing factor must be of the form k{a+b+c).

:. o»(6-c)+fc»(c-o)-|-c»(a-6)= *(a-6)(6-c)(c-a)(a + 64-c).

Substitute niunerictJ values for a, b and c and show that the factors are

- (o- 6)(6- c)(c - o)(a+b+e).

Ex. 4.—Simplify

(a-6-2c)2+(6-c-2o)2+(c-a-26)H(a+6+c)«.

This expression is symmetrical with respect to o, 6 and c and is

of the second degree.

In the simplified result ther j can be only two kinds of terms, squares
like a* and products like ab.

The coefficient of a* in the result is 1+4+ 1 + 1 or 7,

.*. onepart of the result la 7(o»H-5*+c*).

Tlie coefficient of a6 is —2—4+4+ 2=0,

/. the complete result is l{a*+b*+c*).

Check by letting o=6=c=I.

Ex. 5.—Simplify

{a+b){a+b-2c)+ib+c){b+c-2a)-\-{c+a){c+a-2b).

The coefficient of a* in the result is 1 + 1 or 2,

.*. one part of the result is 2(a»+ft«+c*).

The coefficient of a6 is 2—2—2 or —2,

.*. the other part of the result is —2(cA+bc+ca),

i. the complete result is 2(a'+b*+c*—ab~be—ea).

a
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With respect to what letters are these symmetrical..
"+*•

2. a-f-c-6 o ,, ,

~-:h-;-^—-.-^^
w. What expression similar to a*4-hi^'i^h :

respect to o, 6 and c ?

«'• w a +6 +3a6 w symmetrical with

10. Simplify

form be T
" 01 00c is 0. What must the simplified

Simplify

:

13.. (a-i+c)>+(4-c+a,.+(c_a+J)..

W. (»-4)»+(6-c)»+(c-„,..
*'^

Factor:

17. «^y-z)+y«(2-a:)+2»(x-y;

18. ^X-.y)+y^y_^)^^^_^^^

19.
«'{6+c)+6«(c+a)+cV+6)+2a6c.

21. (a:-y)3+(y_2)3^^2_^j3.

22.
a(6+c)*+6(c-fa)«+c(a+6)._4aAc.

23. ob{a^~b^)+bc(b^^c^)+ca{c*_^t)

24. o«(6*-c«)+6V-a*)+c«(a«-6«).

n^Sria'^fr^r.Fit^- -'^^T2?^^pa»rc«sa?sffff5s«B-*^-£v:
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Simplify:

as.
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»(y+«) y(»+x) t(x+y).

(*-yK«-«)
"^
(y-«K«-y)

"^ (*-xKy-«)

'

26.

27.

28.

29.

80.

81.

82.

y +
,(«-y){«-.) ^ (y-*)(y-x) ^ (*-xK«-y)

<i6
.

6e ca
+ ,(c-o)(o-6) ^ (o-6)(o-c) ^ (6-CK6-0)

o
,

b c

6c(a-6Kc-a) "^ ca(6-c)(a-6)
"*"

a6(c-o)(6-c)'

6>—ae
+

e«-6o a*—eb
(a-6)(6-c) ^ (6_cKc-c) ^ (c-o)(a-6)

ca(c+a) a6(o+6)6c(6+c)

(o-6)(a-c) "^ (6-c)(6-o) "^ (e-o)(c-5)

(a:-y)(«-x)"''(y-«K«-y)"^(«-*)(y-2)

(o-6)«+(fe-c)'+(c-o)»

a(6«-c»)+6(c«-o«)+c{o«-6«)

'

83. Simplify (o+6+c)»-(6+c)»-(c+o)»-(o+6)»4-o»+6»+c«,
being given that a is a factor of it.

84. Show that a—b is a factor of

a"(6—c)4-6"(c—a)+c"(a— 6).

What may be inferred regarding other factors T

36. An expression is symmetrical in x, y and z and each term is oi

two dimensions. When x=y=z= 1, the expression equals 15, and when
x=I, y=2, 2=3, it equals 64. Find the expression.

30. Point out wherein it is obviously impossible for the following

statements to be true :

(1) (o«+6»+c«)(o+6+c)=o»+6'+a»(6+c)-f6«(cH-a).

(2) a*+b*+c'-3abc=(a+b+c){a*+b*+c*-aab).

(3) (o-6){6-c)(c-o)=o6«+6^+co«-ac«-6c«-6o«.



Which ».e,Kruvt;ito'':ji::^r!L,n""' '•

(a+6)»=a»+3o«6+3o6«+6»,

»'+6.+c.-3a6c=(a+6+c)(o.+6.+o'.-^.ft,_^,

when the result is the sfm^^Z^W sr'^*^
°" ^^ "^«'

Ex—Show that (a+b+c)'

=''+i'+c'-3abc+3(a+b+c)(ai+bc+ca).

'^r^!*"-.?" '"™ '"^•<' "» —-" "-ae into «,. fi^ b^

-(o+t+O: which prova, the proportion.

«s^ n^'LouentT/r'";:: "!.'" " *°™ «!»•'. the
diffe^noe fa .3 ""^ "^ """^"^ ^y stowing Sat their

The difference may be zero,

(I) becaute att of the Urnu eawxl, or

or
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\i i\ Ex. 1.—Prove

(a-6)H(6-c)»+(c-a)»=3(a-6)(6-c)(c-o).

Here wo may prove that

(a-6)»+(6-c)»+ (c-o)»-3(o-6)(6-c)(c-a) = 0.

(1) by removing the brackets when all the terms cancel,

(2) by observing that (a— 6)+ (6— c)+ (c — a) is a factor of the
expression and this factor is identically equal to zero (art. 245).

Ex. 2.—If a-\-b=c, show that a*-{-bc=b*+ca.

Here, as in the preceding, we may show that a*+be-b* — ea — 0,

by showing that a+b—c is a factor of it and this factoi is given equal
to zero, or by substituting c=a+6 in each side or in the difference.

Solve this problem both ways.

Ex. 3.—If a+b+c=0, show that

{a-\-b){b+c){c+a)+abc=0.

For a+b substitute — c, for b+c substitute —a, and for e+a
substitute —6 and

(a+6)(6+c)(c+o)+a6c=(-c)(-a)(-5+o6c=0.

Ex. 4.—If 2s=a+b+c, prove that

«2+(«_o)2+(«-6)a+(5-c)2=a2+6«+c«.

When the first side is simplified it

= 4«»-2«(a+5+c)+o»+6'+c*,
= 4«»-2«(2»)+a»+6»+c«,

=a*+6*+c*, which was required.

Of course, this could have been proven by substituting the value of

s at once. It is usually easier, however, to substitute in the last step.

ZSROISB 168

Prove the following identities

:

1. a(b+c)*+b(c+a)*+c{a+b)*-4abc=(a+b)(b+c){c+a).

2. (x+y)*-\-x*+y*=2(x*+::y+y*)'.

a. (a+b)*+{a-b)'+^a+b){a—b}=8a:

' '>?^'^'"">-
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If o+6+c=0, show that:

6. (3a-26+4c)«-(2a-36+3c)«=0.

9. a«+6«+c«=.2o«6«+26«c«+2c«a«

10. ^3a-6,3+(36-c)3+(3c-a)»=3(3«-6)(36-c)(3c-a,.

12. Wo+6=l, prove that (o»-6t)t_„,^j3_^^

13. If ar+y=.22, prove that -?_ 4. ^ _o

14. I£o = ?t:f * = *-« , x-y ^
z T ~r' ^^°'' ^^^^ «+Hc+a4c=a

"•
"i+a-:^c = a-^6'P~-that 1 + 1 = 2.

" o 6 c

1«.^
n . + ! = ,. 3how that x. + l. = ,._2 .'+ i. = y._3y;

** + -4 = y*-4y« + 2.

If 2a=o+6+c, show that:

17. «(»--o)+(*_6)(,_c)=6c.

18.
°(*--a)+6(*-6)+c(,-c)+2,.=2(a6+^:+«,).

19.
(-«)'+(-6)«+(.-c).+2(,-aK,-6)+2(,-6,(,_„

^0.
(^+^)(2..+^)(2«+a*)=(.+,,,,+,^,,;!;r^^^*-''^=''-

n^ 1 1 1 <
21. oies-a s-b s~c s *(^=5k^i:6j(:^-
22. I6^*-a)(*-6)(*-c)=26«cM-2c»a«+2c3a»-a.-6«_c.

^ - 1 - 1>+ •

' + - = 1. prove a + 1 = 1 and abc = —

L

ir^».':
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a*.* If a + - a 3, find the value of a" + JL •

25. If o-aK6+c), 6=y(c+o), c-«(o+6), show that

26. If x+y=. •» and xy=6«, find the value* of x*-{-y* and *'-f y»
in terms of a and 6.

27. Eliminate a: and y from the equations x+o=tt, »i/=6'.
»«+yi=C«.

28. Eliminate a; and y from *+y=o, z«-|-y«=6«, x^-\-y*=c*.

29. If «—0+6— c, y=6+c—o, «=:c+a— 6, show that

*'+y*+«»-3*y*=4(o»+6»-|-c»-3a6c).

V,

i

i

*

XSROISB IM (lUTlew of Chapter ZXVI)

1. Show that x»+y«+««-3*y« is divisible by x+y+«, and heiic*-

how that (6-c)»+(c-o)«+(a-6)»= 3(a-6)(6-c)(e-o).

3. Prove that

(••+"+.')(,V^i.)-C-.s)(^=)(M)...
8. If o+ft+c+d-O, prove that

(o+6)(o+o)(a+d)-(6+o)(6+d)(6+o).

4. Prove that (o—6)»+(6—o)»+(o— o)" is divisible by
(o-6)(i-c)(o-o),

iriien n is an odd integer.

?. If n is a positive integer prove that 12»-1 is divisible by li,

23«'+»+l by 24. 7»"-l by 48.

C* Write down a quantity of the same typo ^M x'+y*+t*—3xyx
of which ^x+^y—^z is a factor.

7. Show that a, a—x and a— 2x are factors of

(a-6)(a-6-x)(a+26-2x)+6(6-x)(3o-26-2(r;.

8. Show that (x+y)"—x"—y" is always divisible by xy{x+y),
when n is an odd integer.

9. If (y—a)(l-a)=(y—6)(I—6)=-x,findxinterm8of aaod6 onlv.

i ,wSv* ^-i^m^'i
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(1) «*+«y + y«=yt+ y, +,i^,,^„^^,

IS. Show that («+6)*-a.-6.»aa6(a+6)(a.+a6+6.).
14. W 2*-a+6+c. show that

(1) »{a-b)+ {,-a){a-c)=ae

16. Simplify *-°
,

ar-6
a, _

«

17 If

' f -*^^''-^>'"*'^^^^)(^^)^c(^(c^-
17. If x-a«-6c. y=6.-ca. «=c«-a6. prove that

*t+6y+„= (o4-6+c)(x+y+,).

18. SimpUfy «'(<> - c) 4- 6«(c - o)4^ _ ft^

(6 - c)* + (c - o)» + (o _-6)r
•

1». «a6+6c+co=0, Bhowthat

(1) (a+6+c)»=a«+6«+c«.

(2) (o+5+c)»=o»+6»+e»-3a6c
(3) («+6+c)*=o«+5«+c«-4a6c(a+6+c).

20. Show that «"+»— a-«—•j.i ••- -i- • -l. .

po«tive integer.
«"-«+

1
m divisible by (x- 1).. when n is •

21. Write down the quotient on dividing

««-o« 6y x-a, X.+
1 6y a:«+l, a»-32 by 0-2.

22. Factor ««_i_3(a.._ij^4^^,_jj

23. Simplify ?&L*?Jl£i),.„„. ., ,
(o - 6)(a - c)

"^ *^° similar fractions.

24. Show that «(«•—««)+t/r2«— a-H-L./^i «« •

z i. changed to x+^y to it a. , to z+ „! ^^ ^ "* "°' '^'^^ ^^^
26. If »«-»+i, ahow that »»-6«+j.
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26. Find two linear factors of

(ax+b)*+{bx+c)*+(cx+a)*-3{ax+b)(bx+ c)(cx+a}.

27. If x'-{-y^=z^, show that (x«+!/*-2*)»+ 27x*y«2*=0.

28. If o+6+c= 0, prove that

o»+6»+c»+3(a+6)(6+c)(c+a)= 0.

29. A homogeneous expression of two dimensions is symmetrical
in X, y, z. Its vhlue is 42 when x=y=z=2 and is 16 when x=\ «='>
8=0. Find it.

'" "'

30. Eliminate x and y from x+y=a, xy—b, x*-{-y*=e.

31. Ifx+y= 3andx*+ y»= 6,findthevaluesofx»+ y*anda;«+ y«.

32. If a+6+c= 10 and o6+6c+co=31,and the values of o»+6«+c»
tada*+b'+c*-3abo.

I t

--
IS'-.p:"-



CHAPTER XXVII

PROGRESSIONS

formedW ;ne oTlT fl'"^""^^"
"^ ^^^^^ -^ -

i« called a serls Ther r.
^'"'"^""^ ''^ '-^ ^^^^^^^^ l«w

series.
' ^^' ^"'^^^^^^^^^ ^^^ called the term, of the

Consider the following series •

ARITHMETIC PROORESSION

tows it.
-^ " ^'^^"^ ^"e term which >/.

The following are examples of arithmetic series

:

(1)1.3,6,7 (2M<i R /
(3) 7}, 0,-74

(2)15.5.-5.-15

The common difference in ( 1 ) i- 2 in r9\ ,• ,« .» (4) is rf.
" ^ '^ •' 2' •» (2) w -10, in (3) j^ _7j ^^

257. Qeneral Form of an A P It «,« i ^ ,

«. «-fd. a-h2d. a+3d
Mft

Nl
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Since a and d may have any values, this series represents
every arithmetic series.

The 3rd term=a-\-2d, the 4i/i term=a+3//

„ lO/A „ =a+W, ,, 37M ,, =a+3<W.
That is, the coefficient of d in any term is one less than the

number of the term.

.*. the n/A terni=a+(n—I) d.

Any term of an A. P. may be found by substituting in this
formula the particular values of a, d and w.

:',
i!

I'" ;,

j i n

Ex. I.—Find the 7th, 20th and wth terms of

(1) 2,7, 12, 17,.... (2) 15, 121, iq,

In (1) o= 2, d= 5, .'. the 7th term = 2+6 x 5 = 32,

In(2)o-16,<i--2J,."

„ 20th „ =2+19x6 = 97,

nth „ =2+{n—l)5= 5n-3.

.. 7th „
20th

„ nth „

= 15+6x(-2J)= 0,

= 15—19x2J =—32J,
= 15-fn—1)2J= 17J-2i>i.

If

Ex. 2.—Which term of 8, 11, 14,.... is 68?
Suppose 68 is the nth term, then since a= 8, d= 3,

i 68=8+(n—l)3orn = 21.

.*. 68 is the 21st term.

Verify by finding the 21st term.

V

Ex 3.—Determine the A. P. in which the 3rd tenn is JO
and the 14th term is 54, and find the wth term.

Let the series be a, a+d, a+2d
.-. a+2d = 10 and a+13d = 64.

Solving we find that d = 4 and a = 2.

.'. the series is 2, 6, 10, 14,

The nth term is 2+(n—1)4 -• 4n—

a

m ws^mm 'ai&:sf-v,<i1
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sn

»• «. 13,... 2. 11, 6. 1 , ,

'' «*'2.|.... ,. ^--y 3. M,i
y- 0+6, a, a-6,.

.'• <*' l^. '», i....

". Find the 100th tenn of l a 6 V'
"~'"~"

7f, 9J. lij,
'' * ^' and the 60th term of

12. Find the aoth term of J. ,5 3

3 ,/a'
^2' ;;;!"••• «°d the 23rd term

Find the nth term of :

'3. 1, 2, 3,... 14 1 o .

WTiich term of the series

21- 1,3, 6,... ig397 22 Q « o
23. 21. 19}. 18. . . . U 0? l: l I' I"-

^ -2887

a.d*Jl^";' ,'!:«- <" •« A-P- «. » «d .h, 2,.e e.™ ^ ,„_

.e™ i.V,adle'r„„tr„?'Cf"• - ^ "« » "^ ".. .«

«.dVrtt™t «'°"""' ^''-
'» -'* «>. >«b e.™ u _„

whl^ temt !:*J™
'" " ^•'•' ' » "d tt. lou. .^ ,. _,^

irZwfr "^^ °<''' "-•«" - "-.„ t,n, u .o m bott

"• """ "*"'
T"'^'" <-' ' - «--esn 100 „d ««,

t th« 9n#1 o-J tit ^ .
-"^^i

4. 2-^. ?-J.

4th and 20th ia 94. Find a and d.

an A.P. ia28andofth«
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'm

33. The sum of the first three terms of an A.P. ia less tlum th«
sum ol the next three by 64, find d.

34. In the series 3, 7, 11 , 199, find the 20th term from the
end. (Reading from the end a = 199, d = —4,

)

35. Find the sum of the 8th term from the beginning and the 8th
term from the end of 62, 69, 2.

36. In the series a, a+d,
, l—d, I, show that the sum o{

the rth term from the beginning and the rth term from the end is
constant for all values of r.

37. The sum of three numbers In A.P. is 30. Find the middle
number.

38. If the sum of three numbers in A.P. is 16 and the sum of
their squares is 83, find the numbers. (Let the numbers be a—d
a, a+d.)

•

39. If the 10th, 20th and nth terms of an A.P. are 29, 69 and 137
resoectively, find n.

40. If x+y, 2x—2y, 5x—6y are in A.P., show that y = 2x.

41. Show that if the sides of a right angled triangle are in A.P.
they are in the ratio 3:4:5. If the hypotenuse is 26, what ve
the sides?

42. Show that the (n—r+l)th, (nH-l)th and the (n+r+l)th
terms of any A.P. are in A.P.

258. Sum of an A.P. Suppose it ia required to find thi
Bum (S) of 8 terms of the series 3, 8, 13, . .

.

S= 3+ 8-fl3+18+23+28+33-f38,
or 8=38+33+28+23+18+134- 8+ 3.

Ad^ on each side we get

28=41+41+41+41+41+41+41+41,
=41X8,

.-. 8=(41x8)-4-2=164.

Similarly if 8 is the sum of n tenns of

a, a+fl?, a-i-2d, and if / denotes the last term

ii t

. £Wm^m <' .r^--'W^,



then S=a+(a+rf)4.(^^2^
*»

==«{«+0.
^^^^'^^•••- ^ » terms,

•S=f(.+0. but /=.^.(„_,^

fi^. I.~Find the sum of 60 terms of 3+6+7+Herea=3. d=2, n=50,
"TZ-h....

J'^.-^"^'" *^^ ^'^^ «^ *»» ^"Itiples of 3 between lOfl'

.^ the „K:r,S;f-^^^^^^^^

^
••• n«»iss.

^i+l8+l5+ wm give the sum 81?
Herea-.2W

8,8-81,

••• «—16n+54— Ok
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] 1^
I

9 'II 'I

h

Ex. 4.—How many terms of

12+16+20+.. will make «08?

Here 208 -^|24+(n-l)4l.

Solving we get n =» 8 or —13.

Therefore the number of terms ia 8, the other valne ot n giving a

eolation which ia inadmiaaible.

Ex. 5.—The sum of n terms of an A. P. is 3n'+2« for

an values of n. Find the series.

If n = 1, 3n'+2i» = 6, therefore the lat term is 6.

If n = 2, 8n'+2n= 16, therefore the aum of two terms is 16.

. '. the second term is 11 and the common difference is 6.

.*. the series is 6+11+17+....

Verify by finding the sum of n terms of this series.

EXERCISE 166

Find the snm of the arithmetic teries whose first and last terms

and namber of terms respectively are

:

I.* 1, 79; 40. 2. 6, 76; la

4. a, 25a; 18. 8. —&r, 7x; %o

Find the sum of:

7. 1, 4, 7,... to 20 terms. 8* 9, 13; 17,... to 12tenna

12, 6, 0, „ 82 „ 10.

— *1, —9J, —8,... to 16 terms. 12.

il> it }>• • to 1^ terms. 14.

o, .".% ha,., to 12 terms. 16.

find the som of n terms of

:

17. 2+6+8+... 18. 1+2+8+..

.

20. 3+1-1—.... 21. 4+1-6—i—...

23. (a+l)+(a+8)+(a+6)+..

«• (•-v)+('-f)+(«-4)+--
28. Find the sum of the first n odd nnmbers.

26. Find the sum of 20 consecutive odd numbers of which the

greatest is 126.

3. 26, —50:32.

6. o+ft, a—6*. 2n,

9.

11.

13.

18.

2, 3J, 6,..

99,97,95,.,

1. J.-J. .

1, 11, 1-2,.

>» 18

. ,, 99

• II 18

.,100

t>

19. 5+11+17+..

.

22. a+Ba+Oa+...

%mmm^'m'Wf^.



PSOORESSIONS
w. I'tlieTOn,ofI»+i4+12, 1.72 »_j.^

io t, ,yil ^ " ""^"-es, and „.

*e .;„Tl7'l;r °' " *•'•• " « "" "« '«" t^™ U -2. «„„

«nd the mo, „,"„,; „,;,» ^'-.f^^'
'-n o. the first lOtenn, h ,00

overtako B, i, they «.„ ll^fi^f
"'• '" '""' "")' ho„™ *i„ a

,

3». Show .h.tLJ^„;r';'°""'r"'' ""•»-'«»-'
the middle tern.

+' '°™" »' "» A.P. is 2„+I «„« .

^t «:d^h;.r;I,:"h""'r'
•"

"
'^""•» «» -^^

-Mch .„ not dSb°Xt "'^" "°°' '"^ «»' "o'" '-l"M

=«1> '.acceXg «!!;"? 3?2 wto^'.j!'*' •° "" '"' '»«'°'', «,d InW« etone dropped f™„ ..tafcn^Xw'" "'.° "*«''"« '«»»<'•
eoonde. how high i, the ballrn"

"^^ ''^ «"""<» <" 12

^''...'-yr:' - *°™" °' +^+'+-
• • - to .he .no. o,2„ tenn,

f..^i"o^'2xre'r.-rsr-'-' -
«. If the Bum of „ terma of an A.P. ig 2n^ 3„ « ^ *uw ^n -3,^ find the aeries.

259. Arithmetic mean. \Vhf>n *u
'he middle one fa ealled ^Z^^T"'^''"''"^''-
Other two.

"rtthmetic mean between the

^TJ.™ 7 i. the ^thmefe n.e.„ ^.,^ 3 „, ,, .,^^^ ^_ ^_ _^
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If X is the arithmetic mean between a and d then a, x. b,

are in A.P.

.*. x—a=b—x,

Therefore the arithmetic mean between any two quantities is

one-half of their sum.

260. When any number of terms are in A. P., the terms
intermediate between any two are called the arithmetic means
between those two terms.

Thus 3, 5, 7 are three arithmetic means between 1 and 9 since 1, 3,

5, 7, 9 are in A.P.

Ex. I.—Insert 4 arithmetic means between 5 and 85.

The whole series consists of 6 terms of which the first is 5 and the
6th is 86.

.. 85 = 6+6d, or rf =» 16,

.'. the means are 21, 37, 63, 69.

Ex. 2.—Insert n arithmetic tneans between a and 6.

The whole series consists of n4-2 terms of which the first is a and

the last or (n+2)th ia b.

Therefore it d ia the common difference,

n+l
a-\-{n+l)d isa b, or d

.*. the required means are

a+^. a+2fc2i. a+S^ „+tiS^
n-j-l n+l n+l n-f-1

EXERCISE 167

1. Find the arithmetic mean between 16 and 20 ; —11 and —41

,

a+b and a—6 ; 5x—3y and Bx-\-5y.

2.* Insert 6 arithmetic means between 11 and 53 ; 8 between 5 and

11 ; 10 between 13 and 29} ; 12 between 4a+3o and 86—8a.
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3. '""ert 20 arithmetic means betw««„ 9 .

^'*

the 66th mean.
™'*"' '^ ^"*^ between -12 and 493 find

tbeV^r "''''''' ">- - ^-ted between ....d,! find

6. For what values of x is tiie •w»i. .-and ax+6^ equal to a+b?
*rit*"°«t'c mean between ar»+6,

- {nd J^^id'; ^:;:i„" fJ^dTshow 'l^L^rl^r;;
-- between

•' ^"^ -^ «"d y in terms of a and *.

HARMONIC PROGRESSION

gression.
"^ reciprocals are in arithmetic pro-

Thua 1 1 1

rj. A, iV.
»» »»

202. Qeneral Form of >. h » o-

the general form of an H.'p t ' ' «+(«-lK

«• rPd' r-p^' ;,r:p5j --tt-^.Any term of an TT P 1
«+(n—|)d

if™ of the co„esp„„d;„rrp''lZ"'!t^ ''"'""« "'»-»<'

wht t7^t' :t!te^™ rd ,?
"* ''•'"' ">'- HP-

• •
the 6th term of the A.P I ^ tS'

^
i'~^ ^ '^•

and „ „th .

' '^'"^'^'^ ^ ^'

jV+(n—l)jij— _n+2_
60the 6th tevin of the H.P. = .^ == 7,

"^d .. nth .. .. M»
>» >i ••

«'
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§

Ex. 2.—The 12th term of an H.R is \ and tho 19th

term is ^, find the 4th term.

Let a be the first term and d the coinnion difference of the cor-

responding A. P.

Then o+lld == 5 and a+18rf = V-
Solving we find that a = \ and d = \.

.: the 4th term of the A. P. = a+Sd = },

.-. the 4th term of the H.P. == ?.

263. Harmonic Mean. When three quantities are in H.P.

,

the middle one is called the harmonic mean between tht

other two.

Let X be the harmonic mean between a and d,

•
*• — is the arithmetic mean between — and —-.X at

' • X ~ i \ a'^ d ) — 2ab'

X = 2ab

a-\-b

Therefore the harmonic mean between two quantities is

twice their product divided by their sum.

^Vhen three numbers are in H.P. they may be conveni-

ently represented by a,
,
-, b.

''^

i

Ex. I.—Insert three harmonic means between 2 and 8,

The Ist term of the corresponding A. P. is ^ and the 5th ie \,

... J = §+4d, .-. d = —ij.

.'. the terms of the A. P. are J, Jf, IJ, g^, J,

.*. the reqaired harmonic means are f|, Yf V-
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Ex. 2.-U a,t,c^ ,„ H.P.. p^o^e that ^^
Since a, 6, « »re in H.p. h . ><L

871

«~d

a-fc
c(a~e)

BXERaSE 168
Show that the following are in H o ^ ^« each

;

'°« ""* *•» H.P. and find the next two term,

i.* 60, 80, 20. ? ,,,,,,

<• 4-8, 6, 8.

«• 4, 1, |.

1>. 6, -12, -3. 6. i, ,/? ., 2-£2
7. Find the 24th term of the H.P 24

12''«'
'

' '

8. Find the „th term of the H.P J j ,

ter^'isr
''' "' *«- '"^ H-P. wh<«. fir.;;;. , , ^,^^,

*elo!;jlt """ °' ' ^"^ ^" «-^- » the fi«t term i. 60 and
n. The 6th term of an H P f« isa ^ .

first two terms. ' '" ^^ »"<i t^e 8th is 105, find the
i2. The first term of an tt p « n .

which term is -3 "•^- ^" ^•** *°d the ^th ia -3, find

". Wh»'
« the harmonic mean between ^ a..

«d i: ^II*.„H^f67
»«t^een30andl6; -3and4,

-d^i.-^Xte^^rr-^^^ r"^
^^'^^ ^ -^^ 2.- 4 between -,

*«• " a. b, e are in H.P. prove that aor-b

.. 't «S'.c,.i
*- -'«'' '" H.p.i. 3r;nwrad„„«
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18. If o, 6, c are in H.P. prove that ^+|±!-«.2.

19. It n, a-, y, h are in H.P. find x and y in terms of a and 6.

20. Wiiat namber must be added to each of the nambem 1. B. 9
so that the sams will be in H.P.

?

21. Find X so that a-\-x, 6+ar, e-\-x may be in H.P.

J

QEOMETRIC PROQRESSION

264. A series in which each term after the first is farmed
by multiplying the preceding term by a constant quantity
is called a geometric progression (Q P.).

The constant quantity is called the commoo ratio of the

series and is found by dividing any term into the term

which follows it.

The following are examples of geometric series

:

(1) 1, 2. 4, 8, (2) 6, 3, I, f,....

(3) 2, —6, 18, -54 (4) a, ar, ar>, at*,....

The common ratio in (1) is 2, in (2) is kt in (3) is —3 and in

(4) ii r.

} i

i i

268. General Form of Q.P. If we let a be the first term
and r the common ratio, the general form of a G.P. is

a, ar, ar* , ar*

Since a and r may have any values, this series represents

every geometric series.

The 4th term is ar^ , the 7th is ar*, the 20th is ar"*.

That is, the index ' r in each term is one less than the

number of the term.

.'. tha nth term = ai'"'.

.*^w«5p '
'*'-A'^^J<.
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l<<i-2. r=.3,
.-. the 4th tern. = 2.3>_/S4,

M 7th „ =2.3«_HM.

«n

M nth „

„ nth „ ==,26 (-^)»-»^

= 2«-t:i)!l! (-1)—'
The tith term in fo\ t„ i_t

2*—6 *

« odd and negative^tUrrLtv?n/° "*"' "^^"^ P^'"- -^««.

Ex. 2.-Which tern, of 243. 81. 27, . . . i« .
,SnPP-.' '^the„thtern,.thenai„«^_2^^'

••• 8»-l = 243x81. .3-xS<.„8»
•the ,0th tern, ia^:-V:^,;7j/—K.

Ex. 3.~PindtheG.P. inwhic'
»th terra is 32.

Here ar« =4 and ar-=. 3..
• •

by division, r» = g or r = 2
. .u . .

•*• a-2» = 4 ora = i'
••• the series is *. * i -.r TT

**

*' *• »' Verify this.

iith term is 4 and the

266. Qeonetric Mean. Whpn ii..^
the middle one is called 1.

numbers are in G. P.

,

other two.
^ *^^ geometric mean between th*

.rJlnVp.'^
^'^ ^"""^^^ -«- ^tween 4 and 16. since 4. 8. 16

* ail'V';.
'""^^"^ "^-^ ^^*-- '^ and .. then^,.,

• • a =~7r or X

'^*i ^'M ^/\tC^' -a''^
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Therefore the geometric mean between any two quantities is

he square root of their product. It is usual to consider the

wsitive square root only.

Ex. 1,—Insert 5 geometric means between 8 and \.

The whole fieriea consiBts of 7 terms of which the first is 8 and
the 7th is }.

. ^^A L.
•• '^ 64 2«'

.*. r =i.
.*. the means are 4, 2, 1, }, \.

Ex. 2.—Insert n geometric means between a and b.

The whole series consieta of n-\-2 terms of which the first is a an^
the last or (n+2)th is h.

,'. the required means are

ar^ m*f or", ar«, where r

EXERCISE 169

Find the required term in each of the following:

I.* 10th term of !, 2, 4 2. 7th term of 9, 3, 1, . .

.

3. 6th „ ,,9,6,4 4. 8th „ „ 40, —20, 10, . .

.

5. 20th ;, „\,x,x\.... 6. 12th „ „ 32, —16, 8, . .

.

7. 11th ,, ,, a',ah,h^,.... 8. 2l8t ,, ,, a, —o'6, a'V,...

9, Find the 7th and nth terms of a:^ x, 1,....

10. Find the (2n)4h and (2n4-l)th terms of 1, —}, J,

11. Find the nth term of (a—6)*, a"—6», (a+t)",...

12. If 18 is the first term of a G.P. and | is he fourth term,

find the common ratio.

13. If the 3rd term of a 6.F. is 40 and the 5th term is 160, find

Ibe Beriea.

'1,_
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,.
2['"*''"°''"'. '». a).-...i.(i«)?

IS, The 3itl term of « G P la i o«j .u « .

!Olh term ?
"•*^' " " •""• ">• 6'h b -J, .h« w ,h.

lo'id I? (li!.,'!'!,^::* -- •>«-" 4 and „ , 3 .M 2.3
;

JXI^'Z IZ TaS" *'•""•"
' •"" '•» '» '^" «.. (our

n% in*r^r™ """ •«'"««" = "d «^ ; 5 he..e.„ 3 .„d

3.t.2!'."'
"" '^•"""'— -—n ... «h „„ «,. .„„.„,

22, The geometric mean betTrfi«n «.,,

«<• W a, t, c. i .„ ta G.P. show that „,;„fc«s. If a, i, c are in G.p anrl * ,-. !,

26. Show that !, •

' "^ »oat 1, X, b, y, c are in G.P.

U .h'i. ^."J'tX'n'T?? "' "" ''™ °" G.P. «.i„ G.P.

2T r.Mr '"^ "*' °' "' """ °" «p. «. in G p«». If all the tenng 0/ « « P K. _ 1-me quantitj,, th^ ^„„^ .,e j'/e
p"* "* '""^ *"''«') •>>*«

.»m ^FiTtrL'i""""*" '" °"- " ^' •"« '^«> P«>d„c.

g«oo,;.„'
^'l°rIh™"t'haTtt,'::Irre're"e™^'" ""^"" ^ ">«

•^.liSlTth'e enVo'fto' PV^TT ^'••"^' '-" "»

I
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''ie.

267. Sum of a G.P. Let S denote the sum of n terms ol

* series whose first term is a and common ratio r.

Then S = ai-ar-\-ar*-{- ^ar»-2-f rtr«-i

.*. 8r= flr-far»4- ^ar»^'^-}-ar^^^-lar^.

By subtracting, S—Sr = a—ar^
,

.-. S(l~r) = a(l—r"),

... S^«(l-r") ^, «(«--!)
.

1—

r

r—

1

The sum of any G.P. may be found by substituting the

particular values of a, r and n in this formula. If r is less

than unity it is more convenient to use the first form.

Ex. 1.—Find the sum of 10 terms of 2+4-f8+
Here a =» 2, r = 2, n = 10,

...S= 2!^' =&1>= »46.

Ex. 2.—Sum 27—9+3—1+ to 7 terms.

Here o = 27, r =—J, n = 7,

... s = ?^=!^> _ 27{i-(-ir} 27(1+^)
'"^

1+J
— ^—I

—

20,V.

268. LImltliic Values. Consider the quantity 1^
, where r

has a certain fixed value while n may be any positive

integer.

(1) It is clear that if r is less than unity, as n increases

r" decreases.

Thus if r = J,

when n=« 2, r» = \ = "25,

„ n= 3, r« « I =-125,

„ n=:10, r«= T^„ =•000976
1

20, rn =
10248

0000009..., and so on.

Also when r<l, we can make r" as small as we please by
taking n suflBciently large. That is, as n becomes infinitely

great r" approaches the value 0.

>.'.. J •

.('.



PROGRESSIONS
The u 1

"^

inflnitergr^t°:,t^,^
'° ^P'f'nt a quantity which i.

written in brief form thus^'
P«<-«i.>.g etatement.i,

5^ '•<!, »-S.„ „ = «
, ,^ /.«•/ „/ ^ ,i 0.

""^ '""""""""«-»<"»
'enns of „+.,+J; ,,

S = ''(1—'*

)

This may be written S = -f ^
Now if .<1 and n i. indefinitely laTge .« j, ^^ , , .^

,
small and therefore

'''" • , •

indefinitely
herefore j--- ,s also indefinitely small.

Therefore -when f<<^ ^u ,- .'-<!. ^/^e hrmt oj che sum of the infinii.series a+ar+ar'^
. is -^

or a-i-ar-i-ar'^
to x == __!.

1—

r

E^^l.-Sum 4+2+1+ .. . to infinity.

Since a = 4 and r = i, S =_£_=, __<
1—r 1 j~ "= 8"

Ex.
2.-Findthelimitofthe8umof2-|+f^..

Since a = 2 and r = _i.8___2
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K ''

5.

7.

9.

10.

l^ERCISE 170

Sam the following geometric series :

1.* 1+2+4+.. to 9 terms. 2. 1+J+J+... to 10 terms.

3« 5^+T^r+i+... toSterms. 4. 16—8+4— ... to 9 terms.

l+|/3+3+... to 8 terms. 6. •1+01+001+... to 6 terms.

1—2+4—.... to 2n terms. 8. l-i+J_... to (2n+l) terms.

Sum to n terms a+2a'+4a' f . .

.

Find the sum of 1+1-04+1 •(M3+104»+ to 15 terms, be-
ing given that 104" = 1 80094.

11. Find the sum of the successive powers of 2 from 2 to 4096
inclusive, if 4096 = 2"^.

12. Show that there are tr/o geometric series in which the first

term is 18 and the third term is 8 and find the sum of each to
5 terms.

13. If n be an even integer, prove that
(l+x+x^.^. . .+a:n )(i_a;-|-x9— . . . .+!« )= 1 +x>+x«+ . .

. -ra:*".

Find the limit of the sum of:

14. 16+8+4+.. . 15. l+J+i+... 16. 1-J+J_
5+V+V+--- 18. 3+V/3+1+... 19. •5+-05+-005+...

a—\a-\-^—... . 21. 5+v/i6+3+...

17.

20.

22.

23.

24.

25.

1+105-^+1 -06-^.

When r<l, find the sum to infinity of a—ar^ai^—
In an infinite G.P., S = 9 and o = 6, find r.

Since -4 = -4+04+ 004 f find a vulgar fraction which
IB the limit of -4.

26. What fraction is -354 or •3+-054+ob054H •

* • • •

Reduce 6, -13, 014 to equivalent fractions.

equal to?

27.

28. Sum to infinity 1+ + 1

1026 ' 10263

29. Show that any term of the infinite series l+J+i+. . is equal
to the sum of all the terms which follow it.

30. By how much does the sum of 12 term* of 1+J+J+
differ from the sum to infinity?

31. Prove that the sum of the oeries l+ |+j»5+ and

I+I+A+-" approach each other without limit as the number of

terms is increased.



P^OOBESSIOm
383

33. n 27. .. ,. 8 are in G.P. find . and ,.J4. What assumption must be made if it 5, ^ -u,

«n to infini.„ ., o . 4x . «.» *^' '^ '* '« P««'We to find therom to infinity of 2+ il -f Jf^
25 -f ...?

".«>««h which it Will m„v, tt^'i^lj';"^*;' '-* "'""<»

EXERCISE 17. (Review of Chapter XXVII)

(') 2, 2J, 3,... (2) 2 2( 3J

(3) oar, 6a:, cr.
(4)

a

X

must be taken eo that

4. How many terms of 40, 33. 28the sum may be 130?

5. Find three numbers in A p »,k^
*• p-e .h.. .he ^iti'zrrzr'^'-^'^«re in A.P.

^ °^ ^~2x-l, x^+l and ar2+2r-l

7. The first term of an A P ih 07 ^u , ,,_

". Find the sum of all ,^a s 1

n. The A mean between twl k!'
' ' "' '" ^•^•

^ «•*. find the G. m^n
*"° ""'"^" « ^« «nd the H. meaa

»2. If the nth term of an A.P. h 3«-2 fl„^ ,.
»• " ^ «. ^ o, 2, he in .P., ;:: „f'^"^^"-—

'-™.

-nap "•'' '•"'"' '"'^''- "-«".«,+,.,,, ,^,.^

iii,»^':

y.^-
^'.SJ, :^i'i;?^

iKIi



8M ALOBBBA

I

18. Show that the ium of the fj^ n odd namben is cne-thlnl
of the ram of the next n.

14-*"
, . 2x A3* .16. Show that

17.

1+ to iDfinity.(l-x)« '"^l+z""^(l+*a)«"

The distnncefl which a man travels on saccemive days are in
A.P. At the end of 5 days he has gone 100 miles and at the end
of 7 days 150 miles. How long will it take him to complete 300
miles in all?

18. If T=l+a+a«-f-.,. to infinity and y = l-i-ft+fti-f... to

Infinity, prove that l-f-a6+a»6»+.. to infinity =—

^

' x-\-y—\

19. The snm of a G.P. whose common ratio is 3 is 728 and the
last term is 486. Find the first term.

20. A person is entitled to an annual payment which for each
year is 10% less than for the year before. Show that however long he
may live he cannot receive more than a certain sam in all.

21. Three quantities are in H.P. and half of the middle one is

subtracted from each. Show that the remainders are in G.P.

22. If an A.P. has 2n+l terms, show that the snm of the first

and last is double the middle term.

23. Divide tViCi+S) into n parts such that each shall exceed
the preceding by a fixed quantity.

24. The interior angles of a polygon are in A.P. If the least is

120*» and the common difference is 5°, find the number of sides.

25. The sum of three terms in H.P. is }§ and the first term is J,

find the other two.

26. Find the least value of n for which the sum of the first n
natural numbers exceeds 1000. Verify your result.

27. If Sn denotes the sura of n terms of an A. P., show that

8n+2—2Sn+l+Sn= d.

28. Sum a-\-b, a^-\-2b, a»+36 to n terms.

29. Find the sum of 2n terms of a series of which every even
term is a imes the term before it and every odd term is h times
the term before it, the first term being 1.

,i '1

^^^
^^^MmS^^m-



CHAPTER XXViri

PERMUTATIONS AND COMBINATIONS

The „„„be„ .„ ,2, ,3, „ .
j, ^3, j, , ,,_ 3^ ^_^^^^ ^^

The total aumber == 4 x 3 = 12.

Here there were 4 wavn o» »,-:*• j
it w« Written down tl«e wei^Twlv^T *'*

f
"* "'^'^ ^^^ «'^r

and the total „nn.ber 0^.?. of Jn^i
°^^ ^'»P'«*'°« the number

4 times a ^* **' '^"'•°» 'io'^n the two digits wan

alphabet, the vowel l^einrsteoZ^r'''''''''' ^' *'^

f the Towel a ia chosen, the selections are
«^ a^ ai. a/, oi,. „^, „,

Similarly if . i« chosen, the selections are

'*' *^' «*' «/. «i^, ey, «

2l'wir Jtnd\tST "^'""''"^ -''''
^' '^ -^«» ^. 2^ with ,

. V the total number = 5 x 21 «- 106.

T_ij- -
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Ex. 3.—Prom the letters a, b, c, </, e how many arrange-
ments can be made using 2 letters ? using 3 letters ?

There are 6 choices for the first letter and 4 for the second.

.'. 2 letters may be written down in 5x4 or 20 ways.

Since each of the S ways of writing down the third letter may
be associated with each of the 20 ways of writing down the fir/t
two letters,

.'. S letters may be written in 20x8 or 6.4.3 or 60 ways.

m
',t. H

1.

b

eXBRCISE 172

!. How many numbers with two different digits can be formed
from the digits 4, 6, 6, 7, 8? Write them all down.

2. If a cent and a quarter are thrown, each falling either heads
or tails, in how many ways can they fall?

3. From a baseball nine a pitcher and a catcher are to bo choeen.
In how many ways can it be done?

4. From a class cf 20 boys and 10 girls a boy and a giri are to
be chosen aa leaders. In how many ways can the two be chosen?

5. A, B, C are three towns. From A to B there are three routes
of travel and from B to C there are four. How many ways nan I go
from A to C, no two being alike?

6. In how many ways can two of the letters of the word abmrd
be written down?

7. From the letters of the alphabet, how many ways can I write
down 2 different letters? 3 different letters?

8. There are 20 vacant seats in a room. In how many ways can
2 pupils be assigned seats?

9. From 'a committee of 10 persons a chairman, a secretary and a
treasurer are o be chosen. In how many ways can this be done?

271. Permuution. Eac^ different arrangement o. some or
all of a number of things is called a permutation.
Thus, the permutations of the letters a, 6, c

one at a time are a, b, c;
^^° ab, ac, ba, be, ca, cb;

^hree
»» »» »» I, abc, acb, bac, boa, cab, cba.

W^'j-
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The number of permutations of „ thinRs taken r at . a^

IB represented by the symbol nPr.
''*""

ThuB. .7>,==3. ./.,=.6, ^p^^g

^^Zsil!f.t:uT^^^^ °' ^-"-'^"-'^ •>' « ^^^fferent

Let the « things be the letters «. 6, r, d,
The first letter may be rt or * or /.

'

iv\ ,

ways of choosing the'^rstletter.
' '" *^'' ''^" "'^ "

. ^/>

Since e-ach choice ofZ.-t'-'' '""^ "" =«^°"'> '«"«f-

each choicetfTe1,lt ^ T' "''' '« "''''^'"«' ""h
letter is „(»-

' """"'" "' ™y^ •>' "^"^'"e 2

»' '3 = «(«—!).

. *. W-^s =: «(«—1)(«_2).
Similarly „P, =^ n(n-l)(„^2){n-.3).

bef„r"HL",?„;:!:^;r''«
product of .factor, .he,a,.

'\f7'
"^"-'^-'^ {o-r+2X«-r+0.

V ~ '•''' - 210. „p, „ 20.19.18.17 _ 116 280

ltr=n, then w-^w= «(»-_i)(„__5= «(«-l)(„-_2) (»-«+!)
»(«—1)(«—2) 3.2.1.

x^Rs?^a.
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i

Therefore the number of permutations of n things all at a
time, or the number of ways «f arranging n things, is tin,
product of the first n natural numbers. This product i.s

represented by jji^or n I and is read *'
factorial «."

ThM, ,P, - 7.6.6.4.8.2.1 -
)J_=, 6040.

,

^'^' ^r-^^^ *^® number of ways of writing down all the

owf.X *i'^
7'^ ^^''^' ^^) ^^^^« ^^^'^ '^ "" restriction.

(2) If the first letter must be P. (3) If the first letter must
be a vowel.

(1) The retalt is evidently ,P, or j^or 720.

(2) There is only one way of choosing the first letter and theother 6 may be written in a^iy order.

.'. the number of ways = 1 x
1
6 =» 120.

(3) There are three choices for the first litter, since there are 3vowels. After the vowel is chosen the other 6 letters may be
written in any order.

. *. the namber of ways = 3 x 1 6 sa SflO

Ex. 2.—How many numbers of not more than 4 digits
can be formed from the 9 digits 1, 2 8, 9, no digit
being repeated in any number ?

The number formed with one digit is ,P„ with two is ,P„ with
three u ,/>, and with four is ,P,.

'

.-. the total number = .P,+,Pa+,P,+,P«,
= 9+9.8+9.8.7+9.8.7.6 = 3600.

Ex. 3.—In how many ways can 10 boys stand in a row
if A and B must be together ?

Since A and B must be together we may consider them as one
person, but we can so consider them in two ways AB or BA.

The 9 persons could then be arranged in
j
9 waya

.*. the ra V*— 2 X
U9_
— 726,760,



PERMUTA TT0S8 Aim COMBINA TI0N8 tm
exERcise I7J

•>• In how m«ny wavii r«n « iw. l . — '—Ili L?.*

««h tim,?
'^ ''''•"'" •" •» ""» with 7 b,ll,, If.,, .„ ,„„j

'• H .r,
: ,S, _ , .r:."

'» """«• 2 topxhT, and „.
1:30, find n.

' In how many wL.l^^T! ''"f"''
"""'«'•«. time?

wi;h-.hXn,vr7^? ^„'7» 3«x. „d .««,.„ „ ,„„^
13 If >,» 1 J .

'^* ^'"8 repeated?

"ere there are « choices for the fir«f i\.-second. „ for the third and so on'
^^' " ^""^ *^^

••• the required number = «.„.„ ^o . factors.= «».

from -.reX^J^'C mT" "' ''" '"«"' "*" '» f"™""

i^
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tJ4. When we are required to find the number of permu-
tations of a number of things, it is understood that the thinsH
are all diiTerent. If some of them are alike the number of
permutations is diminished.

I

Ex. I.—Find the number of permut >ns of the letters
aaabcdy taken all together.

« different letters and the number of permntationa would be
1 6_.

Any permuUUon as Inxodac, where the 3 a'-, are alike wouM mak..
IJLpennutations if the a', were different, by merely permuting the
a'«, the other letters remaining fixed.

Therefore there are
1
3_tlme8 as many permutations when the «'.

a»M different as when the a'« are alike.

I A
.-. the required number = 4=- ^ 6.6.4 = 120.

Similarly, the number of permutations oah. - .ttem aa«66cY/ taken

II
all together ia or 420.

By the same method of reasoning it follows that tho
number of permutations of n letters, taken all together, of

which p are a's, q are Vs and r are c's = n

P q

Ex. 2.—Find the number of ways in which ihe letters of
the word Mississippi may be written down.

Here there are 11 letters : 4 t'«, 4 /.'«, 2 //a and 1 m.

Ill
the number =

,
r
—

-;

—

|4 4 2
34,650.
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EXERCISE 174

Ml

di^" "rrn 3:47"'
"""'*'' »" •« '°™- "-. •" -/ «..

2''.? WIU, s,',?'
''°"' "'•"'' 0' ""m l»gl„ wUh ,? With

^:»iu^^ st„:! ;t '" 'Si'"
"•

" "'«" ""y •>« -ri..

a «n.bto.««"* '
'" "" «''°"I' " "<" considered, is called

Tbu., the combinations of the letter, ah, , . uone ,t a time .re a, J, c, <(;
' ' '^'°

thr« r ; ",' "if- '^- '"' "'
/(,„,

ate, aW, <ic(, bed;
>> M abed.

The number of combinations of „ things . at a ti
•

represented by the symbol nC^. ^ ^ ^ ^""" ^^

* » *. 4^2=6. 4(a=4, 4C^=,1.

T *« i
" V ''1''* -^ * ^1
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276. To find the number of combinations of n different
things taken r at a time.

Each combination of r thmgs would make
|
r permuta-

tions by changing the order of the things in the cmnbination
and therefore there are \r_ times as many permutations
combinations.

But nPr = n{n—\
)
(n—2) {„—r-\.\)^

.'. nCr -= "(P—0(n—2) (n—r+l)

as

_, ^ 20.19.18
Thus, joC, = —— = 1140.

And 20^1* =

II-

20.19.18. .8.7

14

The laet result may be put into a simpler form by multiplying each
term by I 6 when we have

to"lA =
20

>ii ll_

Similarly in the general formula

n^r
n(»—!)(«—2) («-r+l) ^ {„—r){n—r—l) 3.2.1

n—r

Cr=nvf
ljLl_5=r'

277. The number of combinations of n things r at a time
is the same as the number n—r at a time.

m
For «^n

—

r = n

n—r

Thu. „C», - „C, = -?^ = 190.

n—jn—r) ~ n—r^\r ~ "^'''
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,«lfr*Jr^" l!,"'"
'"^"^ "^^y" ^^" » team of 9 players heselected fron: 13 players?

piajers he

As the
.
ler of sei^of.c n is not conBidered,

the - ..n'er of .ay, .= „C, = ..O^ = ii^ia^llJO _ ^^^

If the factorial form is used, it is i„.n,ater^ whether we use

laCg or ijC^ for each is __{=- „„j

'\TJT '° "inplifying the |_9^8hould

be divide<l out.

ini!rn
^;7^'?''^ ^^'^ ""'"^^"'' ^^ ^'»«« which can he fonned bv

inr/Z^fro:^ 'ran!: ^^,^0^10^
"'^"-^^-'

1 n^' ^\ ^'V^''^
'"^"y W'^y« can a party of 6 privates and

2 officers he chosen from 8 privates and 4 officers ?

The 6 privates can be chosen from 8 in ,C, ways
The 2 officers can be chosen from 4 in ,C, ways
Therefore the number of ways the party can be made up= ,C«x,C,= 28x6 =--168.

Ex. 4.- How many words consisting of 3 consonants and
2 vowels can be formed from 21 consonants and 5 vowds?

in?rwryrtrre1orth':r'"^^ " -^^ "»^«-^ *^« ^ vowei,

in \.cMc[ wayl
' ' consonants and 2 vowels can be selected

But the same 5 letters in any group may be arranged in 1 5 w.vs•r the same 5 lettere will make j^ words.
'— '

'
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EXERCISE 175

1.* Find the number of combinations of (a) 6 things 3 at a time,

(6) 8 things 6 at a time, (c) 20 things 4 at a time.

2. Find the values of ,C„ ,jCi„ ,,0^, .oC^.

3. How many different committees can be formed by selecting

3 persons from 12?

4. If the number of combinations of 2n things 3 at a time is 11

times the number of combinations of n things 3 at a time, find n.

5. Find the value of iooC»»— 9 9(^9

v

6. If n+iA : n^4 = 36 : 5, find n.

7. If nCg =r „Ci2, findn^is and ao^n.

8. If 8 points, no thr^ of which are in a straight line, be
joined how many lines are formed?

9. How many diagonals are there in a polygon which has 8
sides? n sides?

10. How many t iangles are there whose angular points are on
n given points, no three of which are in a straight line?

11. From 8 men and 9 women in how many ways can a com-
mittee comprising 5 of each sex be formed?

12. A man has 20 friends, 10 of whom are relatives. In how
many ways may he invite 15 guests from among them so that only
8 of them are relatives?

13. Out of 16 consonants and 6 vowels how many words can be
formed containing 4 consonants and 1 vowel?

14. In how many ways can a watch of 5 be chosen from 3 officers

and 12 men so as to include at least one officer?

15. Find the total number of combinations which can be formed
from 5 things taking any number at a time.

16. Show that n+l^r =n^r + n^r—1.

17. In how many ways can a picket of 6 men be chosen from
16 men (1) if A must be chosen, (2) if A must not be chosen?
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^78. To find the value of . for which «C, j^ greatest

sw

Since .^i-
1 decreases as r increases, the value of

:i «H-1 — 1 become 1

« '^ will continually increase antil

or less than
1, after which the value of Ic. will decrease^

or

or

r

«-fl

r >2,

or r <
2 •

(I) If « is even, the greatest value that r can have and
be less than -^±i is 2L

2 2
•

•• nCr is greatest when r - -5-, „ „ j^ ^^.„

(2) If n is odd, then^ is an integer, and when . =
~' nCr will equal «C,_i ^^j ^^ese two will be greater
than any other.

.*. nCr is jrreatest when r= -5±1 or 5Z± „ „ ,. ^^
Ihufl, 20* r IB greatest when r = 10.

2i^r ia greatest when r -. 10 or 11.
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EXERCISE 176 (Review of Chapter XXVlll)

I.* In how many ways can three prizes be distributed among
20 pupils, (1) if no pupil can receive two prizes, (2) if any pupil
may receive all the prizes ?

2. In how many ways may n boys stand in a row, if A and B
must not stand together?

3» A boy has the choice of 5 routes to go to school and 3 to
return. In how many ways may he go and return?

4. In how many ways can 8 persona be seated at a round table,
(1) when the seats are distinguished, (2) when relative position
only is considered?

5. How many numbers each of 4 digits can be formed from the
nine digits (1) if no digit ia repeated, (2) if the digits may be
repeated?

6. How many different single tickets are required on a railroad
having 25 stations?

7. Find the total number of permutations (with repetitions) of
6 things, not more than 4 being taken at a time.

8. How many more permutations are there of all the letters of
the word cannon than of the word canoni

9. How many numbers greater than a million can be formed
by using the digits 1, 2, 3, 4, 5, 6, 0, without repetitions?

10. There are n indefinite straight lines, no two of which are
parallel and no three pass through the same point How many
intersections are there?

11. For what value of r is (1) 2n<^r, (2) an+i^r greatest?

12. If a polygon has 44 diagonals, how many sides has it?

13. In how many ways can a committee of 5 be chosen from
3 masters and 10 pupils, so as always to include at least one master?

14. In how many ways can 10 books be divided equally between
two boys?

15. In how many ways can 9 books be divided among A, B and
C, giving 2 to A, 3 to B and 4 to C?

16. In a group of 12 hockey players only one can keep goal.
In how many ways may a team of 7 be chosen from the 12 so as
always to include the goal keeper?

t

m Afe-.^^^ ' J&l: ^':M<i^ -iMiikm
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--g \'X^T'
"*'' -° - P-^' of 52 cards be divided eqoaUy

Lil^;al^ TtT "' '^ ^ *° ^ «fao-" '«>'» 7 Conservatives and 4^DerjJs. In how many ways may it be done so that there willW a Conservative majority on the committee?

19. A box contains ]5 balls numbered from 1 to Ifi Tn »,

ng occurs IS J of the whole number of combinations

oan*5 let^Tprte'dr'^"^^^'^*^^^^^^"^- ^" >^ow many ways

whick muftrfi,';:' byr:°anTiC;L'^'"^"ip-^"°-' ' ^'

»nay tiie positions be filled ?
^ """' '" ^°^ "^^^^ ^"^'^

thfdigSl ?Vr5°'
"' ^^« °"-^" -''•ch can be formed from

any d^t '
' ' '

"'"^ '" *"* ^'"^^^ ^'^^ ^-it^-"' repeating

number that can be formed with 2;-i thi^
^""''^ ''^^ ^^'''^'

I

^'Hr^sz.i^'^T^'jp'^HSsn
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ANSWERS

Ko answen are given to elementary examples, oral examples of
jxamples which may be veriiied or checked without difficulty. In each
exercise the number of the first example to which the answer is giTen
is marked with a star.

Pag» 8

IB. 108, 38, 10. 32, 60. 16. 3, 14, 39, 0. 17. 9, 29, 18. 19. &
21. 25. 22. 44. i. 23. 154.616.

Page 10

•. 47. 10. 7a 12. lOr+lO.

16. 2aH-2a*-(-3a. 17. 11, 5x.

13. efts. 14. Ite

24. 37. 25. 17.

Page 12

26. 34. 27. 1. I. 1. 29. f

Page 14

30. ^|+^)ootirs. 31. (6x+20y-72)oent8. 32. ?±?* oent»

33. da;+lQ|^+5Qz. 34. 1234. 4019. 36. '3. •02. 2, 16, -06, -Oa

36. i + 1.
T y

37. 20. 20. 38. 24. 39. 2^.

401

t:
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7. 7a+6fr.l0e.

10. 4a+46+4c.

13. 8a -46.

16. 2x+2y-«.

Fac«88

•. Iftr»-14x+9.

11. 4a-86-j-3c-5d

14. «a»+8( -&».

•. I0a-.76.

12. 8x-6y+&

15. 3a+36-}-3c+3d.

18. 0. 19. 1&B+^.

23. 2a-S6-i<j.

PagtM

20. 46e. 21. 10tt»+c^ 22. 4j/\

k 18. -.a^y. 14. a
18. a 18. X.

18. 4j»*. 16. lOm-Sn. IT. «v-««.

Page 44

15. 3a-26. 16. 2a+5c. 17. _3x«.

20. 26. 21. 13r-^. 22. 36-6c-2a.
24. 2^«+a-12. 25. a+6+«.
27. 10»»+ar«+8!B+2.

It. 4a'i.~4a->ltf.

23. ar«+6a;-IF

26. 2x-a

:.i

Paf«46

11. ar+2y. 12. _2a-36. 13. a+6. 14. 6-a.
15. 3a+6-3c. ie. 3x^-3. 17. 7. ig. 11.

22. 6, 4, 4, 6, la 23. 4a+46-16c, 4o-46+4c-4«i, y, a
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^' " «• **+6. 3. «„. 4 ^.

10. -7 „
'""-"^ '^~^~>- ».U.,.

«8.7„+4x-2m. 29. 3-a-6-c. 30. 6c-36.

Pag»52

19. 1.4.5.-3,-1,-8.-9,7. ^ , ,,
21 />t > „ SO. 3, 16. 35.•T- a . —o», — 8, — 1 1 fii oo «« . .

«~.
.

o. I. 1. 81, 32. 22. 29, 81. 23 iU

:::!•..."• ^ «.3o. «... «._,. 3„-:.

Pafe58
13. ,a+764^. „. ,_,^ ,,_

29. 2xy, 3x»+xy+3y; x'+5xy+yK
28. 7a»-6o.

P«ge56
ie.2..+4,-4.

20. 6a.-8a-22. 23.214.
25. 2a:.+2y«. 4x,. 26. a fa6+46..
M. x.-6,-7. 29. 2.-10. 31. 12..+,2.
33. 15a. 34. 3a:«+12a:+14.

24. 4a>—96*.

27. I4x+3a

32. 3ar«-f 10.

*;

-*.>j,^,i
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PaiC«60

19. ««-3x+2. 20. 2y.

24. *+13.

21. 5. \. a-&

Pace 60

2. 9. 16. -12. 28. -7. 27. -64. 91. 3. 1. -1. 1. 16. -27.
4. 4a«. 8. 8a«-aa. 6. 3a«-36«. 8. 30a +406.
9. 12x«+12. 10. 4xi+12xy_9y«. 13. 13m«+13„«-24m».
18. 4x». 18. ^a»-3aA-46». 20. 3a»-12a+14.
21. 6x«- 2jry-6j/«. 22. 4-o. 23. 8. 19. 24. *«-16.
28. 8a»-9a -1. 6_I0a. 3o-4. 28. o«-6«. 2. a«-6«.
27. 206«-66c. 28. 0.

Pag«81

22. 7, -2. 23. -8. 24. 6. -2. 25. 5. 6. 28. i, 2.

27. 6, 1.

Page 83

21. 4,6. 22. -3,-3. 23. 4.9. 24. 6,3.

28. 19, 3. 27. 16, -66.
12. 12.

28. 2a. 29. 1.

33. 2(ar-2)(x-3).

38. ±6. ±1.

Page 92

30. «+!. 31. 3a;-8. 32. a:+5, a+6.

34. 3{a+4Xo-3). 35. x(a:_7)(r-l).

'i

Page 93

^17. 7. -11. 18. 10. -4. 19. 6.

14 in. 23. 3^ in.

20. 10 in. 21. 7 in.

22i
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PHe95
17. 2»«-f2. 18. 2a«+26«. 19 .,,^^

«4. «'-4. 28. 18«-15. 26. .1r»-4x«+fiv« 27 .«iW. 3ftr. 29. 8«.-8a6+96». 31.8
^^^ l«'-34.

P»ge98

Page 102

«• ^-+>K.-.)..'^x-2„.+2,„„^„„_2,
23. 8.-2.2,_,

««• 2- 26. 2(x-2K»+2X»H4), («+2)(a-2)(,+3|,„ ,,'

^,»+.K» 3,, ,.+„„_,«..,Ka-., 27."r;-

Page 104

13. a+2t: I4. a-6 is «
18. a— 2. 19 r—'i OA ,IW. X— d. 20. W— 1. 21 „iA

17. m+2.

22. *-6.

4?1

11

22. ^-- 23. -JL.
* y-1

27. X—

t

x+2y

24.

28. a+1. 29.

Page 106

x-2
x-3'

2

25. w+3
m

30. a;«+l.

26.
a~b
a+46*

BB 2

m



L (

til

i?6

10. 11.4.

ALGEBRA

Page 107

IB. ^. 13. ^.
oy x+2

14.
0-3
0-6' 16. 1.

Page 108

10. o«(a+l). 11. ar(a;+2). 12. a6(6+c). 13. 2(*«-l).

14. a:(a:+y)«. 16. (*+l)(a:-l)(«-2). 16. ab(a-b).

17. (a+6)(o-6)». 18. x(x-l){x+l). 19. 4x(*-lK«+l).
20. (y-l)(y+lXy-2).

Page 109

22.?^. 23. ^-^y. 24.?^^. gff. »'+yr" o 12 X*— •

27.

31.

28.
—

«

X 6(a:+2)

2

(a-l)(a+2)

26. 3

29. 26-3«
. 30 6a±U

a6(a-6) (a+lXa+2)(a+3)

Page 111

2. ar-2,60(x-2). 3. x+y.«y(x+y). 4. «-2, (x-2Kx+4)(x-5).

6.

9.

13.

^* '-*%^- 6.4. 7. i.
«- -^. ^+2 2(x-3) a+6

' ** « *
x-3' x+3' 3(x-2)' a^a x—y 46 c

2a

(x+y)«

6-4c

4fc-
x-2

10.
a-2x X—

1

14.

o» 'x—

2 2x-«

11 ''^
111.

jg.
1. 12. 0.

I6'-^- «•<>• 1«-H\r. 17.-^.

*"
IT^' ^^' ^' ^' <«+*)*• *•' 3- «2. +4-

•i:^F»rf'
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Page 116

«. 7«+6. 19. a+6. 20. 3-x-y.

^ 22«H24x-ll. 23. iar.-5,+ l«.
2«- a. 30. 2 31. 4ff

21. 3*+3yH-3*.

24. ««+&r-12

Page 119

17. 3a:»— 12a:+li «» /v

38. aa-y'-i^V+iiJo 39. ,»'+x(p.+3,+3).

P>ce U8
30. »«+ar+i. St. _;t.+ft,._, aa .,, ^, ,
33. -2a:y. 34. 2a. 35. 6 3« « o ol

^

42.a«-6-c 43.a,+a+l.
^ ^1. «+^_,.

1. 4. 2. -8.

7. l+-i-.

Page 125

3. 22. 4. y+5.

8. 1 +
a-h 9. 2- 66

8. 2y». e. -2y».

J+6' 10. 6a;-3 +
11. l+*4.x«4-a.3 ..9 . ... *+2

14. I+2.+3..+... „.„_3^ ,^^ 17. ,-4, 7. fl

it^
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Page 126

15. a'+6»+c3_3a6c. 16. a''-256. 17. a;*-4r+8. 19. 21.

20. ll*»-7a:-8. 22. x«(c-a)+x(d_6)+(/_c). 23. 7.

26. V. 27. a:+6y-2z. 28. 2(aA+6c+cal.
29. 5a:3-6ca;*+a:(ac-a+6)-6c. 30.35. 31. a;4-4a:»+12a:.

32. 3a:-8. 33. SJ. 34. 9. 35. 6. 36. p«+p-2.
37. -52. 38. 4. 40. a:*+2x3+3a:»+2x+l. 41. 9.

45. a:«H-a;»{6+p)+a:2(?+6p+c)+ar{69+pc)+C7. 46. .Sa+26-c.
47. a:«+a:3+a:2(o-a«)+x(l-2a)-l. 43. a'^^W'hc^\ah'^c'^^9>h\\

49. a:»-a;«(a+6+c)+a;(o6+6c+ca)-a6c. bq. 6-c.
51. 3x»-10x«+3x3-14x«-7x. 52. a:*+yH:«/-2x-4y+4

Page 129

21. 3(x-2)(x«+l). a{x-l)(y-l). 22. a+6. x-1.
23. (2x-y)(5a;-32), ai(a+c)(a-36). 24. x-a
26. (6x-7y)(8a+56). 26. (a;+.y){x+y+4). (a-6)(2a-26-l).

Page 131

34. 14x«+19y». 35. 3a«+36«4-3c«. 36. 2x*+6x»+2
37. 3a«+36«+3c«-2ai-2ac-26c. 38. 8(x«-z3-xy+j^).'
45. 3(x+l)», o(a+26)«. 46. (a+6+2c)«, (o+6-c-d)t. 48. 3.

49. 14. 50. (x«+!/»)(a«+62+c«). 51. (ax+6j,)«+(ay-6x)«
52. a

1^5 ,'i

Page 134

11. a«-6«~c«+26c. 12. 4x«+12.Ty+9y«-26.
13. p*-4?»-9r«+12^. 14. I^^.^^,
16. a«-6»4-c«-d«-2ac-2M. 16. a«+46»-c«-4d»-4a6+4cd.
44. 2(x+2Ka;-2). 0(0+ 1 )(«-!), (a-x)(a+x)(a«+x«).

46. 6(a-6+2cKa-6-2c), (x-36)(x-6)(x-66).
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J^e 134 (continued)

48. Or+lKx-l)(3.-2).
x(.-l)(x-3K.+3).

49. 2a'-2ab+2bc~2c* ra / , ./

.
zo 6a+l, 12xz-24yz. 24o+9a»-6a3. 2ar*«*-40x3t/

64. (a-6)(c-a).
®^- (^-i'Ky-^K^-^).

Page 187

14.
(«-6)(<.+6X3<.-4X3a+6),

15. (»'-»+l)(»'+x+lXi._;c.^.
^

ie. (.+»+*+6-*_HoXa-6_,^ „. ,„.+3X^.+u
Page 139

36. (a+.Xa-lX3»+.X3«-I, ^ »^«- X«+.Xa-3X»+3,.

4* /.,. V .'^ '
~

* *3. 33a«-38o6-86«^. (-+y)(x+4y+l). 46. (3a+26)(a-6+2). 46. ^..+1.

Page 141
22. 2(a-2)(o«+2o+4). «, o

24. a(a4-l,(a.-a+l) • ff f
-+W-3,+9).

31. .+, 33. «,,._ea^+.2,.,, v^3.Ux9^;^;l*-
34. «- K«+»Xa.+6.Xa.-a«+».x,.+„4+j.^„._„,.;j?'+^^ ^

3B. («+IXi-2). 36. 2.

A +0 J.
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7. («-lK2a:*-ear-4),

8. (x-l)(ar-2Ka;+3).

11. (o-l)(o-2Ko+4).

17. (o-6Ko+26Xo+36).

Pase 148

8. («-IKx+l)(x-2).

10. (*-2K«-3Kx+6).
12. (o+6)«(o-26). ie. -12.

20.8,-4. 21.2,3.

40. (x+y)«

Page 147

4. 2a;«4-2o«-26«. 5. 4^^.

7. 14o»+146*+14c»+14a6-10ac-226c.

8. 14,860,000. 10.-6. 11. 2a+197

31. 3o{2o-6)(4o«+2o6+6»).

33. (3a:-4)(4a;+5).

38. (x+y)(x-y+l).

37. (x-y)(x*-xy+y«).

38. (o-6+c){a-6-c).

42. (a+26Xo-26-3).

44. (0+6K0+6+C).

48. («-y)(a:*+xy+y»+x+y-f-l),

48. (2o+66)(2o-66+l).

50. (a:'+42y-y«){a^-4xy-y»).

82. (*-l)(x»-10a;-3).

84. (x+l)(x-l)(c+l)(c»-c+l).

85. (a+l)(a-l)(o+2Ka«+l)(o«-2o+4),

81. t«:-2)(2x+3K3x-2).

82. (x-lXx-2Xx-3)(x-4), (x+lXx+3Xx-2Xx-6).
83. 1, 6, -6; 0, 1, 6, -7. 65. x«-e«. 68. a«-6«+c«+2ae.
87. -4, S. 68. (a:-oX2ar4-a+6).

88. (o6+cd)»-(ac+W)«, (o6-crf)»-(ac-M)«.

8. 4o«+46»+4c«

8. 19997.

30. (x-2)(4x-9).

32. 8(a+cXc-a-6).

34. 4(3a-6X9a»+l6o+25).

38. (x-3)(«+3)(x«+2).

38. (x+llyXx-12y).

41. (X-3AXOX-2).

43. (2x-yX2x+y+o).

45. (a-6Xo-6-l).

47. a6(o+6Xo-6)*.

48. 96(4a»+2a6H-6«).

51. {a»-5«+a-?Xo*-6*-a+3).

53. (o-lX3o«-2a-10).

80. (0-6X6-CXC-0).

vvfr
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Page 158

18. 1, 3. 10. 19. 29.
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20. l,3.fi.

«• <& 7. 4. 8. 1.

Pace 155

Page 169

(a) At 10.55. 2 m. from C towards D. (6) 22 ... 17 „. (,, „. 10.

5. 13.

9. 64.

Page 172

e.A«,u««.16.
7. Right-angled, 4.

«0- 16 ; 5, 6i. 8. 11. a.

8. ir-

Page 177

3> 5> 10, 13. 4 Aj K 10

18.(4.4). 26. (3, 2). 90". 26. 11200. 12th.

Page 181

8. 2(a«+o6+6«), 6o(a»-6«) tn , ^
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Pagt 181 {corUinued)

12. x*-xy+y; (x+y){x*-\-x'y>+y*).

13. 3ar-2, {Sx-2)(x+3){z-3){2x-3).

14. 6a:-l.(&:-l)«(ar+l)(2o+3c). 16. x-3. x(«-3Kx-2Xx«+6,.
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36. V1+V7. 37. 42, 43. 38. 46. 39. 9^2.
40. 30-92.

Pagt 286

13. 14+8V3. 14. 6V2+4V3. 15. 6+2^6. 16.
""'^^
a-l

17. VU. 18. ^-^. 19. 677. 20. 3636. 21. -SI'.

£t"9H^SA'VOr



M^-l^, "^l

ANSWEBS

PSf* 286 (eonttnued)

•lit

W.S18. .3.1491. 84. 084. .,.225. 26.894.
27. -072. 28.212. 29. -82. ^..,.39. 31.316.
32. 11-71. 33. ±2-73. 34. 1-008. 36. V2.

Pag* 288

1.12^/5. 2. 12V/5. 3. 10V3. 4.62.. 8.191.
e. -4V/2. 7. 22-12V/2. 8. 12-4v'6-2>/3+4v^. 9. i
10. 9-4V5. ,1. ,. ,4. 2Vrz,-2V2. 13. 74+11^6:
14. «. 18. 1 732. 16. Vi2+VT6. 17. 1, 2.

18. 2V2. jv/6. iv/30, ivl4, J{4a/2_2V3).

28. ±8-661, ±7-937, ±9899, 1-291. -518.

26. -817, -447, -414. -767. 337. 27. 26v/3. 28. 2V§
*• 2~' ^'^' 30. 2 02. 31. 30 32. 6. 33. 4-83.

1. x«+«- 132=0.

4. a:«+6x-112=0.

7. a:«-19ar+88=0.

Page 241

2. x«-x- 166=0. 3. ««-49=0.

8. 6ar«-6a:-440=0. 8. x«+6a:- ;400=0.

Page 242

1. 6. -1. -22. 2. 6 -26, 21. 3. 8, 19. -16. 4. i2, -11. 2.

6. 1. -10. 9. 6. 2. -6. 2. 7. 1. 4, -32. 8. 6. -27. 28.
9. 2. -19, 44, 10. 2. -6. -3. 11. 0, 2, 7. 12. 0, 1. ~1.

00



430 ALGEBRA

Page 246

1. 4 236. —236. 2. 7-828, 2172. 3. 1-646, -3-64ft
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